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Abstract—The structural properties of a noncoherent coded
system, which incorporates convolutional codes in conjunction
with multiple symbol noncoherent detection, is presented in this
second part of a two-part paper, where the performance analysis
was provided in Part I. These convolutional codes are referred to
asnd-convolutional codes and they provide a general framework
for various noncoherent coding systems, including differential
systems, for several practical models of the carrier phase. The
exponential rate in which the error probability decays to zero,
derived in Part I of the paper, is used here to obtain the free
equivalent distance ofnd-codes, which is the single parameter
dominating the error performance at large signal-to-noise ratios.
The free equivalent distance is upper-bounded by the freend-
distance, which constitutes a more convenient and practical
parameter to work with, and it is the basis for a computer search
for optimal nd-codes. The resultant codes of the computer search
are compared to codes which are optimal for coherent detection,
and it is verified that the latter codes are not necessarily optimal
for noncoherent detection since they exhibit in many cases a
relatively small nd-distance. The ambiguity problem, inherent to
noncoherent systems, is also treated in this paper in the general
framework of nd-catastrophic codes, and necessary and sufficient
conditions for catastrophic error propagation are identified.

Index Terms—nd-convolutional codes, differential detection,
multiple symbol detection, catastrophic error propagation, nd-
distance, free distance.

I. INTRODUCTION

NONCOHERENT systems are extensively used when it is
difficult to establish an accurate carrier phase. Several

reasons may contribute to the instability of the carrier phase.
In some cases, as in a mobile environment subjected to fading
and multipath, the propagation time of the signal changes
rapidly and in an arbitrary fashion, prohibiting an accurate
estimation and tracking at the receiver. Another example is a
frequency-hoping system, in which the carrier phase changes
every hop, implying, thus, an inherent difficulty to estimate
and track the phase. The usage of noncoherent detection may
be advantageous due to practical reasons as well, since the
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simplicity and robustness of implementation are preferred,
sometimes, to the improved performance at nominal conditions
provided by coherent detection.

Noncoherent multiple symbol detection is a well-known ap-
proach for reducing the performance gap between noncoherent
and coherent systems (see [1]–[27] and references therein).
In the nonoverlapping multiple symbol noncoherent detection
method, to be addressed in this work, the noncoherent metric
is calculated over a “branch” observation interval of length
larger than two channel signals, which is the length used in
conventional DPSK systems [28]. This approach has demon-
strated good results for the uncoded case as well as for the
coded case of multiple symbol detection of trellis codes [5],
[7], [8], [16], [18], [20], and [27] and block codes [19] and
[24]. Moreover, it has been shown that as the observation
interval increases the performance of the noncoherent system
approaches that of the coherent system [1], [4], and [11].
Several variations on the basic theme were suggested as
well, where some of them tried to decrease the decoding
complexity attributed to the enlarged observation interval by
incorporating suboptimal methods [7] and [21] and others tried
to improve the error performance by feeding back already
decoded information [14], [15], and [25], or by constructing
the noncoherent metrics over overlapped observation intervals
[23] and [24].

In this second part of a two-part paper we focus on the
structural properties of a noncoherent coded system, which
employs noncoherent detection of convolutionally encoded
BPSK signals, while the performance analysis of the system is
addressed in Part I of the paper [13]. The convolutional codes
in conjunction with the noncoherent detection are referred to
as -convolutional codes and it was shown in [11] and [13]
that this system provides a general framework for various
noncoherent systems, including the classical differential sys-
tems. Two practical models of the carrier phase are examined
here, where in the first model the carrier phase may change
arbitrarily every channel signals, whereas in the second one,
it remains constant throughout the transmission period. In fact,
most of the results are derived for the first model, which is
simpler to analyze, but they are also valid for the second model
by a suitable transformation [11] and [13].

This part of the paper concentrates mainly on the free
distance and catastrophic error propagation of-codes. The
exponential rate in which the error probability of -codes
decays to zero, derived in Part I of the paper, is used
here to define the free equivalent distance, which is the
single parameter governing the error performance at large
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Fig. 1. System block diagram ofnd-convolutional code.

signal-to-noise ratios. The free equivalent distance is upper-
bounded by the free -distance defined as the sum of the
minimum between the number of zeros and ones in each-
long observation interval. This free -distance reflects the
inherent characteristic that it is not possible to track 180
of phase rotation in the noncoherent detection regime. Two
classes of upper bounds on the-distance are derived, where
the first is obtained by using the connection with differential
systems, and the second is obtained by bounding the minimal
length of paths in the trellis diagram of a convolutional code.
It is demonstrated that increasing the observation interval
does not necessarily yield better performance. The-distance
is used as the criterion for a computer search for optimal-
convolutional codes. The resultant optimal codes are compared
to suitable codes, which are optimal for coherent detection,
and it is verified (see also [11] and [13]) that the latter codes
are not necessarily optimal for noncoherent detection since in
some cases they exhibit a small -distance.

The phase ambiguity, which is inherent to noncoherent de-
tection, is treated here in the general framework of catastrophic
error propagation. Several necessary and sufficient conditions
for catastrophic error propagation are provided, some of them
are based on the connection with differential systems, while
others stem from results concerning the legitimate runs of
zeros and ones in coded sequences. In [19], block codes in
the noncoherent regime were also treated in the framework of
catastrophic error propagation.

