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Abstract

We study the STORAGE ALLOCATION PROBLEM (SAP) which is a variant of the UNSPLITTABLE

FLOW PROBLEM ON PATHS (UFPP). A SAP instance consists of a pathP = (V, E) and a setJ of
tasks. Each edgee ∈ E has a capacityce and each taskj ∈ J is associated with a pathIj in P , a
demanddj and a weightwj . The goal is to find a maximum weight subsetS ⊆ J of tasks and a height
functionh : S → R

+ such that (i)h(j) + dj ≤ ce, for everye ∈ Ij ; and (ii) if j, i ∈ S such that
Ij ∩ Ii 6= ∅ andh(j) ≥ h(i), thenh(j) ≥ h(i) + di. SAP can be seen as a rectangle packing problem
in which rectangles can be moved vertically, but not horizontally.

We present a polynomial time(9 + ε)-approximation algorithm for SAP. Our algorithm is based on
a variation of the framework for approximating UFPP by Bonsma et al. [FOCS 2011] and on a(4 + ε)-
approximation algorithm forδ-small SAP instances, namely for instances in whichdj ≤ δ · ce, for every
e ∈ Ij , for a sufficiently small constantδ > 0. In our algorithm forδ-small instances, tasks are packed
carefully in strips in a UFPP manner, and then a(1 + ε) factor is incurred by a reduction from SAP to
UFPP in strips. The strips are stacked to form a SAP solution.Finally, we show that SAP is strongly
NP-hard, even with uniform weights and even if assuming theno bottleneck assumption.

Keywords: approximation algorithms, bandwidth allocation, rectangle packing, storage allocation, unsplit-
table flow.
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1 Introduction

The problems. In the UNSPLITTABLE FLOW PROBLEM ON PATHS (UFPP) an instance consists of a path
P = (V,E) with m edges and a setJ of n tasks. Each edgee ∈ E has a capacityce. Each taskj ∈ J has
a starting vertexsi ∈ V , ending vertexti ∈ V , a demanddj and a weightwj. We denote the path fromsj

to tj by Ij, and we say thatj ∈ J uses an edgee ∈ E if e ∈ Ij . Given a setS of tasks and an edgee ∈ E,
defineS(e) = {j ∈ J : e ∈ Ij} to be the set of tasks inS that usee. A feasible UFPP solution is a set of
tasksS ⊆ J such that

∑

j∈S(e) dj ≤ ce, for everye ∈ E. The goal in UFPP is to find a feasible solution of
maximum weight.

We study a variant of UFPP called the STORAGE ALLOCATION PROBLEM (SAP). In SAP we have an
additional constraint: it is also required that every task in the solution is given the same contiguous portion
of the resource in every edge along its path. More formally, afeasible SAP solution is a subsetS ⊆ J and
a height functionh : S → R

+ such that (i)h(j) + dj ≤ ce, for everye ∈ E, and (ii) if j, i ∈ S such that
Ij ∩ Ii 6= ∅ andh(j) ≥ h(i), thenh(j) ≥ h(i) + di. It follows that SAP is a rectangle packing problem
in which each rectangle of heightdj can be moved vertically, but not horizontally. We note that while any
SAP solution induces a UFPP solution, the converse is not always true, as shown in Figure 1.

SAP naturally arises in scenarios where tasks require contiguous static portions of a resource. An object
may require a contiguous range of storage space (e.g., memory allocation) for a specific time interval ([sj , tj)
for taskj). A task may require bandwidth, but will only accept a contiguous set of frequencies. The resource
may be a banner, where each task is an advertisement that requires a contiguous portion of the banner.

Given a SAP or a UFPP instance, an edgee ∈ E is called abottleneck edge of a taskj, if ce =

minf∈Ij
cf . Defineb(j)

△
= minf∈Ij

cf , namelyb(j) is the capacity of a bottleneck edge ofj. Givenδ > 0,
a taskj is calledδ-small if dj ≤ δb(j), otherwise it is calledδ-large. A SAP or UFPP instance is called
δ-small (δ-large) if dj ≤ δb(j) (dj > δb(j)), for everyj ∈ J . In the special case of SAP with uniform
capacities (SAP-U), all edges inIj are bottleneck edges, for every taskj. The same goes for UFPP with
uniform capacities (UFPP-U). An instance in which the maximum demand is bounded by the minimum
edge capacity, i.e.,maxj dj ≤ mine ce, is said to satisfy theno-bottleneck assumption (NBA).

