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Yosef Kofman, Ephraim Zehavi,Senior Member, IEEE, and Shlomo Shamai (Shitz),Fellow, IEEE

Abstract—A noncoherent coded system, which incorporates
convolutional codes in conjunction of multiple symbol nonco-
herent detection, is presented in this two-part paper, where
Part I focuses on the performance analysis of the system and
Part II deals with the structural properties of the underlying
convolutional codes. These convolutional codes are referred to
as nd-convolutional codes. It is shown that nd-convolutional
codes provide a general framework for various noncoherent
coding systems, including differential systems. Two models of the
carrier phase are examined and the relationships between them is
established. For the first one, the carrier phase remains constant
for L channels signals, whereas for the second one, it unvaries
throughout the transmission period. The regular structure ofnd-
codes facilitates the evaluation of a simple upper bound on the
pairwise and bit error probabilities, as well as a simple expression
for the generalized cutoff rate. The exponential rate of the error
probability, which is the single parameter governing the error
performance at large signal-to-noise ratios, is identified via Large
Deviations techniques. This parameter leads to the interesting
conclusion that increasingL does not necessarily monotonically
improve the error performance of the noncoherent system. The
same conclusion is reached by examining upper bounds and com-
puter simulation results of several interesting examples. These
examples also reveal that optimal codes for coherent detection are
not necessarily optimal for noncoherent detection and a search
for good codes, some of which are tabulated in Part II of the
paper, is required.

Index Terms—nd-codes, noncoherent detection, convolutional
codes, differential decoding, multisymbol detection, BPSK,
DPSK.

I. INTRODUCTION

NONCOHERENT detection systems are extensively used
when an accurate carrier phase is difficult to establish.

Several reasons may contribute to the instability of the carrier
phase. In some cases, the phase of the oscillator, which
generates the carrier in the transmitter, is not stable enough
to allow an accurate estimation from the received signal.
In another scenario, as in mobile environment subjected to
fading and multipath, the propagation time of the signal
changes rapidly and in an arbitrary fashion, prohibiting an
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accurate estimation and tracking at the receiver. A frequency-
hoping system, in which the carrier phase changes every hop,
causing, thus, a difficulty in estimating and tracking it, is
another example [1]. The usage of noncoherent detection may
be advantageous due to practical reasons as well, since the
simplicity and robustness of implementation are preferred,
sometimes, to the improved performance provided by coherent
detection.

Noncoherent, or equivalently differential, detection degrades
the error probability with respect to coherent detection. For
an uncoded binary differential phase shift keying (DPSK)
system and additive white Gaussian (AWGN) channel, this
degradation amounts to about 0.75 dB at a bit error probability
of , whereas for a coded system, the degradation may rise
to be as high as 2 dB at the same error probability. A common
approach for decreasing the performance gap between coherent
and noncoherent systems is to increase the observation interval
beyond two channel signals, which is the observation interval
used in conventional DPSK systems. This approach yields
good results for uncoded noncoherent (differential) systems,
for which it has been shown that increasing the observation
interval by additional one or two signals already closes most
of the performance gap (see [2]–[7], and references therein).
Moreover, it is well known that as the observation interval
increases, the performance of an uncoded noncoherent system
approaches the performance of the coherent system (see [4]
and [5]). The same conclusion is reached in this paper for
a coded system, using simple arguments, that results from
a Chernoff bound on the pairwise error probability. Several
variations on the basic theme have been developed, among
them is the multiple differential feedback detection, in which a
decoded version of the reference symbol is fed back to improve
the error performance ([8] and [9]). The above approach of
increasing the length of the observation interval was shown to
give good results for the coded case as well. In [10], multiple
symbol differential detection of trellis codes was examined,
whereas block codes were treated in [11]. Whengets large,
conventional decoding of a trellis code with a suitable Viterbi
decoder becomes impractical and suboptimal methods, like
those in [12, and references therein] were suggested.

In this two-part paper, a coded system which employs a
noncoherent detection of binary phase shift keying (BPSK)-
modulated convolutional codes is presented. Part I of the paper
addresses the performance analysis of the system and Part II
focuses mainly on the structural analysis of the underlying
convolutional codes. These codes in conjunction with the
noncoherent detection are referred to asnd-convolutional
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Fig. 1. Noncoherent system block diagram.

codes. The novel approach proposed here (see also [6]) treats
the decision ambiguity problem, attributed to the noncoherent
detection, in the general framework of catastrophic error
propagation, thus eliminating the need for differential encoding
and decoding. A similar approach was presented in [11]
for the case of noncoherent detection of block codes. The
elimination of differential encoding and decoding facilitates
a regular structure of the -codes, which is instrumental
in obtaining simple Chernoff upper bounds on the pairwise
and bit error probabilities, as well as a simple expression
for the generalized cutoff rate of the coding system. In
addition, it helps to identify the exponential rate, which is
the single parameter governing the error probability at large
signal-to-noise ratios. The examination of the exponential rate
leads to the interesting conclusion that increasingdoes not
necessarily improve the error performance of the noncoherent
system. This same conclusion is reached by examining upper
bounds and computer simulation results of several codes.
Another interesting observation is that optimal codes for
coherent detection are not necessarily optimal for noncoherent
detection and a search for good codes is required. The results
of a limited search are given in Part II of the paper [13].

A detailed description of the system is presented in the
next section. Two classes of codes are characterized. The
first is a general class of rate convolutional codes for
which the noncoherent metric is calculated over a single
branch in the trellis diagram of the code. The second class
consists of rate convolutional codes, for which the non-
coherent metric is calculated overbranches. In Section III,
the pairwise error probability is derived using the Chernoff
bounding technique. Incorporating large deviations techniques,
outlined in Appendix I and detailed in [14], it is shown
that the Chernoff bound exhibits the exact exponential rate
by which the error probability approaches zero. Based on
the Chernoff bound on the pairwise error probability, the
generalized cutoff rate is derived in Section IV. In Section
V, the relationships between -codes and coded differential
systems are established for two models of the carrier phase,
namely, a model in which the carrier phase changes arbitrarily
every channel signals and a model in which it remains
constant throughout the transmission period. A rigorous proof

for the above connections is provided in Appendix II. The
average bit error probability is derived in Section VI, where
several examples are provided along with computer simulation
results. Conclusions and summary are given in Section VII.