A detailed description of the system along with some
preliminaries, concerning the connection between-codes
and differential systems, are provided in the next section. Two
classes of codes are characterized. The first is the general class
of rate convolutional codes, for which the noncoherent
metric is calculated over a single branch in the trellis diagram
of the code. The second class consists of rate convo-
lutional codes, for which the noncoherent metric is calculated
over branches. In Section III, the free equivalent distance and
the free -distance are defined, and various upper bounds are
provided in Section IV. Several results, connecting the number
of states of -codes and suitable codes underlying differential
systems, are given also in Section IV. Section V treats the
catastrophic error propagation of -codes, where necessary
and sufficient conditions are derived for the above classes. In

Section VI, results of a computer search for optimal-codes
are tabulated, and Section VII comprises the summary and
concluding remarks. The proofs for the results in Section V
along with some additional results concerning the legitimate
runs of zeros and ones in coded sequences of convolutional
codes are given in the Appendix.

II. SYSTEM DESCRIPTION AND PRELIMINARIES

In this section, -convolutional codes are described briefly,
where a detailed description is found in [11] and [13]. The
motivation for defining -convolutional codes stems from
the noncoherent coding system shown in Fig. 1. A binary
information sequence is encoded by a rate binary con-
volutional encoder, BPSK-modulated, and transmitted over an
additive white Gaussian noise (AWGN) channel. The channel
introduces a carrier phase, yielding the following discrete
time equivalent channel model: , where

is the transmitted BPSK signal, is the channel
output, and is a complex Gaussian noise with zero mean and
variance in each dimension. The mapping from coded
symbols to channel signals is performed in the usual manner,
that is, the coded bit “” is mapped to and the
coded bit “ ” is mapped to . The carrier phase is
assumed to be constant overchannel signals and uniformly
distributed in the interval . The codes presented in
this paper are designed for a model of carrier phase changing
arbitrarily and independently every channel signals, which
is precisely the case in frequency-hoping systems where the
hop duration is channel signals. However, with a suitable
transformation to be described subsequently, the same frame-
work suits also the conventional model in which the carrier
phase remains constant throughout the transmission period.

Decoding is accomplished with a Viterbi decoder, where a
suboptimal, but a relatively easy to implement, noncoherent
“branch” metric is incorporated. For a rate convolutional
code, this “branch” metric, calculated over nonoverlapped
channel signals, is given by

(1)

where equality follows as the signals here are real. It is
assumed that , namely, the metric is calculated
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over an integral number of branches in the trellis diagram
of the code. The metric of an entire code sequence, or,
equivalently, an entire path in the trellis diagram, is the
sum of the constituent branch metrics. Since the metric in
(1) does not decompose into the sum of stage metrics, the
Viterbi decoder at the receiver operates on an equivalent rate

convolutional code, which has the same number of
states as the original code and a branch metric defined in
(1) (see [13] for more details and examples). This implies
that the decoding complexity of the Viterbi decoder increases
exponentially with (see [11] for an expression for
the decoding complexity). Note that the metric in (1) is
the argument of the logarithm of the Bessel function that
results from optimal decoding, namely, a maximum-likelihood
sequence estimation, in the case where the carrier phase
changes arbitrarily every signals. In the case in which
the carrier phase remains constant, the optimal metric is the
one in (1) calculated over the entire (infinite) sequence. This
optimal metric cannot be implemented by a Viterbi algorithm
as the metric does not lend itself to an additive summation,
which stems from the fact that the underlying model cannot be
represented in terms of a finite Markov machine observed via a
memoryless channel. Thus breaking the optimal metric into the
sum of “branch” metrics presents a fairly good approximation,
which enables us to use the Viterbi decoder as an efficient
detector, however, it incurs some performance penalty. Note
that in the case of unvarying phase over anychannel
signals, a suboptimal noncoherent metric with overlapping
over different subintervals has been suggested in [23] and
[24], demonstrating somewhat advantageous performance at
the expense of increased complexity.

Convolutional codes, which are decoded with the above
noncoherent metric, were defined in [11] and [13] as-
convolutional codes. These codes were referred to as- -
convolutional codes when the fact that the noncoherent metric
is calculated over branches is to be explicitly emphasized.
It was shown in [11] and [13] that any rate convolutional
code can be described as a rate code with
being an arbitrary integer, where the opposite statement is not
necessarily valid. This means that the most general class of-
convolutional codes is the rate - -convolutional codes.
A subclass, which is also treated in this paper, is the rate

- -convolutional codes with . This subclass is
of interest since, on one hand, the search for optimal codes
within the general class becomes essentially not feasible even
for small values of due to the large number of codes,
whereas, on the other hand, the degradation presented by the
best codes within the above subclass is usually small, as is
shown subsequently.

Example 1: To clarify the above ideas, consider the rate
, state convolutional code with generators , the

trellis diagram of which is shown in Fig. 2(a). When the
noncoherent metric (1) is calculated over a single branch

, the Viterbi decoder operates on the trellis diagram
shown in the figure. However, when and

the Viterbi decoder operates on the trellis diagram
of the equivalent rate and rate , state convolutional
code, shown in Fig. 2(b) and (c), respectively. Note that every

(a)

(b)

(c)

Fig. 2. Trellis diagram of a4 states, rate1=2 convolutional code with
generators(5; 7): The input and output bits are designated input/output: (a)
J = 1(L = 2), (b) J = 2(L = 4), (c) J = 3(L = 6).

edge in the trellis diagram of Fig. 2(c) represents two branches
of six code symbols each.