Our contribution. We present a polynomial time(9 + ε)-approximation algorithm for SAP, for every
constantε > 0. Our algorithm is based on the recent constant factor approximation algorithm for UFPP by
Bonsma et al. [6]. As done in [6] we partition the task set intothree sets:small tasks,medium tasks, and
large tasks.1 Small tasks areδ-small for someδ > 0, large tasks areδ′-large for someδ′ > δ, and medium
tasks areδ-large andδ′-small.

The algorithms for small and medium tasks from [6] are based on an approximation framework that
provides an(1+ε)α-approximation algorithm given a certain type ofα-approximation algorithm for UFPP
with “almost uniform” capacities (ce ∈ [2k, 2k+ℓ), for somek and a constantℓ). Our algorithm for medium
tasks uses a variation of this framework for SAP. The main difference is that in SAP we also need to worry
about the height assignments. Additionally, we provide a2-approximation algorithm for “almost uniform”
instances. We do this by extending the dynamic programming algorithm for SAP with uniform capacities
from [4] to “almost uniform” capacities. A factor2 is lost due to the framework’s requirement from the
α-approximation algorithm for “almost uniform” instances.Hence, combined with the above framework
we obtain a(2 + ε)-approximation algorithm for medium tasks.

Our (4 + ε)-approximation algorithm for small tasks is based on partitioning the instance into instances
in which bottlenecks are within factor2 of each other. We show how to compute an approximate solution

1We note that Bonsma et al. [6] use tiny, medium, and large, since they consider both medium and tiny tasks as small tasks.
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for each instance and then explain how to adjust the heights in order to combine them. This can be seen
as a variant of the framework for medium tasks, in which theα-approximation algorithm should satisfy an
additional requirement: the tasks must be packed in a strip.We use an LP-rounding(4 + ε)-approximation
algorithm for the UFPP version of each such instance that computes approximate solutions in which tasks
are packed in strips. (We also provide an alternative local ratio (5+ ε)-approximation algorithm.) A(1+ ε)
factor is incurred by a reduction from SAP to UFPP in strips [4]. Finally a SAP solution is obtained by
stacking the strips.

As for large tasks, Bonsma et al. [6] presented an approximation algorithm for large instances of UFPP
that is based on (i) a reduction from UFPP to a special case of the RECTANGLE PACKING problem, and
(ii) an algorithm that solves this special case that correspond to instances that are obtained by the reduction.
Their algorithm provides a schedule that is induced by a subset of pairwise non-intersecting rectangles, and
therefore it is also a SAP schedule. It follows that this algorithm is also an approximation algorithm for
large instances of SAP. In this paper, we give a tighter analysis and provide a better upper bound on the
approximation ratio for large instances of SAP.

Finally, using a reduction from BIN PACKING, we show that SAP is strongly NP-hard, even with uni-
form weights and even under the NBA.

Related work. The special case of SAP-U (or UFPP-U) with unit capacities and demands is the MAXI -
MUM INDEPENDENTSET problem in interval graphs which is solvable in polynomial time (see, e.g., [16]).
Both SAP-U and UFPP-U are NP-hard, since they contain KNAPSACK as the special case in which the
paths of all requests share an edge. When the number of edges in P is constant, UFPP is a special case of
MUTLI -DIMENSIONAL KNAPSACK and hence admits a PTAS [14].

Bar-Noy et al. [3] designed local ratio algorithms for UFPP-U and SAP-U with ratio3 and7, respec-
tively. The latter was obtained using a reduction from SAP-Uto UFPP-U that was based on an algorithm
for the DYNAMIC STORAGE ALLOCATION PROBLEM (DSA) by Gergov [15]. In DSA the goal is to find
the minimum capacityc for all edges along with a SAP solution that contains all tasks. An extension of
SAP-U in which each taskj has a time window was studied in [3, 17]. Calinescu et al. [8] developed a ran-
domized approximation algorithm for UFPP-U with expected performance ratio of2 + ε, for everyε > 0.
They obtained this result by dividing the given instance into an instance with large tasks and an instance
with small tasks. They use dynamic programming to compute anoptimal solution for the large instance, and
a randomized LP-based algorithm to obtain a(1+ ε)-approximate solution for the small instance. They also
present a3-approximation algorithm for UFPP-U that is different fromthe one given in [3].