II. SYSTEM MODEL AND PRELIMINARIES

The block diagram of the digital communication system
considered in this paper is presented in Fig. 1. A binary infor-
mation sequence is encoded by a rate binary convolutional
encoder with an output sequence. Each code symbol is BPSK
modulated and transmitted over an additive white Gaussian
noise (AWGN) channel with a discrete time representation

(1)

where and are components of the trans-
mitted and the received channel signal sequencesand ,
respectively, and is a component of the noise sequence

which consists of independent and identically distributed
(i.i.d.) complex Gaussian random variables with zero mean
and variance in each dimension. The mapping of code
symbols into channel signals is performed in the usual manner,
i.e., the code symbol is mapped into the channel signal

, and is mapped into . The carrier
phase , introduced by the channel, is assumed to be constant
over signals, and, in the absence of any side information, is
uniformly distributed in the interval . Two scenarios are
examined in this paper. In the first one, the carrier phase may
change arbitrarily from one -long subsequence to another,
whereas in the second one, it remains constant throughout the
transmission period.

At the receiver, the noise-corrupted signal is demodulated
and the resulting symbols are fed into a Viterbi decoder
which outputs the estimated information sequence. The Viterbi
decoder makes use of a suboptimal but a relatively easy to
implementbranch metric, given by

(2)

where for the BPSK system examined here. Note
that (2) provides a close approximation of the optimal met-
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(a)

(b)

Fig. 2. Trellis diagram of a rate1=2, 4 states convolutional code with
generators(5; 7). The input and output bits are designated input/output: (a)
J = 1, (b) J = 2.

ric, , in the case where the carrier phase varies
independently each consecutive signals and it is a conve-
nient suboptimal metric also for the case where the initially
unknown carrier phase remains constant. It is assumed that
the branch observation interval length is calculated over
an integral number of branches of the convolutional code,
namely . The metric of an entire code sequence
or, equivalently, an entire path in the trellis diagram of the
convolutional code is the sum of the metrics of its constituent

-long subsequences. Representing the code as an equivalent
rate code with the same number of states and a branch
metric given by (2), decoding is easily accomplished by a
Viterbi decoder for that code.

Example 1: Consider the rate , states convolutional
code with generators whose trellis diagram is shown
in Fig. 2(a). When the noncoherent metric is calculated over
a single branch , the Viterbi decoder operates on

the original trellis diagram, but when , the Viterbi
decoder operates on the trellis diagram of an equivalent rate

code shown in Fig. 2(b). Note that every transition in the
trellis diagram of Fig. 2(b) is equivalent to two consecutive
transitions in the trellis diagram of Fig. 2(a).

Since the metric in (2) consists of absolute values and since
the probability density function of the Gaussian noise is invari-
ant to phase rotations, the detection scheme is independent of
. Hence, without loss of generality, is set to zero

in each subsequence. Note that since the metric in (2) is
calculated over a subsequence ofsignals without reference
to any previous subsequences, the error performance of the
system is invariant to whether changes arbitrarily every
channel signals (according to some probability law) or remains
constant throughout.

The absolute value calculated in the metric (2) raises the
well-known problem of phase ambiguity, since the metric of
an -long subsequence is identical to its 180rotation. With
respect to the binary-code sequences, this is equivalent to that
the metric of an -long subsequence is the same as its one’s
complement. As an example, for the code subsequences

and appear the same for the noncoherent detec-
tor since they have the same noncoherent metric (2). The
same holds for the sequences and ,
constructed by concatenating two-long subsequences. It is
shown in Part II of the paper that the ambiguity problem can be
resolved as an inherent part of the coding system in a general
framework of catastrophic error propagation.

Convolutional codes which are decoded with the above
noncoherent metric are referred to, throughout, asnonco-
herently demodulated convolutional codesor, in short, -
convolutional codes. When we wish to emphasize the fact
that the noncoherent metric is calculated overbranches,
a rate convolutional code is referred to as (rate )

-convolutional code.
Generally, any rate convolutional code can be described

as a rate code with being an arbitrary
integer. The converse, however, does not necessarily hold.
Thus the most general class of -convolutional codes is the
rate -convolutional codes. A subclass of interest,
which is also considered in this paper, consists of rate

-convolutional codes with . For coherently
demodulated convolutional codes, examination of Heller’s
type upper bounds on the free Hamming distance of a code
(see, e.g., [15]) reveals that in most cases there is no advantage
in considering rate codes in lieu of rate codes,
especially when accounting for the fact that the decoding
complexity of the former may be considerably larger. For

-codes, however, the situation is different since a rate
-code and a rate -code with equal number

of states are decoded with the same Viterbi decoder, whereas
due to the nonlinear metric of (2) the latter usually has a better
performance, as will be shown in the sequel and in Part II of
the paper. Nevertheless, the subclass of rate -codes
is still of interest since the performance degradation is usually
small, and since an exhaustive search for good codes within the
general class becomes formidable even for a moderate value
of due to the large number of possible codes.
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III. PAIRWISE ERROR PROBABILITY

The pairwise error probability which represents the proba-
bility of choosing the coded sequencewhen the sequence

was transmitted is the fundamental expression for the
construction of a union upper bound on the average bit error
probability performance of a system, and the evaluation of the
generalized cutoff rate of the coding channel. It also serves as
a tool for defining the “free distance of a code,” namely, the
parameter which determines the exponential behavior of the
error probability of the code. This happens becuase the error
performance is dominated by the pairwise error probability
of the sequences (or paths in the trellis diagram of the code)
with minimum distance between them for large signal-to-noise
ratios.

