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1. (60 Pts) Prove that the faces of a planar graph G can be colored by six
colors such that adjacent faces (residing on the opposite side of their
common edge) have different colors.

Hints:

- Use the fact that |E(G*)| < 3|V(G*)| — 6 to show that G* (the dual
of ) has a vertex of degree 5 at most.
- Then use induction.

Solution:

e We consider G* the dual of G and show it must have a vertex of degree
5 at most. Otherwise, the degree of all vertices is at least 6, implying

6[V(G*)| —12 = 2|E(G™)| = Xvev (e d(v) = 6|V (GT)],
which is impossible.

o lLetu € V(G") be avertex such that d(u) < 5. We show by induction on
the number of vertices that G* is 6-colrable (vertex coloring).

e Assume by induction that G*\u is 6-colrable.

e Since d(u) < 5 its neighbors consume at most 5 colors of the 6 used for
G*\u. Assign to u a missing color of the 6, yielding 6-coloring for G*.

e Assigning the faces of G with the corresponding colors of V(G*)
completes the proof.

2. (60 Pts) Prove that a directed connected graph G can be colored by

{1,2, ... }in such a way that for every arc (u,v), u = v, the color of u is

i and the color of visi 4+ 1, if and only if every cycle comprises equal

number of arcs in each direction along the cycle.

Directives:

- (only if) Consider a cycle in G with p clockwise and g counter-
clockwise arcs and show that p > g contradicts the coloring
property.

- (if) Show that the difference A(u,v) = x — y of the out-going arcs x
and the in-going arcs y along any path from u to v is uniquely
determined. What does it mean for the required coloring?



Solution:

Let a graph have the property such that it can be colored as above.
Consider a cycle (undirected) in the graph comprising p clockwise and g
counter-clockwise arcs. We have to show that p = q.

Assume w.l.o.g that p > g and traverse the cycle clockwise, starting at a
clockwise arc (u, v), with u’s color index i. Let (w, u) be the closing arc
of the cycle.

If (w,u) is a counter-clockwise arc, proper coloring implies that the
color of wshould be i+ 1. However, the color index of wisi +p —
(@ —1) > i+ 1. Hence (w,u) cannot be colored properly.

If (w,u) is a clockwise arc, proper coloring implies that the color of w
should be i — 1. However, the colorindexof wis i+ (p—1) —q > i —
1. Hence (w, 1) cannot be colored properly.

Similar arguments apply for ¢ > p. Consequently p =g and the
assertion is proved.

Conversely, let p = q for every cycle of the graph. Pick a vertex u and
consider a path from u to v. Denote by A(u, v) the difference between
the number of out-going and in-going arcs along the path. See the

illustration.
P3tPs=q3t Qs

\ P2,4q2 A(w,v) = (py + q3) — (g1 +p3) =

(pa+ q2) — (g4 +p2) = A(u,v)
P1tP2=q t+q2



e The property p = g must hold also for self-intersecting closed tours.
This follows from the fact that a self-intersecting closed tour comprises
smaller closed tours, connected at a vertex.

e Since the property p = g holds for self-intersecting closed tours, A(u, v)
must be equal to all the paths from u to v (otherwise p # q), hence
A(u, v) is uniquely determined.

e |t is therefore possible to assign a vertex the color A(u,v), which
obtains a coloring with the desired property.