Chen et al. [12] studied the special case of SAP-U where all demands are multiples of1/K, for some
integerK. They developed anO(n(nK)K) time dynamic programming algorithm to solve this special case
of SAP-U, and also gave an approximation algorithm with ratio e

e−1 + ε, for anyε > 0, assuming that
dj = O(1)/K for everyj. Bar-Yehuda et al. [4] presented approximation algorithmsfor SAP-U that is
based on a reduction from SAP-U to UFPP-U that works on very small instances, namely on instances
in which dj ≤ δ, for a constantδ > 0. (Here we assume that the uniform capacity is1). The reduction
is based on an algorithm for DSA by Buchsbaum et al. [7]. Bar-Yehuda et al. also presented a dynamic
programming algorithm for large instances of SAP-U, and this lead to two approximation algorithms for
SAP-U, a randomized algorithm with ratio2+ε and a deterministic algorithm with ratio2e−1

e−1 +ε < 2.582.
Bansal et al. [1] described a deterministic quasi-polynomial time approximation scheme for instances of

UFPP, where all capacities and demands are quasi-polynomial, thereby ruling out an APX-hardness result
for such instances of UFPP, unless NP⊆ DTIME(2polylog(n)). Chakrabarti et al. [9] presented a constant
factor approximation algorithm for UFPP under the NBA by extending the approach of [8]. Chekuri et
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al. [11] used an LP-based deterministic algorithm to obtaina (2 + ε)-approximation algorithm for UFPP
under the NBA. Bansal et al. [2] developed anO(log n)-approximation algorithm for UFPP, beating the
integrality gap of the natural LP-relaxation, which was shown to beΩ(n) [9]. This result has been gener-
alized to trees and uniform weights by Chekuri et al. [10] whoalso provided anO(log2 n)-approximation
algorithm for the weighted case. They also developed an LP formulation for UNSPLITTABLE FLOW in trees
with general weights with anO(log2 n) integrality gap.

Bonsma et al. [6] developed a(7 + ε) approximation algorithm for UFPP, being the first constant-
factor approximation algorithm for the problem. They also showed that UFPP is strongly NP-hard even for
instances with demands in{1, 2, 3}. Chrobak et al. [13] showed that UFPP-U is strongly NP-hard even for
the case of uniform weights.

Paper organization. The remainder of the paper is organized as follows. Section 2contains definitions
and a few preliminary observations. A formal description ofour results is given in Section 3. Our algorithms
for medium, small, and large SAP instances are given in Sections 4, 5, and 6, respectively. We show that
SAP is strongly NP-hard in Appendix B. We conclude in Section7.

2 Preliminaries

Given a task setS ⊆ J , the demand ofS is denoted byd(S), namelyd(S)
△
=

∑

j∈S dj . Theload of S on
an edgee is defined asd(S(e)) =

∑

j∈S(e) dj . A feasible UFPP solution is a set of tasksS ⊆ J such that
d(S(e)) ≤ ce, for everye ∈ E. A UFPP solutionS is calledB-packable if d(S(e)) ≤ B, for everye ∈ E.

Given a SAP solution(S, h), themakespan of an edgee is defined asµh(S(e))
△
= maxj∈S(e)(h(j) + dj).

Observe thatd(S(e)) ≤ µh(S(e)), for every e ∈ E. A SAP solution(S, h) is calledB-packable if
µh(S(e)) ≤ B, for everye ∈ E.

The following observation bounds the load of a UFPP solutionon the edges in term of the maximum
bottleneck. A similar observation was made in [6].

Observation 1. Let S be a feasible UFPPsolution. Then d(S(e)) ≤ 2maxj∈S b(j), for every e ∈ E.

Proof. Let e be an edge. Any taskj ∈ S(e) must use an edge with capacity at mostB = maxj∈S b(j). Let
eL andeR be the closest such edges to the left and to the right, respectively. (It may be thateL = ER = e.)
Hence,d(S(e)) ≤ d(S(eL)) + d(S(eR)) ≤ 2B.

The next observation is the analogous observation for SAP.