A fundamental parameter, which is the basis for several
definitions of free distances of -codes, is the exponential rate
at which the error probability decays to zero. Explicitly stating,
the exponential rate of the error event probability ,
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depending on the signal-to-noise ratio, is denoted byand
defined as

In [13, Lemma 1], it was shown that the exponential rate of the
pairwise error probability of code sequences from an-code,
consisting of subsequences with Hamming distances is
given by

(2)

Some useful notations and definitions are given in the follow-
ing. Underlined letters denote a vector or a matrix, where an
underlined lower case denotes a vector in the time domain
and an underlined capital letter denotes a vector in the
transform domain. Let

be the transform of a generator matrix of a rate binary
convolutional code [29]. The relationship between the input
information sequence

and the output code sequence

is given by

This relationship is expressed explicitly for theth output as

where all operations are performed in the binary field GF
and a transform of some sequence is given by

(see [29] for a detailed
description on convolutional codes).

Following Forney [30], the constraint length of the th
input is the length (or the number of memory elements) of
the shift register through which that input passes, where the
constraint length of the code is given by and
it represents the overall number of memory elements required
to implement the code defined by the matrix .

In some cases, it is more convenient to represent a convolu-
tional encoder as a single-bit shift register through which the
information sequence passes, bits at a
time, where is some time index and is the first bit entering
the register at time (see [31] and [32]). In this form, the code
is represented by generators ,
obtained from by

(3)

where the input-output relationship is given by

where is the transform of the input represented as a
single infinite sequence.

For a rate code, the generator matrix is reduced to a row
vector, for which the index, corresponding to theth input, is
omitted. Following Bahl and Jelinek [33], only nondegenerate
rate codes are considered here, namely, codes in which
the condition is satisfied for
at least one value of or and the polynomials
are not all equal. The above conditions for a nondegenerate
code imply that the branches in the trellis diagram of the code
entering or leaving a given state are all different.

In [11] and [13], a connection between -codes and
convolutional codes underlying differential systems has been
established for the aforementioned two models of the carrier
phase and it has been shown that-convolutional codes
provide a general framework for the analysis and understand-
ing of a variety of noncoherent systems. The convolutional
codes underlying the equivalent differential systems were
denoted asassociated convolutional codes. For a rate

-convolutional code, the associated code is a rate
code, which is obtained by encoding differentially the

generators of the -code. To be more specific, the generator
matrix and the output code
sequence of a rate associated
code are obtained by the following relationships:

(4a)

(4b)

The opposite direction is obtained by selecting an arbitrary
generator column or an arbitrary
code sequence as a reference and carrying
out the following transformation:

(5a)

(5b)

The above relationships between -codes and equivalent
differential systems are presented schematically in Fig. 3. It
is observed that the differential system uses the first sequence
only as a reference for solving the phase ambiguity problem.
This reference may be an outer arbitrary sequence in the
case of an arbitrarily varying carrier phase, or can be the
first code sequence, in the case of a constant carrier phase,
avoiding by that transmission of redundant bits which do not
carry information. In the latter case, it was suggested in [5]
to calculate the differential metric over an entire branch of

symbols plus a reference symbol taken from a previous
branch, namely, to use overlapping between branches in the
trellis diagram of the trellis code. Since the first symbol in
every -long subsequence is used only as a reference, any type
of differential encoding within the boundaries of the-long
subsequence will result in an equivalent code with the same
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Fig. 3. Schematic description of the equivalence betweennd-convolutional codes and differential systems.

Fig. 4. Trellis diagram of a rate1=3 code generated from a4 states,
rate 1=2 code with generators(5; 7) by incorporating a reference generator
G1(D) = 0.

error performance ([11] and [13]). This observation facilitates
the use a variety of transformations, different from those in
(4) and (5), which result sometimes in simpler expressions
that lend themselves to a convenient analysis. An example of
such a transformation, to be used in the following, is

(6a)

(6b)

where the reverse direction is given by

(7a)

(7b)

We conclude this overview of the associated codes with an
example.

Example 2: Assume that the associated code is the rate
code shown in Fig. 2(a), with the generators
and . By selecting the reference generator
as , we obtain that the generators of
the equivalent rate - -code, shown in Fig. 4, are given
by , and . Note
that the trellis diagram in Fig. 4 was obtained by differentially
encoding each branch in the trellis diagram of Fig. 2(a) with
respect to the reference symbol “.”

III. D ISTANCES

The free distance of a code is defined, in general, such that
it is the parameter governing the error probability at large

signal-to-noise ratio. For coded systems in which the error
probability behaves exponentially, the free distance coincides
with the exponential rate of the error probability. Based on
(2), the equivalent distance between code sequences, which is
the basis for the definition of the free equivalent distance of

-convolutional codes, is defined as follows.
Definition 1: The equivalent distance between sequences

and which consist of -long subsequences with Hamming
distances is denoted by and defined as

(8)

Since is displacement-invariant, we define in the usual
manner the equivalent weight of a sequence as
the equivalent distance between that sequence and the all-
zero sequence, namely . The equivalent
free distance is determined solely by the set of Hamming
distances , which is a closed set due to the linearity of
the convolutional code. Based on Definition 1 and the above
arguments, the following definition of the free equivalent
distance of - -convolutional codes is obtained.

Definition 2: The free equivalent distance of a- -
convolutional code is denoted by and defined as

(9)

where and are code sequences consisting of-long sub-
sequences . For convolutional codes, the minimum
in (9) is taken over all paths in the trellis diagram diverging
from and remerging to the all-zero state.

