
nd-CONVOLUTIONAL CODES: PERFORMANCE AND STRUCTURAL ANALYSIS 

Y. Kofman E. Zehavi S. Shamai (Shitz) 
Teledata Communications Ltd. Qualcomm Israel Department of Electrical Engineering 
P.O.B. 2003, Herzlia-B, 46120 Technion-Technical Institute of Israel 

Haifa, 32000 
P.O.B. 719, Haifa, 31000 

ABSTRACT 

A noncoherent coded system, which incorporates 
convolutional codes in conjunction with multiple symbol 
noncoherent detection, is presented in this paper. The 
underlying convolutional codes are referred to as nd- 
convolutional codes. These codes provide a general 
framework for various noncoherent coding systems, 
including differential systems, for different models of the 
carrier phase. The regular structure of nd-codes facilitates 
the evaluation of a simple upper bound on the painvise and 
bit error probability. The exponential rate of the error 
probability, which is the single parameter goveming the 
error performance at large signal to noise ratios, is identified 
via Large Deviations techniques. This parameter leads to the 
interesting conclusion that increasing the branch observation 
interval L does not necessarily monotonically improve the 
error performance of the noncoherent system. The same 
conclusion is reached by examining the upper bounds and 
computer simulation results of several examples. These 
examples also reveal that optimal codes for coherent 
detection are not necessarily optimal for noncoherent 
detection and a search for good codes, some of which are 
tabulated here, is required. 

1. INTRODUCTION 

Noncoherent detection systems are extensively used when an 
accurate carrier phase is difficult to establish or when the 
simplicity and robustness of implementation are preferred to 
the improved performance provided by coherent detection. 

Noncoherent, or equivalently differential, detection degrades 
the error probability with respect to a coherent detection. For 
an uncoded system, this degradation amounts to about 0.75 
dB at a bit error probability of lo-’, whereas for a coded 
system, the degradation may rise to be as high as 2 dB at the 
same error probability. A common approach for decreasing 
the performance gap between coherent and noncoherent 
systems is to increase the branch observation interval L 
beyond two channel signals, which is the observation 
interval used in conventional DPSK systems. This approach 
yields good results for uncoded noncoherent (differential) 
systems, for which it has been shown that increasing the 
observation interval by additional one or two channel signals 
already closes most of the performance gap (see [I-61, and 
references therein). Moreover, it is well known that as the 
observation interval increases, the performance of an 
uncoded noncoherent system tends to the performance of the 
coherent system (see [3], [5 ] ,  and [6]) .  The above approach 
was shown to give also good results for the coded case as 
well, where in 171, for example, multiple symbol detection of 
trellis codes was examined (see also [5 ]  and [6]) .  

In this paper, a coded system, which employs a noncoherent 
detection of BPSK modulated signals, that are 
convolutionally encoded, is presented. These codes in 
conjunction with the noncoherent detection are referred to as 
nd-convolutzonal codes. The novel approach proposed here 
(see also [6 ] )  treats the decision ambiguity problem, 
attributed to the noncoherent detection, in the general 
framework of catastrophic error propagation, eliminating by 
that the need for differential encoding and decoding. The 
elimination of differential encoding and decoding facilitates 
a regular structure of the nd-codes, which enables to obtain 
simple Chemoff upper bounds on the pairwise and bit error 
probability, as well as a simple expression for the 
generalized cut-off rate of the coding system. In addition, it 
helps to identify the exponential rate, which is the single 
parameter goveming the error probability at large signal to 
noise ratios. The examination of the exponential rate leads 
to the interesting conclusion that increasing L does not 
necessarily improve the error performance of the 
noncoherent system. This same conclusion is reached by 
examining upper bounds and computer simulation results of 
several codes. Another interesting observation is that 
optimal codes for coherent detection are not necessarily 
optimal for noncoherent detection and a search for good 
codes is required. 

A detailed description of the system is presented in the next 
section. In section 111, the pairwise error probability is 
derived using the Chemoff bounding technique 
Incorporating large deviations techniques, detailed in [6], it 
is shown that the Chernoff bound exhibits the exact 
exponential rate by which the error probability approaches 
zero. The average bit error probability is also derived in 
section 111, based on the generating function of the 
convolutional code, and several examples are provided along 
with computer simulation results. In section IV, the 
relationships between nd-codes and coded differential 
systems are established for several models of the carrier 
phase. Results of computer search for optimal nd- 
convolutional codes are provided in section V. 