Observation 2. Let (S, h) be a feasible SAPsolution. Then µh(S(e)) ≤ maxj∈S b(j), for every e ∈ E.

Proof. Let e ∈ E be an edge and letS(e) = {j1, . . . , jp} such thath(ji) + dji
≤ h(ji+1), for everyi. The

observation follows, sinceµh(S(e)) = h(jp) + djp ≤ b(jp) ≤ maxj∈S b(j).

Finally, we need the following standard result that is used when one partitions the input into small and
large instances. Given a SAP instance, letJS andJL be the subset ofδ-small tasks and the subset ofδ-large
tasks, respectively. (A proof is given in Appendix C.)

Lemma 1. Let S1 and S2 be an r1-approximate solution with respect to JS and an r2-approximate solution
with respect to JL, respectively. Then, the solution of greater weight is an (r1 + r2)-approximation for the
original instance.
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3 Statement of Results

In this section we provide a formal statement of out results.We start with our results regarding small,
medium, and large instances.

Theorem 1. There exists a polynomial time algorithm such that for every constant ε > 0, there exists a
constant δ > 0, such that the algorithm computes (4+ ε)-approximate solutions for δ-small SAP instances.

Theorem 2. There exists a polynomial time (2+ε)-approximation algorithm for δ-large and (1−2β)-small
SAP instances for every constants ε > 0, β ∈ (0, 1

2 ), and δ ∈ (0, 1 − 2β).

Theorem 3. There exists a polynomial time (2k − 1)-approximation algorithm for 1
k -large SAP instances

for every integer k ≥ 1.

The proofs of Theorems 1, 2, and 3 are given in Sections 5, 4, and 6, respectively. Our result for general
SAP instances follows.

Theorem 4. There is a polynomial time (9 + ε)-approximation algorithm for SAP.

Proof. Set k = 2 and β = 1
4 . By Theorem 1 there exists a constantδ > 0 for which there is a

polynomial time(4 + ε)-approximation algorithm forδ-small SAP instances. By Theorem 2 there is
a (2 + ε)-approximation algorithm forδ-large and1

2 -small SAP instances. Also, there a polynomial
time 3-approximation algorithm for12 -large SAP instances by Theorem 3. The theorem follows from
Lemma 1.

We also provide a hardness result. The proof is given in Appendix B.

Theorem 5. SAP is strongly NP-hard, even with uniform weights and even if assuming the NBA.

4 Medium Tasks

In this section we prove Theorem 2, namely we present a polynomial time algorithm that computes(2 + ε)-
approximate solutions forδ-large and(1− 2β)-small instance of SAP, for any constantsε > 0, β ∈ (0, 1

2),
andδ ∈ (0, 1 − 2β).

4.1 Approximation Framework for SAP

Following [6], we present a framework that acts as a reduction from a SAP instance to multiple “almost
uniform” SAP instances. Given anα-approximation algorithm for almost uniform instances, the framework
provides a(1 + ε)α-approximation algorithm. As opposed to the framework from[6] that was designed for
UFPP, our framework has an additional difficulty which is taking care of height assignments.

Let k ∈ Z andℓ ∈ N. Given a SAP instance, letJk,ℓ =
{

j ∈ J : 2k ≤ b(j) < 2k+ℓ
}

and letEk,ℓ =
∪j∈Jk,ℓIj. We observe that without loss of generality, we may assume that for eachJk,ℓ, edge capacities are
between2k and2k+ℓ.

Observation 3. ce ≥ 2k, for every e ∈ Ek,ℓ.

Proof. If j ∈ Jk,ℓ, thence ≥ b(j) ≥ 2k, for everye ∈ Ij.
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Observation 4. Let (S, h) be a feasible SAPsolution such that S ⊆ Jk,ℓ. Then µh(S(e)) ≤ min(ce, 2
k+ℓ),

for every edge e ∈ E.

Proof. Observation 2 implies that any feasible SAP solutionS ⊆ Jk,ℓ is 2k+ℓ-packable.

Thus, from the view point of tasks inJk,ℓ, the capacity ofe ∈ Ek,ℓ is min(ce, 2
k+ℓ).