Although the distances and represent the exact
exponential rate of the error probability, they do not lend
themselves to a convenient treatment since the optimization of
the parameter has to be performed for every path separately.
More convenient parameters are obtained from the following
relations:

(10)
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Fig. 5. The equivalent weightW eq as a function of the observation intervalL.

where the first inequality is due to the fact that the summands
are nonnegative, and the second one is obtained by taking the
optimizing value , where is the
normalized covariance between the sequencesand [13].
Equality in (10) is achieved either when there is only a single

such that , that is, when the two sequences differ
in only a subsequence, or when all the subsequences satisfy

or for each , that is, all the subsequences
differ by the same number of zeros or ones. Equation (10)
leads to the definition of a simple and intuitively appealing
parameter, which reflects the fact that due to the noncoherent
metric (1), the receiver cannot resolve 180of phase rotation.

Definition 3: -distance between sequencesand con-
sisting of -long subsequences with Hamming distances
is denoted as and given by

(11)

-weight is defined simply as .
It is interesting to note that the -distance is a distance

function in the strict mathematical sense, as is shown in
[12]. This is easily proven by dividing the space of-
long binary sequences into equivalent classes, each containing
the sequences with the same-weight, and then applying
standard methods used in proving that Hamming distance is
a distance function.

Definition 4: The free -distance of - -convolutional
code is denoted by and given by

(12)

where the equality is justified similarly to that in (9).

The relationships in (10) imply that the equivalent distance
is upper-bounded by the -distance. This is summarized in
the following corollary.

Corollary 1:

a) For any sequences and . Equality is
obtained either when there is only a singlesuch that

or when all the constituent subsequences have
the same -weight.

b) For any - -convolutional code . Equality
is obtained when the sequence achieving the free equiv-
alent distance satisfies the same conditions as in part
a).

The -distance and the free -distance are related directly
to the structure of the convolutional code without any depen-
dence on the Chernoff parameter. This facilitates upper-
bounding the distances by applying methods and features from
the analysis of convolutional codes. In order to verify the
tightness of the -distance bound, we sketched in Fig. 5 the
values of as a function of for various compositions
of -weights which are of practical interest. The-weight
composition of a binary sequence indicates the-weight
of the individual subsequences (each of length) making
up that subsequence. Thus for example, the composition of

for is . By
definition, every component in an -weight composition must
be less than or equal to . It is observed that the difference
between the equivalent weight and the corresponding-
weight is rather small (not greater than for the examples
in the figure). It is also observed, as expected, that for a fixed
composition of -weights of the constituent subsequences,
the -weight of the overall sequence is a nondecreasing
function of .
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Note that the free equivalent distance and-distance
are the basic parameters underlying differential systems as
well, due to the equivalence with -convolutional codes
(see Section II and [13]). The appropriate parameters of
the differential systems are obtained by transforming the
associated convolutional codes into -convolutional codes,
as is specified in (4) and (5) or (6) and (7). For the code in
Example 2, this results in .

We conclude this section with an example which demon-
strates the fact (see also [13]) that increasing the observation
interval does not necessarily monotonically increases the
equivalent distance.

Example 3: Let us examine the free equivalent distance of a
rate convolutional code with generators for the cases

and (see Fig. 2(b) and (c)).
For , the path achieving the minimal equivalent weight
is , yielding , where the equality
between the -distance and the equivalent distance is due to
the fact that for each constituent subsequence . For

, the path achieving the minimal free equivalent distance
is , yielding . These results explain
the phenomenon observed in [13, Example 2 and fig. 13] in
which an improved error performance was obtained for the
case for medium and large signal-to-noise ratios.

IV. BOUNDS ON FREE DISTANCES AND

RELATIONSHIPS WITH ASSOCIATED CODES

In this section we present bounds on the free equivalent
distance and -distance, and various relationships between

-convolutional codes and their associated codes.
Let and be the free equivalent distance

and -distance, defined in (9) and (12), respectively, of a
rate - -convolutional code. Let denote
the free Hamming distance of a rate associated
convolutional code, defined by the relationships in (4) and
(5) (or (6) and (7)). In the following, the weights in a
weight-distribution function of a code, or alternatively, the
error coefficients, are taken as -weights. The following
two theorems present different bounds on the free equivalent
distance of - -convolutional codes.

Theorem 1:

a) Any - -convolutional code satisfies

b) If

then the first error coefficient of the rate - -
convolutional code is greater than or equal to the first
error coefficient of the corresponding associated code.

Proof:

a) From (6), each branch in the trellis diagram of the asso-
ciated code is obtained from the corresponding branch of
the -code by summing each of the rightmost
bits with the left one, which is used as a reference. In the
case that the leftmost bit is a “,” the Hamming weight

of the resultant branch in the associated code equals the
number of ones in the original branch, whereas in the
case that the leftmost bit is a “,” this Hamming distance
equals the number of zeros. Since the-weight of a
branch is defined as the minimum between the number of
zeros and ones, we obtain that the-weight of a branch
of - -code is less than or equal to the Hamming
distance of the branch of the associated code. This is
clearly true for the overall path, and we obtain

The proof of part a) is concluded by using Corollary 1.
b) From the proof of part a) of the theorem, the Hamming

weight of each path in the trellis diagram of the asso-
ciated code is greater than or equal the-weight of a
corresponding path in the -code. Since it is assumed
in part b) that

the number of paths achieving the minimal-weight
in the -code is at least the number of paths achieving
the minimal Hamming weight in the associated code.

The results of Theorem 1 are not surprising since a given
code performs better when coherent detection rather than
noncoherent detection is employed. Theorem 1 enables use
of known upper bounds for convolutional codes, such as the
Heller bound [32], to upper-bound the free -distance of

-convolutional codes (or their associated codes).
From Theorem 1 and the conclusions that follow it, we

obtain the following corollary.
Corollary 2: A rate - -convolutional code

satisfies

The result of Corollary 2 is rather intuitive since, in fact,
one symbol out of each subsequence ofsymbols is used as
a reference and the code presents no redundancy.