Let and consist of -long subsequences and letand
be the metrics, defined in (2), which are associated with

the th subsequence of and , respectively. Let stand
for the Hamming distance between theth subsequences of
and . For -long subsequences and given that the sequence

is transmitted

and

are complex Gaussian random variables with mean and
, respectively, variance , and covariance

, where the subscript was omitted and
the carrier phase was set to zero. Now, the pairwise error
probability of choosing the sequenceinstead of the actual
transmitted sequence is given by

(3)

An exact evaluation of (3) for the general case is difficult,
if not impossible, as was commented in [10] in reference
to multiple symbol differential detection. This is since the
covariance of and is -dependent via the Hamming
distances , and the result of [16, Appendix 4B] is not
directly applicable. This observation has led to the develop-
ment of asymptotic approximations (with signal-to-noise ratio)
on the pairwise error probability (see [10], [17], and [18]).
One of the cases, however, for which the result of [16] is
directly applicable, is when each sequence consists of a single
subsequence. Additional cases for which the pairwise error
probability can be calculated exactly are those in which the
metric differences are i.i.d. random variables. Due
to the noncoherent metric, this condition is satisfied whenever
the Hamming distance between each pair of subsequences is
either or . Note that for and the
above condition is always satisfied.

For the general case, the Chernoff bounding technique is
employed to derive an upper bound on the pairwise error
probability. Let

be the normalized covariance between theth subsequences of
and , and let . Since , it follows

that . Based on the result in [16, Appendix 4B]
and after some simple algebraic manipulations, the Chernoff
bound on the pairwise error probability (3) is obtained as (see
Appendix I)

(4)

where is the Chernoff parameter, and .
Representing the Chernoff bound (4) in terms of the Hamming
distances between the subsequences yields

(5)

where and denote -long subsequences.
The Chernoff bound on the pairwise error probability has

been evaluated in [10] for the case of multiple differential
detection. As is shown in Section V, it is possible to transform
the expression obtained in [10] to (4) and (5) by employing
suitable mapping.

The Chernoff bounds in (4) and (5) deserve some consider-
ation. It is well known that as gets large and for given finite
Hamming distances between the subsequences, the pairwise
error probability of noncoherent multiple detection approaches
that of the conventional coherent detection (see [3]–[5]). This
is easily seen from (5) as follows: The right-hand side of (5)
represents also the moment generating function of the random
variable

As tends to infinity, this expression approaches

which is the moment generating function of a Gaussian random
variable with mean

and variance

Since
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is the Hamming distance betweenand , we obtain

as , which is the well-recognized pairwise error
probability for coherent detection (see [16, eq. (5.2.49)]).

From (4) and (5), it is clear that the exponential behavior
of the Chernoff bound provides an upper bound on the
exponential rate of the error probability. Using large deviations
techniques [19], it is shown in Appendix I that the above
behavior expresses also the exact exponential rate, leading to
the followng lemma.

Lemma 1: The exponential rate of the pairwise error
probability between two sequences consisting of-long sub-
sequences with Hamming distances is given by

(6)

A simple calculation reveals that every term in the summation
(6) is maximized for . Since the sum in (6), as well
as every term of it, is a concave function of(see Appendix
I), and since for each , the optimization of
can be confined to the interval .

It is interesting to note that for a single subsequence, the
exponential rate is given by for , and by

for . This is not surprising since for BPSK
modulation used in combination of noncoherent detection, it
is impossible to distinguish between a sequence and its 180
phase rotation.

We proceed now to examine the effect of increasing the
observation length interval (or ) on the pairwise error
probability of given sequences. It is known that asgets large
and for a given finite Hamming distance, the error probability
approaches that of a coherent detection, which represents the
maximal exponential rate for the sequences. However, perhaps
surprisingly, this convergence is not monotonic with(and

), as can be seen in the following example.
Example 2: Let us assume that the all-zero sequence was

transmitted and the sequence
was received. For , the sequence is parsed into the
subsequences and and the exponential rate,
obtained for , is given by . For ,
only the subsequence is different from the all-zero
sequence, resulting in . For the limiting case ,

, which is, as expected, the Hamming distance between
the sequences.

The above phenomenon is a consequence of the ambiguity
problem inherent to the noncoherent metric in (2). Note,
however, that the exponential rate tends to the Hamming
distance for , which is the maximal attainable distance
for given sequences. In Section VI and Part II of the paper, it
is shown that increasing does not necessarily improve the
performance of convolutional codes, as well, even when the
best -code is selected for a given finite. Note that the

above conclusions extend to differential systems, as is readily
demonstrated in Section VI.

The pairwise error probability is affected also by the non-
coherent combining loss, which is defined as the extra energy
required in a noncoherent system to obtain the same error
probability as in a suitable coherent system [16]. This loss
results from summing up noncoherent metrics and is increased
with the number of summed components. With respect to
the trellis diagram, it means that the longer the path which
diverges from the all-zero path, the larger the noncoherent
combining loss is, where this loss is only weakly dependent
on the structure of the branches along the diverged path. With
respect to the Chernoff bound, the noncoherent combining loss
is expressed as a coefficient larger than one, as can be seen
in (4) and (5), where the coefficient itself represents an upper
bound on the combining loss. This incurrs a penalty in the
tightness of the Chernoff bound when compared to coherent
systems.