Let q = log ⌈1/β⌉ and letℓ be a constant that will be determined later. AlgorithmAlmostUniform is
our framework for computing SAP solutions, and it is based onthe framework for UFPP that was given
in [6]. The main difference is that with SAP one cannot simplycombine sub-solutions. A height function
for the tasks should also be computed. This motivates the following definition.

Definition 1. Let β > 0. A feasible SAPsolution (S, h) where S ⊆ Jk,ℓ is called β-elevatedif h(j) ≥ β2k,
for every j ∈ S.

Algorithm AlmostUniform uses an algorithm calledElevator that computes anα-approximateβ-
elevated SAP solution forJk,ℓ. Notice that a necessary condition for the existence of suchnonempty SAP
solution is that there are(1− β)-small tasks inJk,ℓ.

Algorithm 1 : AlmostUniform (J, ℓ)

1: K ←
{

k ∈ Z : Jk,ℓ 6= ∅
}

2: for eachk ∈ K do
3: (Sk,ℓ, hk,ℓ)← Elevator(Jk,ℓ, β)
4: end for
5: for eachr ∈ {0, . . . , ℓ + q − 1} do
6: LetK(r) = K ∩ {r + i · (ℓ + q) : i ∈ Z}
7: Sr ←

⋃

k∈K(r) Sk,ℓ, hr ←
⋃

k∈K(r) hk,ℓ

8: end for
9: r∗ ← argmaxr∈{0,...,ℓ+q−1} w(Sr)

10: Return(Sr∗ , hr∗)

Sinceℓ is a constant there is a linear number of subsetsJk,ℓ. Hence, if the running time of AlgorithmEl-
evator is polynomial, then the running time of AlgorithmAlmostUniform is also polynomial. It remains to
show that the computed solution is indeed(1 + ε)α-approximate, for an appropriate choice ofℓ.

Lemma 2. The solution (Sr, hr) computed by Algorithm AlmostUniform is a feasible SAP solution, for
every r ∈ {0, . . . , ℓ + q − 1}.

Proof. Givenr, letk0 = minK(r). Also giveni ∈ K(r), let i+ = min {k ∈ K(r) : k > i}. Fori ∈ K(r),
let Si =

⋃

k∈K(r),k≤i S
k,ℓ and lethi =

⋃

k∈K(r),k≤i h
k,ℓ. We prove that(Si, hi) is feasible by induction

on i. In the base case we havei = k0, and we have that(Si, hi) = (Sk0,ℓ, hk0,ℓ) is feasible due to our
assumption on AlgorithmElevator. For the inductive step, we assume that the claim holds fori and prove
that it holds fori+. We know that(Si, hi) is feasible due to the inductive hypothesis, and by Observation 4
we know thatµhi

(Si(e)) ≤ min(ce, 2
i+ℓ), for every edgee ∈ E. SinceElevator computes aβ-elevated

SAP solution forJ i+,ℓ, it follows that

hi+(j) ≥ β · 2i+ ≥ 2−q · 2i+ = 2i+−q ≥ 2i+ℓ ,

for everyj ∈ Si+ . Hence(Si+ , hi+) is a feasible SAP schedule.
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The UFPP version of the following lemma appeared in [6] and applies here as well. We provide a proof
in Appendix C for completeness.

Lemma 3. If Elevator computes α-approximate solutions, then w(Sr∗) ≥
ℓ

ℓ+q ·
1
α OPTSAP(J).

By choosing the right value ofℓ we obtain a(1 + ε)α-approximation algorithm.

Lemma 4. Suppose we are given a polynomial time algorithm that computes an α-approximate β-elevated
SAP solution for Jk,ℓ, for every k and ℓ. Then, if ℓ = 1

ε log ⌈1/β⌉, Algorithm AlmostUniform computes a
(1 + ε)α-approximate solution in polynomial time.

Proof. We know that the computed solution is feasible due to Lemma 2,and by Lemma 3 we have that

w(Sr∗) ≥
1
α ·

ℓ
ℓ+log⌈1/β⌉ · OPTSAP(J) = 1

α ·
1

1+ε · OPTSAP(J) ,

as required.

4.2 Computingβ-elevated2-approximations

In this section we present an algorithm that computes aβ-elevated solution forJk,ℓ, for any k and ℓ.
Throughout the section we consider medium tasks, namely we assume that every taskj ∈ Jk,ℓ is δ-large
and(1− 2β)-small, for constantsε > 0, β ∈ (0, 1

2 ), andδ ∈ (0, 1− 2β).
Our algorithm is based on the following simple observation that was given in [4] for SAP-U.