Another class of bounds on the free equivalent distance of
-codes is obtained by exploiting the structure of the trellis

diagram of the codes.
Theorem 2: Let be the constraint lengths

of a rate convolutional code with states. Then

(13)

where denotes the integral part of.
Proof: For each convolutional code, the number of

branches along the shortest path diverging from and remerging
to the all-zero state is less than or equal to .
The proof is concluded by observing that the-weight of
each branch is less than or equal to and by applying
Corollary 1.

The following simpler bound on the free equivalent distance
is obtained by exploiting the fact that the minimal register
length through which any input sequence of a convolutional
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code passes is , and by using the relation

Corollary 3:

(14)

Additional tight bounds can be obtained from Theorem 2 for
the subclass of rate - -convolutional codes as follows.

Corollary 4: For any rate , - -convolutional code
with states

(15)

Corollary 5:For any rate - -convolutional code,
namely, a code with an observation interval of branches

(16)

Note that the bounds in Theorems 1 and 2 and Corollary 3 are
valid for any rate -convolutional code with an arbitrary

, since this code can always be represented as a rate
- -convolutional code.
The results of Theorem 2 and Corollary 3 are demonstrated

in the following example.
Example 4: According to Theorem 2 and Corollary 3,

the free equivalent distance of a rate , state 1- -
convolutional code is upper-bounded by. This code can be
transformed using (5) (or (7)) to a rate , state associated
code (see also [13]), for which the noncoherent metric is
calculated over three symbols, namely, a single branch plus
a reference symbol from a previous branch. However, the
equivalent free distance of a conventional DPSK system, that
is, a system for which the noncoherent metric is calculated
over two symbols, is the same as that of a noncoherent system
(see [11]), which is given by for the above code. This
means that increasing the observation intervaldegrades,
in this case, the performance for large signal-to-noise ratios,
as was verified by simulation results in [13]. Nevertheless,
increasing usually improves the error performance at small
signal-to-noise ratios, since then the dominant parameter is
the noncoherent combining loss, which is proportional to the
number of combined terms that gets smaller asincreases
([11] and [13]).

The following results establish the connections between the
number of states in the trellis diagram of a rate -code
and the corresponding associated rate code. Let
be the constraint length of the associated code andbe the
constraint length of theth input, where . Let

and be the constraint length of the -code and its th
input, respectively.

Lemma 1:

a) , where equality holds if and only if for each

b) If , at least one generator of any row in the
generator matrix of the -code satisfies

Proof: The proof stems immediately from the fact that
the reference generator column is the first generator of the

-code, that is,

yielding for any .
We conclude this section by showing that both bounds in

Theorems 1 and 2 tend to the same value independently of the
value of when the complexity of the codes, or equivalently
the number of states, increases. The results are presented for
the associated codes underlying the differential systems, but
they also apply for -codes due to the equivalence between
the systems. Hence, let us examine the rate associated
convolutional codes, for which the noncoherent metric is
calculated over an observation interval of symbols,
that is, a single branch plus a reference symbol taken from a
previous branch. On one hand, the equivalent distance can
be upper-bounded by the Heller bound on the Hamming
distance of the rate associated code, which is given by
[32]

(17)

where is the register length in the single register represen-
tation of a convolutional code (see (3)), and where for

and for . It is easy to verify (see,
for example, [34]) that for large values of, the minimum in
(17) is achieved for and it is approximated by .
This implies that the free equivalent distance is approximately
bounded for large values of , or large number of states, by

(18)

On the other hand, representing the associated code as a rate
- -convolutional code with states and using

the bound (14) we obtain

(19)

The bound in (14) was obtained by dividing the memory
elements between the input registers as equally as possible,
meaning that the constraint lengths were
about equal for each. Therefore, where the
subtraction of from is due to the fact that in the definition
of , the shift register includes also the encoder input bits (see
(3)). Now, it can be shown that the behavior of the bound (19)
is the same as that in (18) for large values of. This means
that for large values of , or, equivalently, number of states,
both bounds converge to the same value, which is the value
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obtained by coherent detection, independently of the “branch”
observation interval length .

V. CATASTROPHIC ERROR PROPAGATION

In this section, we treat the ambiguity problem caused by the
noncoherent metric in the general framework of catastrophic
error propagation and present conditions for the general class
of rate - -convolutional codes and the subclass of rate

- -codes. Most of the results in this section and in
the Appendix are of a general nature and are related to the
structure of convolutional codes, in particular to the possible
run of zeros and ones in code sequences generated by a
convolutional encoder.

A few definitions and corollaries precede the main results.
Definition 5: A linear convolutional code is Hamming-

catastrophic if some input information sequence with an infi-
nite Hamming weight generates an output code sequence with
a finite Hamming weight.

Massey and Sain [35] found a necessary and sufficient
condition for a code to be Hamming-catastrophic, which reads

(20)

for some nonnegative integer , where is the greatest
common denominator and denotes the subdeter-
minants of the generator matrix .

When the noncoherent metric (1) is used, it is impossible to
distinguish between sequences with the same-distance and
the appropriate definition is the following one.

Definition 6: A linear convolutional code is - -
catastrophic if there is some input information sequence with
an infinite Hamming weight, which generates an output code
sequence with a finite -weight.