IV. GENERALIZED CUTOFF RATE

In this section we address the generalized cutoff rate
of -codes, which represents an indication of the achievable
rate of a coding system with moderate complexity. In some
cases of high symmetry, it also serves as a single parameter
which determines the coding channel, facilitating, thus, the
decoupling of the actual coding technique being used from
the coding channel [20]. In our case, the coding channel
can be visualized as a memoryless super channel with
super-channel input symbols, each of which represents a
possible subsequence oftransmitted BPSK signals, and the
corresponding unquantized outputs. The generalized cutoff rate
is obtained by using standard random coding arguments as
follows. Let the coded sequencesand consist of -long
subsequences, and select these sequences randomly such that
each constituent -long subsequence, which is now considered
as a super-channel symbol, is selected randomly with an equal
probability. By employing the fact that due to the random
selection of the code sequences, the ensemble average is the
same for each subsequence, and noticing that the Chernoff
bound on the pairwise error probability is determined solely
by the Hamming distances between subsequences, one obtains,
after omitting the time dependency, that

(7)

where stands for the ensemble average over the coded
sequences, is the number of -long subsequences in each
code sequence, and is the all-zero subsequence of length

. Since the Chernoff bound , defined in (5),
is the same for all coded subsequence pairs with the same
Hamming distance, the sum in the right-hand side of (7) can
be simplified by gathering together all subsequences
with a given Hamming distance and performing the sum
over all possible Hamming distances (different from zero). In
addition, since the Chernoff bound is the same whether the
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Fig. 3. TheEb=N0 required to transmit atr = ~R0 versus1=r.

Hamming distance is or , the summations in (7)
can be performed over terms only, where denotes
the integral part of . Thus the generalized cutoff rate is given
in bits per channel use (after normalizing by) by

bits
channel use

(8)

where takes on that value which minimizes the argument of
the log, and is the Chernoff bound given in (5).

For , the coding channel is, in fact, a binary input
channel, where one input stands for the subsequences with
Hamming distance or , and the other stands for the subse-
quences with Hamming distance. The coding channel can be
viewed as a binary input channel for , as well, since in
this case, Hamming distancesand are undistinguishable
by the noncoherent receiver. This observation is reflected
in the Chernoff bound which is independent in the value
of the super-channel inputs. In the above cases,can be

expressed directly as a function of an error event probability,
thus decoupling the coding operation from the rest of the
communication system [20].

The value of which is required to communicate
reliably at a rate of is shown in Fig. 3 versus . It
is apparent that as increases, the required decreases,
as expected, where the improvement itself is large for small
values of and diminishes for large values. By examining
Fig. 3, it is also observed that for a given subsequence
length , the maximal theoretical rate, for which reliable
communication is possible, approaches as
tends to infinity. This asymptotic rate reflects the ambiguity
problem implied by the usage of the noncoherent metric (2).
Namely, since the metric of a subsequence and its 180of
rotation is the same, no more than -long subsequences
out of possible subsequences can be used if ambiguity is
to be avoided.

The values of increases monotonically with , as is
evidenced in Fig. 3. However, the discussion, which followed
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Fig. 4. Coded differential system model for carrier phase� changing everyL signals.

Example 2, emphasized the fact that this monotonic improve-
ment does not necessarily hold when certain sequences or even
given convolutional codes are examined rather than random
codes. The above results are not surprising since for short
block lengths (or small number of states), it is possible to
find codes which are much better than those predicted by
the random coding bound, as this bound is tight only for
large block lengths (see [21]). Moreover, by comparing the
exponential rate of codes, there is an underlying assumption
that the signal-to-noise ratio is sufficiently large, thus implying
that the rate of the code being used is well bellow. In this
case, it is well known that low-rate random codes do not reflect
the performance of optimal codes (see [22]).

V. -CODES AND DIFFERENTIAL SYSTEMS:
THE CONNECTION

There are several types of differential encoders, where the
conventional one operates as follows (see [4] and [16]). Denote
by the information phase at time instanceand by its
version after the differential encoding, that is is the signal
phase transmitted through the channel. Then, the recursive
relationship between and is given by

(9)

where the decision statistics (metric) for the differential system
is

(10)

From (10) it is clear that the value of the actual reference
signal has no impact on the performance of the differential
system since the information is carried in the phase differences
between the channel signals.

A. Carrier Phase Constant for Signals

We start with the simpler case in which it is gauranteed that
the carrier phase remains constant for channel signals.
Since may change arbitrarily every channels signals, a

reference signal, which does not carry information, has to be
added every channel signals. The differential encoding
is performed with respect to this reference signal and the
differential metric (10) is calculated in the receiver over-long
subsequences. The block diagram of the differential system
is shown in Fig. 4. The convolutional code underlying the
differential system is referred to asassociated convolutional
code due to its association with a suitable -convolutional
code, as is elaborated on in the following.

The general case is the one in which
, namely the observation interval spreads over an integral

number of branches of the trellis diagram of the rate
associated convolutional code, where a symbol, which does not
carry information, is added as a reference. Since the associated
code can be represented as a rate code, it is
assumed, without loss of generality, that for a rate
associated code, the differential metric in (10) is calculated
over a single branch plus a reference symbol, that is, .
Note that due to the addition of a reference symbol every

coded symbols, the overall rate of the differential
system is .

Let

and

be the transform of the generator matrix and output code
sequence [23], respectively, of a rate associated
convolutional code. Likewise, let

and

be the transform of the generator matrix and output code
sequence, respectively, of a rate -convolutional code. In
addition, let be an arbitrary reference sequence. Then,
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the relationship between the associated code and the-code
is summarized in the following lemma, the proof of which is
provided in Appendix II.

Lemma 2: Any rate -convolutional code is equiva-
lent to a combination of some rate associated code
and differential encoding, where the equivalence is given by
the following expressions:

(11)

and

(12)

where all operations are performed in GF. The reverse
equivalence is expressed by

(13)

and

(14)

Example 3: Consider the rate associated convolutional
code with generators and

. The trellis diagram of this code is shown in Fig. 2(a). By
selecting as a reference generator, we obtain that
the generators of the equivalent rate code are ,

, and . The trellis diagram of
this code is shown in Fig. 5 and it has been obtained from the
trellis diagram in Fig. 2(a) simply by encoding differentially
each branch separetely with respect to a reference symbol “.”