2. SYSTEM DESCRIPTION 

A binary information sequence is encoded by a rate k/n 
binary convolutional encoder with an output sequence c 
Each code symbol is BPSK modulated and transmitted over 
an additive white Gaussian noise (AWGN) channel. At the 
receiver, the noise corrupted signal is demodulated, and the 
resulting symbols are fed into a Viterbi decoder, which 
outputs the estimated information sequence. The discrete 
time channel model is given for the ith signaling interval, 
iT 2 t < (i + 1)T (T= symbol duration), by the sufficient 
statistics form 

= X, exp(j0) + iy ( 1 )  
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where X ,  = 1& and Yf are components of the 
transmitted and the received channel signal sequences X and 
Y, respectively, and W,  is a component of the noise 
sequence W which consists of independent and identically 
distributed (iid) complex Gaussian random variables with 
zero mean and variance N,, 12 in each dimension. The 
mapping of code symbols into channel signals is performed 
in the usual manner, i.e., the code symbol c = 0 is mapped 

into the channel signal X = &, and is c = 1 mapped into 

X =  -K. The carrier phase 0 , introduced by the 
channel, is assumed to be constant over L channel signals, 
and, in the absence of any side information, is uniformly 
distributed in the interval [-.n,n). 

For a rate Wn convolutional code, the suboptimal metric 
calculated for a subsequence of L = Jn channel signals is 
denoted by q and given by 

where X,' = X ,  for the BPSK system examined here. The 
metric of an entire code sequence or, equivalently, an entire 
path in the trellis diagram of the convolutional code is the 
sum of the metrics of its constituent subsequences. Since the 
subsequence length L is assumed here to be a multiple of n, 
the metric is calculated over an integral number J of branches 
in the trellis diagram of the code. In order to avoid 
confusion, q is referred to as the branch metric, and L is 
referred to as the branch observation interval length. 

With respect to the continuous time model, the metric q is 
obtained by integrating the in-phase and quadrature 
components over L channel signals and then taking the 
energy of the resulting two dimensional signal. Since the 
metric in (2) consists of absolute values and since the 
probability density function of the Gaussian noise is 
invariant to phase rotations, the detection scheme is 
independent of 6 . Hence, without loss of generality, 6 is 
set to zero in each subsequence. Note that since the metric in 
(2) is calculated over a subsequence of L signals without 
reference to any previous subsequences, the error 
performance of the system would be the same whether 6 
changes arbitrarily every L channel signals (according to 
some probability law) or remains constant throughout. In 
the latter case, sliding window observation interval, as was 
examined in [l I], may improve on performance. 

The absolute value calculated in the metric (2) raises the 
well known problem of phase ambiguity, since the metric of 
an L-long subsequence is the same as its 180 degrees 
rotation. With respect to the binary code sequences, this is 
equivalent to the fact that the metric of a L-long subsequence 
is the same as its one's complement. As an example, for L=4 

the code subsequences 0100 and 101 1 appear the same for 
the noncoherent detector since they have the same 
noncoherent metric (2). The same holds for the sequences 
0100,1100 and 0100,001 1, constructed by concatenating two 
L-long subsequences. It is shown in [6] that the ambiguity 
problem can be resolved as an inherent part the coding 
system in a general framework of catastrophic error 
propagation. 

The metric in (2) is not additive and can not be decomposed 
into the sum of sub-metrics. Therefore, decoding of a rate 
k/n convolutional code, for which the noncoherent metric is 
calculated over J branches, is easily accomplished by the 
usage of a Viterbi decoder for an equivalent representation of 
the code as a rate Jk / Jn convolutional code with the same 
number of states and a branch metric defined by (2). Note, 
however, that the convolutional encoder is, of course, the 
encoder of the original rate k/n code, for any value of J. 

Convolutional codes ,.which are decoded with the above 
noncoherent metric are referred to, throughout, as 
noncoherently demodulated convolutional codes or, in short, 
nd-convolutional codes. When we want to emphasize the 
fact that the noncoherent metric is calculated over J 
branches, a rate Wn convolutional code is referred to as (rate 
k/n) J-nd-convolutional code. Generally, any rate k/n 
convolutional code can be described as a rate Jk/Jn code with 
J 2 1 being an arbitrary integer. The opposite, however, is 
not necessarily true. Thus, the most general class of nd- 
convolutional codes is the rate Wn I-nd-convolutional codes. 
A subclass of interest, which is also considered in this paper, 
consists of rate l/n J-nd-convolutional codes with J 2 1 . 

3. ERROR PERFORMANCE 

3.1 Pairwise Error Probability 

The pairwise error probability which recesents the 
probability of choosing the coded sequence X when the 
sequence X was transmitted is the fundamental expression 
for the construction of a union upper bound on the average 
bit error probability performance of a system. It also serves 
as a means for defining the exponential rate of a code, which 
is the single parameter governing the error performance at 
large signal to noise ratios. 