Definitions 5 and 6 reflect the fact that if an information
sequence generates a code sequence with a finite weight
(Hamming or ) then a finite number of channel errors may
cause an infinite number of decoding errors. Note that in terms
of the trellis diagram of the convolutional code, the above
definitions are expressed as an infinite path (different from
the all-zero path) with a finite weight (Hamming or ). In
terms of the state diagram of the code this is equivalent to
a zero weight (Hamming or ) self-loop somewhere in the
state diagram besides the self-loop around the all-zero state.
Definition 6 and the fact that the convolutional codes treated
here are linear lead to the following simple corollary.

Corollary 6: A linear convolutional code is - -catas-
trophic if and only if (iff) there is some code sequence, different
from the all-zero sequence, which contains an infinite interval
of -long -tuples, each of them being either all-zero or
all-one (that is, it has a zero -weight).

If -weight of a sequence is zero, -weight of any con-
stituent subsequence is also zero. Conversely, if-weight of
a subsequence is not zero, then the-weight of any sequence
containing this subsequence is not zero. These elementary ob-
servations lead to the following simple and practical corollary.

Corollary 7:

a) A convolutional code, which is not- -catastrophic, is
also not - -catastrophic for any . In particular,

a code, which is not- -catastrophic, is also not- -
catastrophic for any .

b) A - -catastrophic convolutional code is also- -
catastrophic for every which divides .

Another useful definition, which will be used subsequently,
is the definition of a transparent code (see [29]).

Definition 7: A linear convolutional code is transparent if
the self-loop around the all-one state is an all-one branch. This
implies that an all-one input sequence generates an all-one
output sequence (from a certain point).

A. The General Class of Rate - -Codes

In this section we examine the general class of rate -
-convolutional codes, for which the noncoherent metric (1)

is calculated over a single branch. It was shown in [11] and
[13] and outlined in Section II that this class is equivalent,
in terms of the input–output relationships, to a differential
system based on a rate associated convolutional
codes, in which a reference symbol is added to each branch of

symbols. Since the differential system presents
no ambiguity problem, it can be only Hamming-catastrophic,
a fact which leads to the following lemma.

Lemma 2: A rate convolutional code is - -
catastrophic iff its rate associated code is
Hamming-catastrophic.

Remarks:

a) A convolutional code is Hamming-catastrophic if it
satisfies the condition in (20) (see [35]).

b) The associated code can be defined in several ways, such
as in (4) and (5) or (6) and (7).

c) For a rate convolutional code with generator polyno-
mials and , Lemma 2 is simplified to the
following condition: A rate convolutional code is-

-catastrophiciff for some
integer . This condition implies that the generator
sequences (in the time domain) and should be
different in a single place to prevent- -catastrophe.

d) In order to apply Lemma 2 for rate - -codes
with , these codes should be transformed to rate

codes with a suitable generator matrix.

B. The Subclass of Rate - -Codes

In this section we present simple conditions for catastrophic
error propagation of rate - -convolutional codes. The
importance of these conditions is that beyond a certain value
of it is sufficient to check whether the original rate
code is Hamming-catastrophic or transparent, thus avoiding
the need both to transform the code to a rate code
and to check the rather complicated condition in Lemma 2.
Before presenting the main theorem, we present some results
concerning the legitimate run of zeros and ones in the code
sequences. The proofs of these results and the main theorem, as
well as additional results about the structure of convolutional
codes, are presented in the Appendix.

Lemma 3: If a rate convolutional code contains code
sequences composed of-long -tuples ( an arbitrary integer),
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which alternate periodically between zeros and ones, the code
is either Hamming-catastrophic or transparent.

The next lemma determines the maximal run of consecutive
all-zero -tuples and it is, in a way, an extension of the result
of Rosenberg [36].

Lemma 4: Let be the gen-
erator polynomials of a rate convolutional code with
constraint length , and let assume that of them
generate a maximally linear independent set. Then, if the
code is neither Hamming-catastrophic nor transparent, the
maximal run of all-one -tuples in a code sequence is at most

.
The connection between - -catastrophic code and its

constraint length is expressed in the following theorem, proven
in the Appendix.

Theorem 3: With the same assumptions as in Lemma 3, a
convolutional code is - -catastrophic for

iff it is either Hamming-catastrophic or transparent.
Remarks:

a) For the binary field and for the case in which at least
two generators are different, and Theorem 3 can
be stated for .

b) According to Lemma A2 in the Appendix, if the maxi-
mal run of all-zero -tuples is , then the maximal run of
all-one -tuples is . This implies that Theorem 3
is valid, more generally, for . Using the
results of Rosenberg [36] and Forney [37] for possible
values that may take will give a stronger result than the
one in Theorem 3, without any need to alter the proof
of the theorem.

VI. COMPUTER SEARCH RESULTS FOROPTIMAL CODES

In this section we present the results of a computer search
for optimal -codes. An optimal -code is defined, in the
usual manner, as a code which achieves the maximal
for a given number of states. An improved criterion tries
to minimize also the noncoherent combining loss [13] by
selecting the optimal code as the one for which the maximal

is achieved over a path with a minimal length. Since
the calculation of involves optimization of the Chernoff
parameter for each path separately, we choose to base the
computer search on the free -distance of a code, which is
a more convenient parameter to work with. As was shown
in Section III, this parameter provides a rather tight upper
bound on the free equivalent distance. In addition to , we
calculated for each code the corresponding error coefficients,
i.e., the number of paths diverging from and remerging to the
all-zero state which achieve the free -distance along with
the total number of error bits “” in these paths. Among the
codes which achieve the same free-distance, the best code
was selected as the one with the smallest number of error bits.