A simple corollary is obtained due to the fact that the
reference sequence is arbitrary and has no effect on the error
performance (either bit or event).

Corollary 1: All rate -convolutional codes which
can be generated from a given rate associated
convolutional code are equivalent in terms of their error
performance.

B. Constant Carrier Phase

The relationships established in the previous section are
exploited to analyze the case in which the carrier phase

remains constant throughout the transmission period. The
block diagram of the appropriate coded differential system
is shown in Fig. 6. It is a generalization of the conventional
DPSK system (see [24]), which is obtained for , and
it was proposed and analyzed in [10]. The interleaver at the
output of the convolutional encoder interleaves subsequences
of symbols, that is, the output sequences of the inter-
leaver consist of independent -long subsequences. Since
the carrier phase remains constant, it is not required to add a
new reference symbol every symbols and the differential

Fig. 5. Trellis diagram of a rate1=3 convolutional code generated from an
associated rate1=2 code.

encoder may be the conventional one as given in (9). At the
receiver, the deinterleaver operates on-long subsequences
with a single symbol overlapping. The combined operation of
the interleaver/deinterleaver pair creates a memoryless coding
channel, namely, a channel in which-long subsequences are
statistically independent (see Section IV), eliminating by that
error propagation problems. The differential metrics at the
receiver are calculated over a sliding window ofsymbols,
with an overlapping of one symbol, used as a reference. These
metrics may be either the differential metrics of (10) or their
equivalent variations of (2). The associated branch metrics
are independent of the value ofas stated before, thus the
pairwise error probability can still be factored via the Chernoff
technique (4), irrespective whetheris constant or varies every

symbols. The interleaving in Fig. 6 is introduced to remove
the dependencies due to the single-symbol overlap. Since the
value of the reference symbol has no impact on the error
performance of the system, each-long subsequence may be
viewed by the receiver as being generated from an -long
subsequence with an addition of a reference symbol on which
the differential encoding has been performed. Having modeled
the receiver input sequences in the above described manner,
the connection to the differential system with no overlapping
is apparent. The only difference is that the reference symbol is
not a symbol actually transmitted through the channel, rather it
is constructed by overlapping of two subsequences. Therefore,
for a rate associated code, the overall rate remains.
The operation of the system described above is demonstrated
in the following two examples.

Example 4: This example examines the special case of the
conventional DPSK system and presents it in the general
framework of -convolutional codes. For a DPSK system

, that is, the noncoherent metric is calculated over
a sliding window of two symbols with overlapping of one
symbol, which is used as a reference. Since the reference
symbol may be arbitrary, the receiver can be viewed as
if it operates on a subsequence of two symbols, where a
reference symbol is added to every coded symbol (rather
than overlapping). Thus for a rate associated code, the
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Fig. 6. Coded differential system block diagram for constant carrier phase.

Fig. 7. Trellis diagram ofnd-code equivalent to conventional DPSK system
based on the associated code of Fig. 2.

equivalent -code is a rate code. Now, let us take the
associated code of the DPSK system to be the rate,
states convolutional code with generators , whose trellis
diagram is shown in Fig. 2(a). The equivalent -code is
shown in Fig. 7 and it was obtained by adding the reference
symbol “ ” every other symbol.

Example 5: For the same associated code as in the previous
example and for , the equivalent -code is the rate
code shown in Fig. 5. Note that this is, in fact, the same code
as in Example 3. The difference is that in the current case the

-code is used for analyzing the system, whereas the actual
rate remains .

Having established the relationships with -codes, the
expression for the generalized cutoff rate of the various
differential systems is easily obtained. First, it is clear that
the generalized cutoff rate is the same for-codes and
the differential system without overlapping since was
obtained in Section IV by averaging over the ensemble of
input channel signal sequences, which is the same in both
cases. The generalized cutoff rate of the differential system
with overlapping, denoted by , is easily obtained using
a suitable transformation as follows. For a given and

given some

(15)

where is determined in (8). For , the value of
required to communicate at a rate is calculated
using the relationship . With respect to Fig. 3,
it means that both axes should be normalized;should be
multiplied by and (decibels) should
be subtracted from . The generalized cutoff rate
is calculated also in [25], although the evaluation there is direct
and the simple expression (8) is not exploited.

VI. A VERAGE BIT ERROR PROBABILITY

In this section, a standard union upper bound on the average
bit error probability [21] is presented. Due to the high symme-
try of the channel in the case of BPSK signaling considered
here, it is assumed throughout, with no loss of generality, that
the all-zero code sequence is transmitted (see [14] for a de-
tailed justification). In order to calculate the error probabilities
between paths in the trellis diagram of a rate convolutional
code, for which the noncoherent metric (2) is calculated over

branches, the Hamming distances of the constituent-long
subsequences should be considered. To this end,
the convolutional code is represented as a rate code,
for which the noncoherent metric is calculated over a single
branch. Thus the error probability analysis is presented in the
following, with no loss of generality, only for the general
class of rate -convolutional codes, where .
Since branches with Hamming distance or have
the same contribution to the pairwise error probability, only

types of branches different from the
all-zero branch should be considered. The generating function

of a rate -convolutional
code is defined as

(16)

where designates the number of paths
diverging from and remerging to the all-zero path after
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branches, where each such path is generated byinformation
bits “ ” and consists of branches with Hamming distance
or , which appear times along
the path.