Observation 5. Given a SAP instance, there exists an optimal solution (S, h) such that, for every task j,
either h(j) = 0 or there exists a task j′ 6= j such that Ij ∩ Ij′ 6= ∅ and h(j) = h(j′) + dj′ .

The proof of the observation uses a “gravity” argument, namely given a solution(S, h), apply gravity
on the tasks inS, until all tasks cannot fall any further. (See example in Figure 2.)

Using Observation 5 we are able to consider a specific type of optimal solutions.

Lemma 5. Suppose we are given a δ-large SAP instance, where ce ∈ [B,B2ℓ), for every e ∈ E, for some
B. Then there exists an optimal solution (S∗, h∗) such that: (i) |S∗(e)| < 2ℓ/δ, for every e, and (ii) there
exists a subset Hj ⊆ S∗ \ {j} of size at most 2ℓ/δ such that h∗(j) = dS∗(Hj), for every task j ∈ S∗.

Proof. Let (S∗, h∗) be an optimal SAP solution whose existence is implied in Observation 5. To prove (i)
observe thatdj ≥ δb(j) ≥ δB, for everyj ∈ S∗ and thatce < B2ℓ, for everye ∈ E. Thus from the
feasibility of S∗, if follows that each edgee ∈ E is used by less thanB2ℓ/(δB) = 2ℓ/δ tasks. (ii) follows
from Observation 5 and (i).

Lemma 5 implies an upper bound on the number of possibilitiesfor the height of a taskj ∈ J , given aδ-
large SAP instance, wherece ∈ [B,B2ℓ), for everye ∈ E, for someB. Since the maximal number of tasks
assigned to an edge is at mostL = 2ℓ/δ, the number of possible heights is bounded by

∑L
i=0

(n
i

)

= O(nL).

It follows that there are at mostO(nO(L2)) possibilities for assigning a task set and its corresponding heights
to a given edgee ∈ E. Therefore, an optimal SAP solution forJ can be computed using a dynamic
programming algorithm similar to the one described in [4]. (The proof is given in Appendix C.)

Lemma 6. There is a polynomial time algorithm that computes an optimal solution for a δ-large SAP
instance, where ce ∈ [B,B2ℓ), for every e ∈ E, for some B.
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Lemma 6 implies that solving SAP onJk,ℓ can be done in polynomial time. It remains to obtain a
β-elevated solution.

Lemma 7. Suppose we are given a (1 − 2β)-small SAP instance. A SAP solution (S, h) for Jk,ℓ can be
partitioned into two β-elevated SAPsolutions (S1, h1) and (S2, h2) in linear time.

Proof. Consider a taskj ∈ S such thath(j) < β2k. Sincej is (1 − 2β)-small andce ≥ 2k due to
Observation 3, we have that

h(j) + d(j) < β2k + (1− 2β)b(j) ≤ β2k + (1− 2β)ce = ce + β2k − 2βce ≤ ce − β2k , (1)

for everye ∈ Ij. DefineS1 =
{

j ∈ S : h(j) < β2k
}

andS2 = S \ S1. Also, defineh1(j) = h(j) + β2k,
for all j ∈ S1, andh2(j) = h(j), for all j ∈ S2. (See example in Figure 3.)(S1, h1) is β-elevated due to
(1), while(S2, h2) is β-elevated by definition. Finally, it is not hard to verify that the described partition can
be done in linear time.

The2-approximation algorithm follows due to Lemmas 6 and 7.

Lemma 8. There is a polynomial time algorithm that computes β-elevated 2-approximations for Jk,ℓ, given
a δ-large and (1− 2β)-small SAP instance.

Proof. An optimal solution(S∗, h∗) for Jk,ℓ can be computed in polynomial time due to Lemma 6.(S∗, h∗)
can be partitioned into twoβ-elevated solutions(S1, h1) and(S2, h2) due to Lemma 7. Sincew(S∗) =
w(S1) + w(S2), one of the two solutions is2-approximate.

We conclude this section with the proof of Theorem 2.