We performed a computer search for rate and rate
- -convolutional codes, and for rate - -convolutional

codes. For the latter case, the result of [13, Corollary 1],
stating that all -codes generated from some associated codes
are equivalent, was used and we fixed one of the generator
columns arbitrarily. This means that the search complexity

TABLE I
RATE 1=2 J-nd-CONVOLUTIONAL CODES

was equivalent to the complexity of searching rate codes.
All the codes presented in the following tables are not- -
catastrophic, although in some cases we found catastrophic
codes with a larger free -distance. The following tables are
organized such that for each code two rows of parameters are
given; the first contains the code generators given in an octal
form according to the presentation in (2) (see also [31]), and
the second contains, from left to right, the free-distance,
number of paths achieving this distance, and the total number
of error bits in that paths.

The computer search results for rate - -convolutional
codes are detailed in Table I for number of states ranging
from to , and an observation interval
ranging from two branches to six branches .
Examining the codes in the table reveals that the upper bound
(16) on the free distance is rather tight for . Another
phenomenon is that increasing the observation interval
does not necessarily increase the free-distance (for a given
number of states).

The computer search results for rate - -convolutional
codes are detailed in Table II for and . It
is observed that the bounds (15) and (16) on the free-
distance are achieved for in all cases. The codes
obtained for can be used, due to the equivalence
with differential systems, as a basis for optimal rate
associated convolutional codes, in which the noncoherent
metric is calculated over three channel symbols
formed from two code symbols (a branch) and one overlapping
symbol taken from a previous branch. As a comparison for
the case , the right column of Table II contains the
parameters of Hamming optimal codes, taken from [31], where
for each constraint length, the first row contains the code
generators and the second one presents, from left to right, the
free -distance, the number of paths, and the total number of
error bits. It is observed that the number of error bits presented
by the optimal -codes is always smaller, where in the case
of 64 states the -distance is larger as well.

The computer search results of rate - -convolutional
codes are shown in Table III for . The third left
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TABLE II
RATE 1=3 J-nd-CONVOLUTIONAL CODES

column contains the bound on the free-distance, which
is taken as the minimum between the bound in Theorem 2
and the one in Theorem 3, and it is shown that the bound is
achieved for all cases except for . A comparison between

of rate - -codes and of the subclass of rate
- -codes, shown in Table I, reveals that the difference

between them is at most.
The -codes listed in Table III can be used as a basis for

optimal rate associated convolutional codes underlying
differential systems, for which the noncoherent metric is calcu-
lated over an observation interval of four symbols composing
a single branch, that is, three symbols, and an overlapping
symbol taken from a previous branch. For a comparison, the
rightmost column of Table III contains the parameters of rate

Hamming optimal codes. It is clearly verified that the
optimal -codes present better performance. Additional ver-
ification is obtained from the bit error probability simulation
results for the 16 state codes in the table, shown in Fig. 6 and
taken from [13].

VII. SUMMARY AND CONCLUSION

A coded system based on noncoherent detection of binary
convolutional codes, which are referred to as-convolutional
codes, is analyzed, in this second part of a two-part paper.
The receiver in the system incorporates noncoherent metric
calculated over a “branch” observation interval ofchannel
signals. It is shown in [11] and [13] that -codes provide a
general framework for various noncoherent systems, including
differential systems, for several practical models of carrier
phase, in particular a model in which the carrier phase may
change arbitrarily every channel signals and a model in
which the carrier phase remains essentially constant through-
out the transmission period. This part focuses on the structural
properties of -convolutional codes, where the first part [13]
investigated the performance analysis of the codes.

Based on the exponential rate of-codes, derived in [13],
the free equivalent distance is defined. Although the free
equivalent distance exhibits the exact exponential behavior of

-codes, it does not lend itself to a convenient analysis for

TABLE III
RATE 2=4 1-nd-CONVOLUTIONAL CODES

code optimization. The equivalent distance is upper-bounded
by the free -distance, which reflects the fact that due to
noncoherent metric it is inherently impossible to resolve a 180
ambiguity of phase rotation. The free -distance is upper-
bounded by exploiting the connection with the associated
codes underlying the equivalent system, and by bounding
the maximal length of the shortest paths in the trellis dia-
grams of convolutional codes. The above bounds are used to
demonstrate that increasing the observation intervaldoes not
necessarily improve the error performance of the noncoherent
system, as was first shown in [11] and [13]. The free-
distance is used also as the criterion for a computer search for
optimal codes, where the results of this search are tabulated
here for rate and rate - -convolutional codes and
rate - -codes. These codes are compared to suitable
codes, which are optimal in the Hamming sense, i.e., optimal
for coherent detection, and it is verified that the Hamming
optimal codes are not necessarily optimal for noncoherent
detection since in many cases their free-distance is found
to be rather small.
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Fig. 6. Bit error probability simulation results for the differential system with overlapping, based on rate2=3, 16 state codes.

The ambiguity issue, inherent in noncoherent detection, is
treated within a novel unified framework of -catastrophic
codes, where necessary and sufficient conditions are provided
for catastrophic error propagation. For the general class of
rate - -codes, the condition hinges on the connection
with the associated codes, whereas for the subclass of rate

- -codes, this condition was based on known and new
results referring to the legitimate runs of zeros and ones in
convolutionally encoded sequences.

APPENDIX

STRUCTURAL PROPERTIES OFCONVOLUTIONAL CODES

In this appendix, proofs for the lemmas presented in Section
V along with some additional structural properties of rate

convolutional codes are provided. Most of the results
are concerned with legitimate runs of zeros and ones in code
sequences. The proof of Lemma 3 hinges on the following
lemma.

Lemma A1: A rate convolutional code which contains
a code sequence having an infinite run of ones is either
Hamming-catastrophic or transparent.