Definition 1: Let P,;,,,,,, ( E )  be the error event probability, 
which depends on the signal to noise ratio parameter 
E ,  I N o .  Then, the exponential rate for which this 

probability decays to zero, or, in short, the exponential rate, 
is denoted by I and given by 

(3) 
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Let X and ,? consist of L-long subsequences and let d," 
stands for the Hamming distance between the ith 
subsequence of X and 2. The normalized covariance 
between these sequences is denoted by p,  and given by 

p, = ( L - 2 d y ) / L .  Let U,' = l - p : .  Applying the 
Chernoff nbounding technique, the painvise error probability 
P(X + X) is upper bounded, as shown in [5] and [6], by 

1 E, 4h( 1 - h)dH ( L  - d: ) / L 
No 1 - 4 h ' d ~ ( L - ~ H ) l L  

. exp {- - 

where h is the Chernoff parameter. 

From the definition of the exponential rate in (3), it is clear 
that the exponential behavior of the Chemoff bound provides 
an upper bound on the exponential rate I. A lower bound on 
I, which coincides with the upper bound, is obtained in [5] 
and [6] by employing Large Deviations principles [8]. The 
basic large deviations theorem of Gartner-Ellis [8], which is 
extensively used in many communications problems, is not 
applicable here and more refined techniques are required. 
The reason is that the function in (4) is neither steep nor 
lower semi-continuous Nevertheless, a rigorous derivation is 
given in [5] and [6]. Thus, although the exact painvise error 
probability is unknown for the general case, the exponential 
rate is well determined, and, in fact, is given by the 
exponential behavior of the Chemoff bound. The above 
discussion is summarized in the following Lemma. 

Lemma 1. The exponential rate of the painvise error 
probability between two sequences consisting of L-long 
subsequences with Hamming distances d," is given as 

4h( l -  h)d,"( L - d,") / L 
- I =  sup . ( 5 )  

0 5 a h 4  1-4?~'d,"(L-d,~)/ L 

. It is interesting to note that for a single subsequence, the 
exponential rate is given by d" for 2d" I L ,  and by 
(L-d") for  2d" 2 L .  This is not surprising since it 
reflects the fact that for BPSK modulation used in 
conjunction of noncoherent modulation, it is impossible to 
distinguish between a sequence and its 180 degrees of phase 
rotation 

Let us examine now the effect of increasing the observation 
length L (or J) on the pairwise erroT probability of given 
sequences. It has been shown that as L gets large and for a 
given finite Hamming distance, the error probability 

approaches that of a coherent detection, which represents the 
maximal exponential rate for the sequences. However, 
perhaps surprisingly, this convergence is not monotonic with 
L (and J), as can be seen in the following example. 

Example 1: Let us assume that the all-zero sequence was 
transmitted and the sequence 1 1101 1000000 was received. 
For L = 4, the sequence is parsed into the subsequences 
1110 and 1100 and the exponential rate, obtained for 
h ,  = 0.8, is given by 2.7. For L = 6 ,  only a single 
subsequence is different from the all-zero sequence, resulting 
in an exponential rate of I .  

Note that the above phenomenon extends also to nd- 
convolutional codes as well as to coded or uncoded 
differential systems (see [5] and [6] for more examples) 

3.2 Average Bit Error Probability 

In this section, a standard union upper on the average bit 
error probability 191 is presented. Due to the high symmetry 
of the channel, it is assumed throughout, with no loss of 
generality, that the all-zero code sequence is transmitted (see 
[5] and [6] for a detailed justification). In order to calculate 
the error probabilities between paths in the trellis diagram of 
a rate Wn convolutional code, for which the noncoherent 
metric (2) is calculated over J branches, the Hamming 
distances of the constituent L-long subsequences (L=Jn) 
should be considered. To this end, the convolutional code is 
represented as a rate JWJn code, for which the noncoherent 
metric is calculated over a single branch. Thus, the error 
probability analysis is presented in the following, with no 
loss of generality, only for the general class of rate Wn l-nd- 
convolutional codes, where L=n. Since branches with 
Hamming distance d" or ( n - d " )  have the same 
contribution to the painvise error probability, only 
b = LL / 2 J types of branches different from the all-zero 
branch should be considered. The generating function of a 
rate Wn I-nd-convolutional code is defined as 