Letting be the Chernoff bound, de-
termined in (5), on the pairwise error probability of-long
subsequences with Hamming distance , and
assuming, without loss of generality, that the all-zero code
sequence was transmitted, the union upper bound on the
average bit error probability of a rate -convolutional
code is given by

(17)

The factor in (17) emerges due to symmetry conditions
which hold in our case (see [20, Appendix 4B]). The opti-
mization of the Chernoff parameter is performed over all
values greater than or equal to zero and smaller than the
minimal value that assumes within a given code.
Nevertheless, the bound in (17) is also valid for any. It
is readily straightforward to optimize when a closed-form
expression for the generating function exists. However, for a
large number of states, the generating function is evaluated
numerically and the value of should be predetermined. A
value which has been found reasonable during simulations and
evaluations of bounds for a variety of cases is .

Example 6: Consider, for the sake of simplicity, the rate
, states convolutional code with generators ,

whose trellis diagram is shown in Fig. 8. Assume that the code
is , namely the noncoherent metric is calculated over a
single branch . For evaluating the generating
function of the code, we use the conventional state diagram,
shown in Fig. 9, in which the zero state is splitted into input
and output states. Since , , that is, only a single
branch, denoted by , is different from the zero branch. The
generating function is given by the compact expression

(18)

which upon substitution into (17) yields the following upper
bound on the average bit error probability:

(19)
where , defined in (5), is given by

(20)

The bound (19) is shown in Fig. 10 along with computer
simulation results. Comparing the bound and the simulation

Fig. 8. Trellis diagram of a4 states, rate1=3 code with generators(6; 5; 1).

results reveals that there is 1-dB difference at a bit error
probability of . This difference is mainly due to the
noncoherent combining loss, which degrades the tightness of
the Chernoff bound. For a comparison, the bit error probability
curves for uncoded BPSK and DPSK systems are depicted as
well. By examining the trellis diagram of the code (see Fig. 8),
it is easy to see that the exponential rate is. Since the code
rate is , then expressing the exponential rate in terms of

(instead of ), an overall exponential rate ofis
obtained, which is the exponential rate of an uncoded BPSK
system.

Example 7: The derivation of the bounding technique for
is demonstrated in the following example. Let the

convolutional code be the rate code described in the
previous example. Assume now that , hence the
metric (2) is calculated over two branches. For evaluating the
bound, the code is transformed to a rate -code, for
which the metric is calculated over a single branch. The trellis
diagram of this transformed code is shown in Fig. 11. Every
branch in Fig. 11 is obtained by concatenating two consecutive
branches in the trellis diagram of Fig. 8. The state diagram
used for evaluating the generating function is shown in Fig. 12.
For , , resulting in three types of branches, denoted
as , , and , which are different from the zero branch.
The Chernoff bound, based on the entire generating function,
and simulation results are depicted in Fig. 10. From the trellis
diagram in Fig. 11, it is easy to verify that the exponential rate
is , namely, a coding gain of 1.25 dB with respect
to uncoded BPSK is obtained. Examining Fig. 10 reveals that
increasing the observation interval to two branches improves
the performance with respect to by about 1.5 dB at
a bit error probability . This improvement is due to
the larger exponential rate and the fact that the noncoherent
combining loss diminishes since there are only two branches
along the path which achieves the exponential rate, rather than
three. It is worthwhile mentioning that the codes in the above
two examples achieve the maximal exponential rate within the
subclass of rate , states -convolutional codes and

-codes, respectively.
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Fig. 9. State diagram of a4 states, rate1=3 1 � nd-code with generators(6; 5; 1):

Fig. 10. Bit error probability upper bounds and simulation results for rate1=3, 4 states1 � nd and 2 � nd codes, and bit error probability for
uncoded BPSK and DPSK.

The error performance of a rate code can be
calculated by employing the state diagram which is used to
evaluate the error performance of the original rate code.
This is demonstrated with the running example, although the
generalization is straightforward. Letbe the transition matrix
of the rate code, given as

(21)

where the term at the input of means that
the Hamming weight of the branch leading from stateto
state is , where the transition itself is generated by
information bits “ .” The appropriate matrix for the rate
code is denoted by and equals

(22)



KOFMAN et al.: -CONVOLUTIONAL CODES—PART I 569

Fig. 11. Trellis diagram of a rate2=6 1 � nd-code based on the rate1=3
code with generators(6; 5; 1).

For a rate -convolutional code, branch weight
is equal to a branch weight . Therefore,
every power of in the matrix , for which is
reassigned by , and the resultant matrix is

(23)

Finally, the state diagram of Fig. 12 is obtained by denoting
in the matrix and adding the

indeterminate to designate the length of the path.
Based on the relationship between-convolutional codes

and differential systems (see Section V), Examples 6 and 7
can be transformed to represent suitable equivalent differential
systems. The performance of the code in Example 6 is equal
to that of a differential system (without a symbol overlapping)
based on a rate associated code, obtained from (14), and
for which the differential metric is calculated over a single
branch plus a reference symbol which does not carry informa-
tion. The code in Example 6 can be used, as well, to analyze
a differential system with overlapping, based on a rate
associated code, for which the differential metric is calculated
over a single branch plus a reference symbol generated by
overlapping of two branches. The error performance in this
case is obtained simply by moving the suitable curves in
Fig. 10 by 1.76 dB to the left, due to the rate
normalization by the factor , which, as was mentioned
before, stems from the fact that the reference symbol is not
an actually transmitted symbol.

Example 7 can be used to analyze a differential system with
overlapping, based on a rate associated code, obtained
from the rate -code by invoking (14). The bit error
probability in this case is obtained by shifting the suitable
curves in Fig. 10 0.79 dB to the left. Note that
for a constant carrier phasethere is a significant improve-
ment with respect to uncoded BPSK and DPSK systems. In
addition, the difference in performance for the two observation

intervals is smaller due to the different rate normalization. The
connection between -codes and differential systems is also
demonstrated in the following example.