Proof: Let be the information sequence which gener-
ates the code sequence,, with the infinite run of ones. Since

the number of states of the code is finite,becomes repetitive
beyond a certain point. If the repeated interval ofis all-one,
the code sequence is generated by the self-loop around the all-
one state, and the code is transparent by definition. Suppose
that the code is not transparent, then the repeated interval of
contains zeros as well as ones. Letbe a right-shifted version
of the information sequence, with zeros inserted in the left,
and select the shift such that a zero in a repeated interval of

is faced against a one in the repeated interval of. Since
the code is time-invariant, the sequence, which is the shifted
version of , is a code sequence generated by, and since the
code is linear, is a code sequence generated by the
information sequence . However, by the construction
method, contains an infinite number of ones, whereas

contains only a finite number of ones. Hence, the code
is Hamming-catastrophic.

Proof of Lemma 3

Let be the information sequence generating the code
sequence , which alternates periodically between-long -
tuples, and let be a right-shifted version of with the
corresponding right-shifted code sequence. The shift, in this
case, is taken to be exactly places to the right. It is clear
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that the code sequence contains an infinite run of ones,
and by Lemma A1, the code is either Hamming-catastrophic
or transparent.

It is worthwhile pointing out that Lemma A1 and Lemma
3 are valid for any rate convolutional code, as well as
rate convolutional codes. The next lemma generalizes on
Lemma 4.

Lemma A2: For a rate convolutional code, suppose that
the maximal number of consecutive all-zero-tuples in a code
sequences which do not merge with the zero state is. Then, if
the code is not transparent, the maximal number of consecutive
all-one -tuples is at most .

Remarks:

a) The underlying assumption in Lemma A1 is that the
code is not Hamming-catastrophic since the number of
consecutive -tuples which do not merge with the zero
state is finite.

b) The result of Lemma 4 is obtained by taking
.

Proof: Suppose that there is a code sequencewith more
than consecutive all-one -tuples, which is generated
by the information sequence. Let be a right-shifted version
of with the corresponding right-shifted code sequence. The
shift of , in this case, is taken to be exactly one bit to the
right. Hence, the all-one segments ofand overlap for more
than -tuples and, therefore, contains a segment
which consists of more than consecutive all-zero -tuples.
For a code which is not Hamming-catastrophic, this segment
has to be part of the all-zero code sequence, due to its length.
We will show that satisfying the above requirement results in
a transparent code, hence contradicting the assumption in the
lemma.

For a rate convolutional code with constraint length,
each state is represented by a-tuple which is the content of
the shift register. Therefore, every nonzero state is reachable
from the zero state by exactly steps, and it is possible to
move from the zero state back to itself by exactly
steps. Suppose that the segment of consecutive all-one-
tuples of begins at a certain state which is reachable from
the zero state with the-tuple of information
bits. Clearly, this state is also reachable with the -tuple

. Therefore, the all-zero segment of
begins at a state which is reached from the zero state with a

-tuple . Note that
is an information bit which corresponds to the all-one-tuple
in the code sequence. For the all-zero segment to be part of
the all-zero sequence, the above -tuple has to represent
a divergence from and a remergence to the zero state, i.e.,
the -tuple has to be , which implies that

. However, the condition
implies that the all-one segment

begins at the all-one state, and implies that the
all-one segment is generated by the self-loop around the all-
one state, which means that the code is transparent. Hence, a
contradiction is reached.

Corollary A1: Let be as in Lemma A2, and suppose that
there is a code sequence which contains a segment composed

of at least consecutive all-zero-tuples and a run
of all-one on its left and right with at least the same length.
Then, the code is either Hamming-catastrophic or transparent.

Proof: By a technique similar to the one used in the
proof of the previous lemmas, it is possible to construct a code
sequence which consists of at least consecutive
all-one -tuples. Since , the condition
in Lemma A.2 is not satisfied.

Corollary A2: Let be as in Lemma A2, and assume that
for all , namely, the current input bit is

connected to every output. Then

a) If a code sequence which contains a segment composed
of consecutive all-one -tuples followed by any
number of consecutive all-zero-tuples, the code is
either Hamming-catastrophic or transparent.

b) If a code sequence which contains a segment composed
of consecutive all-zero -tuples followed by any
number of consecutive all-one-tuples, the code is
Hamming-catastrophic.

Proof: The condition for all implies
that from each state diverges a branch and its complement.

a) Suppose that there is a code sequence which contains
consecutive all-one -tuples followed by all-

zero -tuples. Then, after the all-one -tuples we
arrive at a state from which an all-zero branch diverges.
But from the above condition, an all-one branch diverges
from this state as well. Hence, there is a segment of
at least consecutive all-one -tuples, and the
code is either Hamming-catastrophic or transparent due
to Lemma A2.

b) The proof follows the same lines as the proof of part a).

The appendix is concluded with the proof of Theorem 3.

Proof of Theorem 3

If a code is Hamming-catastrophic or transparent, it is-
catastrophic for any arbitrary. Conversely, suppose that the
code is - -catastrophic for . Due to
Corollary 6, there is some code sequence which contains an
infinite interval in which every -long -tuple is either all-zero
or all-one. There are two different cases to consider.

a) If the infinite interval alternates periodically between-
long -tuples of all-zero and all-one, the code is either
Hamming-catastrophic or transparent due to Lemma 3.

b) Since , then if the
infinite interval contains at least -long -tuples of all-
zero or all-one, the code is either Hamming-catastrophic
or transparent due to Lemma 4 and the result of [36].
Note that the all-zero or the all-one path is included in
this case.
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