~ ( n , , n ,  ,..., n b , j , Z ) v ~ ?  ...4'yd'b~'~') 

where A ( n , ,  n 2 , .  . . , nb , j ,  1) designates the number of paths 
diverging from and remerging to the all-zero path after 1 
branches, where each such path is generated by j information 
hits '1' and consists of branches with Hamming distance d" 
or ( n - d " ) ,  which appear nd,, , 1 5  d H  5 b  times along 
the path. The generating function can be enumerated by 
labeling a non-zero transition in the state diagram of the rate 
JWJn code, which corresponds to Hamming weight d" or 
(n  - d") by W,, and then evaluating the transfer function 
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by using conventional methods. Assuming, without loss of 
generality, that the all-zero code sequence is transmitted, the 
resulting upper bound is given by (see [SI and [SI) 

1 1  

2 Jk 
Pb s - -  (7) 

where D,,, , 1 I dff I b is the Chernoff bound defined in 
(4) and the factor 1/2 is due to the symmetry conditions 
which hold in our case. The optimization of the Chernoff 
parameter h is performed over all values greater than or 
equal to zero and smaller than the minimal value that 
1 / uma, (a,,, = max a, ) assumes within a given code. 

Nevertheless, the bound in (7) is also valid for any h . It is 
readily straight forward to optimize h when a closed form 
expression for the generating function exists. However, for 
large number of states, the generating function is evaluated 
numerically, and the value of h should be predetermined. 
A value which has been found reasonable during simulations 
and evaluations of bounds for a variety of cases is 
h = 0.75. 

We conclude this sections with two examples. The first is a 
simple example of rate 1/3, 4 states nd-convolutional code 
with generators (6,5,1), for which we examine the cases J=l 
and J=2, that is, observation interval of 3 and 6 signals, 
respectively. The upper bounds on the average bit error 
probability along with computer simulation results are 
shown in Fig. 1 versus E,  / N,,  . For comparison purposes, 
the bit error probability of uncoded BPSK and uncoded 
DPSK are shown as well in this figure. It is seen that 
increasing the observation interval by a single branch 
improves the performance significantly, in this case. Note 
that the results presented in Fig. 1 suit the scenario in which 
the carrier phase 8 changes every 3 or 6 signals. If 0 
remains constant, the rate 1/3 I-nd-code can be transformed 
[5]  and [6] into a rate 1/2 code suitable for a differential 
system, for which a noncoherent (differential) metric is 
calculated over a single branch plus a reference signal from a 
previous branch. The rate 1/3 2nd-code can be transformed, 
in this case, into a rate 2/5 code for which a differential 
metric is calculated over 6 signals, that is a single branch 
plus a reference signal from a previous branch (see 151 and 
[6]). The results for the differential system are obtained 
simply by displacing the curves in Fig. 1 10 log L / ( L  - 1) 
(dB) to the left. It is important to emphasize that an 
improvement with L is not always guaranteed, as can be 
shown in [5]  and [6]. 

The second example demonstrates the fact that optimal codes 
for coherent detection, that is, codes with maximal Hamming 
distance, are not necessarily optimal for noncoherent 
detection. To this end, we examine a differential system 

based on a rate 2/3, 16 states convolutional code for which 
the noncoherent metric is calculated over 3 channel signals, 
one branch plus a reference signal from a previous branch. 
The simulation results for the Hamming optimal rate 2/3 
code and those of the best code for noncoherent detection, 
found by computer search, for which the results are tabulated 
in [6] and partially in the next section, are shown in Fig. 2 
along with the bit error probability of uncoded BPSK and 
uncoded DPSK. These results reveal that the performance of 
the code optimal for noncoherent detection is about 0.7 dB 
better at a bit error probability of 2 ' . 

4. Computer Search Results for Optimal Codes 

In this section, partial results of computer search for optimal 
nd-convolutional codes is presented. Additional codes can 
be found in [6]. As with coherent detection, an optimal code 
was defined as a code with maximal exponential rate, which 

is equivalent to maximal free equivalent distance d;i{,e . 
Since the calculation of the exponential rate of a 
convolutional code requires to maximize this parameter over 
all paths in the trellis diagram of the code, we selected to 
optimize the nd-distance of a code, which is defined as the 
sum of the minimum number of zeros and ones in each 
branch over all branches along a path. This parameter is 
shown in [6] to be a tight upper bound on the exponential 
rate of the code and is related directly to the structure of the 
code. 

The results of a computer search are depicted in Table 1 for 
optimal rate 1/2 J-nd-convolutional codes having between 4 
states (V =2)  to 64 states (V =6)  and for observation 
intervals in the range of 2 I J 2 6 (4 I L 5 12) . For each 
code, we provide its generator polynomials (in octal form), 
and beneath them we list, from left to right, the nd-distance, 
the number of paths having this distance, and the overall 
number of error bits in these paths. Examination of the 
codes in the table shows that increasing the observation 
interval J (L), does not necessarily increase the free distance 
of the code. 

Table I: Rate 1/2 J-nd-convolutional codes. 
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