Example 8: In this example, we present the error perfor-
mance of the coded systems in Examples 4 and 5, which are
based on a rate , states associated convolutional code
with generators . The Chernoff bounds on the average
bit error probability along with suitable simulation results are
depicted in Fig. 13 versus . The bit error probabilities
for uncoded BPSK and DPSK are shown as well. It is observed
that the DPSK system exhibits a larger exponential
rate, which results in a better error performance at large and
medium signal-to-noise ratios. Specifically, from Figs. 5 and
7, one can easily verify that the exponential rate of the DPSK
system is , whereas that of the system with is only

. In fact, the above observations reflect some fundamental
characteristics of coded differential systems and-codes. It
is well known that the exponential rate of a DPSK system
equals that of the coherent system, where the performance
degradation is mainly due to the noncoherent combining loss
(see [14] and [16]). This means that for a given code, the
DPSK system exhibits the largest exponential rate attainable.
Thus increasing reduces mainly the noncoherent combining
loss, which results in an improved error performnace at low
and medium signal-to-noise ratios, where astends to infinity
the exponential rate approaches that of the DPSK and the
coherent system. Note that in [13], bounds on the exponential
rate are provided and the above features are verified and
generalized.

In order to examine the effect of increasing the observa-
tion interval, two additional examples are given. In Fig. 14,
simulation results of a differential system with overlapping,
based on a rate , states associated code with generators

are shown for the cases , , and .
Note that the above code is the optimal code for coherent
detection, that is, it has the maximal Hamming distance [16]. In
Fig. 14, it is demonstrated that the DPSK system outperforms
the system with for values larger than 6.6 dB,
and that its exponential rate is the largest. This follows since
the exponential rate of a conventional DPSK system equals
to the Hamming distance of the underlying associated code,
which in our case is the optimal one. Nevertheless, it is seen
in Fig. 14 that the performance of the system with
is still better at a bit error probability of . This latter
phenomenon arises because the noncoherent combining loss
is much smaller for the system with due to the larger
observation interval.

In conclusion, we demonstrate the fact that convolutional
codes which are optimal for coherent detection are not neces-
sarily optimal for noncoherent detection. Consider a differen-
tial system with overlapping, based on an underlying rate,

states associated code, for which the metric is calculated
over a single branch plus an overlapping reference symbol

. The two selected codes are represented by three
generators, as in [15] and [16]. The generators of the first code
are and it is optimal for coherent detection [16].
The generators of the second code are and it was
found by computer search, which maximizes an upper bound
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Fig. 12. State diagram of a rate 2/61 � nd-code based on the rate 1/3 code with generators (6, 5, 1).

Fig. 13. Bit error probability upper bounds and simulation results for the differential system with overlapping andL = 2 and L = 3, based on the
associated rate1=2 code with generators(5; 7).

on the exponential rate of the error probability (see [13]). The
simulation results of the bit error probability for both codes,
along with the bit error probability of uncoded BPSK and
DPSK systems, are shown in Fig. 15, which reveals that the
performance of the second code is about 0.7 dB better at a bit
error probability of .

VII. SUMMARY AND CONCLUSION

In this paper, a coded system based on noncoherent de-
tection of convolutional codes, which are referred to as-
convolutional codes, is presented. The receiver incorporates
noncoherent metric calculated oversignals, where the trans-
mitted channel signals are BPSK. It is shown that this system
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Fig. 14. Bit error probability simulation results for the differential system with overlapping usingL = 2, L = 3, and L = 5, based onthe rate1=2,
16 states code with generators(23; 35).

provides a general framework for the design and the analysis
of various noncoherent coding systems, including differential
systems, for several practical models of the carrier phase.

The regular structure of -codes facilitates the evaluation
of a simple Chernoff upper bound on the pairwise error
probability, by which the exponential rate, which plays a
similar role to the minimum Euclidean distance in coherent
systems, is identified. This parameter leads to the interesting
conclusion that the increase of the observation interval,
upon which the noncoherent metric is calculated, does not
necessarily monotonically improve the error performance of
the noncoherent system. Moreover, it is shown that the conven-
tional DPSK system exhibits the largest exponential
rate possible with a differential system, thus a performance
improvement, if any, is due to the decrease of the noncoherent
combining loss.

Based on the Chernoff bound, a simple expression for the
generalized cutoff rate is derived as well as a simple
union upper bound on the average bit error probability. Several
examples, which demonstrate the improvement incurred by
increasing the observation interval, as well as the fact that in
some cases a performance degradation might occur, are pro-

vided. Also, an example which clearly demonstrates the fact
that an optimal code for coherent detection is not necessarily
optimal for noncoherent detection, is presented.

Part II of the paper [13] focuses on the structural properties
of -convolutional codes and the exponential rate parameter
is investigated via convenient bounds. The ambiguity issue,
inherent in noncoherent detection, is treated within a novel
framework of -catastrophic codes.

APPENDIX I
THE EXPONENTIAL BEHAVIOR OF THE

ERROR PERFORMANCE

An asymptotic evaluation of the pairwise error probability
can be found in [10] for the problem of multiple differen-
tial detection. In [10], a variant of the stationary phase for
analytical functions technique was employed to evaluate the
exponential rate, as well as the coefficient of the exponent,
for large signal-to-noise ratios. In this paper, the rate function
is evaluated relying on large deviations theory, which is
concerned precisely with the probability of rare events. The
basic ingredients used in developing the large deviations
theorems, which are relevant to our case, are essentially the
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Fig. 15. Bit error probability simulation results for the differential system with overlapping, based on rate2=3, 16 states codes.

Chernoff bounding and the exponential change of measure
techniques, which are extensively used in communications
and information theory. For the sake of brevity, the proof of
Lemma 1 is only outlined here, where a detailed proof can be
found in [14]. Before presenting the proof, some definitions
and theorems are stated for the sake of completeness.

