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1. (60 Pts) Let G(V,E) be a cycle-free graph (tree). LetV =U UW be a
partition of its vertices into two equal size sets (up to one vertex). Let
d(u, v) be the edge distance between two vertices. Let U = {ug, ..., U, },
W = {wy,...,w,} and |[n — m| < 1. Prove that

m n
Z d(ui,uj) + z d(Wl,VV]) < zz d(ui, W])
1<i<jsm 1<i<jsn i=1j=1

Hint: Take an edge and consider how many times it is accounted in each
of the above sums.
Solution:

w

U

e To calculate the above sums we may ask for every edge how many
paths of each expression are passing through it and then sum over all
the edges.

e Since G is a tree, an edge e partitions G — e into two components G
and G,. Hence a path whose end vertices are in G; and G, includes e,
whereas a path whose both end vertices fall within either G; or G,
excludes e.

e There is [V =m+n. Let [ UNV[G,]| =a and [WNV[G.]| =8.
There is therefore [UNV[G,]| = m — a and [WNV[G,]| =n - B.



e eis contained in a(m — a) paths of (ui,uj) type, in f(n — B) paths
of (Wi,Wj) type and a(n — B) + B(m — a) paths of (u;, Wj).

e |t is sufficient to show thata(m —a) + f(n—pB) < [a(n —B) +
f(m—a)], or after rearranging a(m—n) + f(n —m) < a? —
2apf + % = (a — B)?. If G is even then m = n and the left hand side
is zero, whereas the right hand side is nonnegative. Otherwise
lm —n = 1| and there is |a — | < (a — #)? which holds since a
and S are integers.

2. (60 Pts) A tournament T(V,E) of a complete graph G(V,E) is a
direction of its edges. Show that for every tournament T there is a
vertex v € V such that its directed distance to every other vertex is two
at most. Namely, d(v,w) <2, Vw e V.

Hint: Consider the vertex of highest out-degree.

Solution:

DY(w) =D (v)+ 1

e Lletv €V be a vertex with highest out-degree D*(v). Since G(V,E) is
complete, every vertex z € V\v is either the head of v’s out-going arc
v — z or the tail of v’s in-coming arc v « z.

e The directed distance to v’s head vertex z isd(v,z) = 1.



If the statement of the problem was not true, there would be u € V\v
the tail of an in-coming arc v « u, and d(v,u) > 2.

Any z € V of an out-going arcv — z cannot be a tail vertex of the arc
Z — u, as otherwise the directed path v - z — u satisfied d(v,u) = 2.
Consequently, z must be also a head vertex of an out-going arcu = z.
Hence, any out-going arc of v implies an out-going arc of u. There is also
the out-going arc u = v, thus yielding D™ (u) > D*(v), a contradiction.