Definition A1 [19]: Let be a complete seperable metric
space and a family of probability measures on the Borel
subsets of . A rate function is a mapping from to

such that for all the level set
is a closed subset of . A good rate function is a

rate function for which all the level sets are compact
subsets of . Alternatively, a rate function is any nonnegative
and lower semicontinuous function on.

Definition A2 [19]: We say that satisfies the large de-
viations principle with the rate function if the following
holds:

a) For any closed set

(A1)

b) For any open set

(A2)

The infimum of over an empty set is iterpreted,
throughout, as .

Consider a sequence of random variables , where
has a probability law and logarithmic moment gen-

erating function where denotes
expectation. The following assumption prevails throughout this
appendix.

Assumption A1 [19]:For each , the limit

(A3)

exists as an extended real number, that is, we allow to
be . Further, denote . has a
nonempty interior containing the point .

If is differentiable on the interior of , then we call
steep if

for every convergent sequence whose limit does
not belong to .

Definition A3 [19]: The Fenchel–Legendre transform of
the function is denoted as and defined by

(A4)

with denoting the domain in which .
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Theorem A.1 (Gartner–Ellis) [19]:Assume that Assump-
tion A1 holds. Then

a) For any closed set

(A5)

b) If is a lower semicontinuous function which is
differentiable on all of the interior of and steep,
then for any open set

(A6)

Lemma A1 [19]: Assume that Assumption 1 holds. Then,
is a convex function, everywhere, and
is a convex, good rate function.

Lemma A2 [26]: Let denote the right-hand deriva-
tive of at . If , then

For the case considered in this paper, let
where and are the metrics associated with the transmitted
and the decoded signal sequences, respectively. The parameter

which eventaully tends to infinity serves, without loss of
generality, as the signal-to-noise ratio . Based on the
characteristic function of a quadratic expression for Gaussian
random variables, developped in [16, eq. (4B.5)], and after
some simple calculations, the moment generating function of

is given by

(A7)

where . The Chernoff bound is no more than
the infimum of the moment generating function over ,
thus (5) in Section III is obvious. Taking the limit
yields

(A8)

Due to (A4), the supremum in is confined to the interval
, and . Since is, as described in

Lemma A1, a convex function, which is in our case also finite
for each , then, is continuous for each
(see [27, Theorem A, p. 4]).

Since for , , and
Assumption A1 is satisfied. Hence, the upper bound (A5)
of Gartner–Ellis Theorem, which is based on the Chernoff
bound, can be applied, as expected. However, for the lower
bound to be valid, several additional technical conditions

have to be satisfied. By examining (A8), it is observed that
for an orthogonal branch, i.e., , for

and , otherwise. Clearly, this is neither
a lower semicontinuous nor a steep function. Consequently,
the lower bound (A6) is not applicable for paths which
include orthogonal branches. Nevertheless, when only a single
orthogonal branch is considered, it can be shown (see [19,
exercise 2.3.24]) that (A6) still holds. This is not surprising
since the exact error probability of orthogonal signals is well
known (see [16]) and one can verify that its exponential
rate is given by (A5) and (A6). For a nonorthogonal branch

, the singular points of are , which
results in a lower semicontinuous and a steep function which
is differentiable on its intertior. Therefore, for paths which
consist of only nonorthogonal branches, the lower bound (A6)
can be applied with the good rate function.

In order to obtain the lower bound on the rate function
for any code sequence, or path in the trellis diagram, we
invoke [19, exercise 4.2.7], stating roughly that under suitable
conditions the rate function of the sum of independent random
variables is the sum of their rate functions (see [14] for a fully
detailed rigorous treatment). In our case this translates to the
overall rate function

(A9)

where is the Fenchel–Legendre transform (see (A4))
of each subsequence (branch), is the limit of the
logarithmic generating function of each branch (see (A3)), and
the relation has been used in the right-hand-side
equality. Now, using the convexity properties of and

(see Lemma A1) and applying minimax theorems, it is
shown in [14] that the order of the infimum and supremum in
(A9) can be interchanged to yield

(A10)

Since are free variables, the infimum in
(A10) can be made for all . It is concluded
that the infimum is achieved for equal and is given by

. Performing the supremum over the intersection
of all supremum sets, we have

(A11)

where .
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With the problem at hand, the closed setand the open
set are identified as the closed interval and the open
interval , respectively. It has been already shown that,
in our case, is continuous for all , therefore,

and the exponential behavior of the error probability is given
by

(A12)
Now, assuming, without loss of generality, that

which with the usage of Lamma A2, results in the following
exponential rate:

(A13)

Lemma 1 and (6) in Section III are obtained, finally, by
observing that the supremum in (A13) may be confined to

, since the summands are negative for ,
and by expressing in terms of the Hamming distances . In
addition, incorporating the convexity arguments which follow
(6), can be further confined to the interval .

APPENDIX II
PROOF OF LEMMA 2

For a rate associated convolutional code with
generator matrix ,
the output code sequence is given by

(A14)

where is the input
sequence. The differential encoding is performed by adding
a reference symbol to every subsequence of coded
symbols and encoding differentially every-long subsequence
with the usage of (9). In the transform domain notation this
is expressed as

(A15)
where and is the arbitrary reference
sequence. Since the reference sequence is arbitrary, it is
possible to select

(A16)

where is an arbitrary generator column.
Substituting (A16) and (A14) into (A15) yields (11)

(A17)

where the second equality is obtained by changing the order
of summation. Expression (12) is obtained by defining

(A18)

The reverse side is obtained by noticing that each generator
column can always be described by the
relation in (A18). Thus any rate convolutional code can
be represented as a combination of a rate associated
code and differential encoding with respect to some arbitrary
reference sequence defined in (A16), where the
sequences at the output of the associated encoder are given by

(A19)

and the generator matrix is defined as

(A20)
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