Proof of Theorem 2. By Lemma 8 there is a polynomial time algorithm that computesβ-elevated2-
approximate solutions forJk,ℓ, for everyk and ℓ. Therefore, by Lemma 4, AlgorithmAlmostUniform
is a(2 + ε)-approximation algorithm forδ-large and(1− 2β)-small SAP instances.

5 Small Tasks

In this section we prove Theorem 1, namely we present a polynomial time algorithm that, for everyε > 0,
computes(4 + ε)-approximate solutions forδ-small instance of SAP, for some constantδ > 0 (depending
on ε).

We first present an LP-rounding algorithm for UFPP instancesin which bottlenecks are within factor2
of each other. A(1 + ε) factor is incurred by a reduction from SAP to UFPP in strips [4]. Then, we show
how to use this algorithm to design an algorithm for small instances. We partition the instance into instances
in which tasks have similar bottleneck, and then use the above algorithm to compute an approximate solution
that resides in a strip. A SAP solution is obtained by stacking the strips.

5.1 Packing Small Tasks in Strips

As a first step we consider the following special case of SAP. Let B > 0, and assume we are given a
δ-small SAP instance in whichb(j) ∈ [B, 2B), for everyj ∈ J . Note that due to Observation 2, without
loss of generality we may assume that all edge capacities arebetweenB and2B. We present a LP-rounding
algorithm that computes a12B-packable(4+ε)-approximate SAP solution. An alternative local ratio(5+ε)-
approximation algorithm is also provided in Appendix D.
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The first step is an LP-rounding algorithm that computes1
2B-packable UFPP solutions. The algorithm

is based on the following integer linear formulation of UFPP:

max
∑

j∈J wj · xj (2)

s.t.
∑

j∈S(e) djxj ≤ ce ∀e ∈ E

xj ∈ {0, 1} ∀j ∈ J

wherexj = 1 represents thatj is in the solution. An LP-relaxation is obtained by replacing the integrality
constraints withxj ∈ [0, 1], for everyj ∈ J .

Let x∗ be an optimal fractional solution of (2) and definex′ = 1
4x∗. The solutionx′ satisfies

∑

j∈S(e) djxj ≤
1
2B, and therefore it is feasible with respect to (2) withce = 1

2B, for everye. Since
this is a uniform capacity instance we may use the following result of Chekuri, Mydlarz, and Shepherd [11]
to obtain an integral solution.

Theorem 6 ([11]). For every constant ε > 0, there exists a constant δ > 0, such that given a δ-small
instance of UFPP-U, an integral solution x such that wx ≥ 1

1+εwx∗ can be found in polynomial time.

We now transform our UFPP-U solution into a SAP solution using the following result:

Lemma 9 ([4]). There exists a constant δ0 > 0, such that if S is a B-packable UFPPsolution to some
δ-small instance, where δ ∈ (0, δ0), then S can be transformed into a B-packable SAP solution (S′, h′)
such that w(S′) ≥ (1− 4δ)w(S) in polynomial time.

Using Lemma 9 we obtain an approximate SAP solution.

Lemma 10. There exists a polynomial time algorithm such that for every constant ε > 0, there exists a
constant δ > 0, such that the algorithm computes 1

2B-packable (4 + ε)-approximate solutions for δ-small
SAP instances in which b(j) ∈ [B, 2B), for every j ∈ J .

Proof. Let δ1 = δ( ε
5 ) be the constant required by Theorem 6. Setδ = δ(ε) such thatδ < min{δ1, δ0} and

1−4δ > (4+ 4
5ε)/(4+ε). Apply the algorithm from [11] to compute a12B-packable4·(1+ ε

5)-approximate
UFPP solutionS. By Lemma 9,S can be transformed into a12B-packable SAP solution(S′, h′) such that
w(S′) ≥ (1− 4δ)w(S) in polynomial time. It follows that

w(S′) ≥ 1−4δ
4·(1+ε/5) · OPTUFPP(J) ≥ 1

4+ε · OPTSAP(J) ,

as required.

5.2 Stacking Strips

The next step is to partition the instance. LetJt =
{

j ∈ J : 2t ≤ b(j) < 2t+1
}

, for every t. Algo-
rithm Strip-Pack computes an approximate solution forJt, for eacht, and them combines the solutions. An
example of a solution produced by AlgorithmStrip-Pack is shown in Figure 4.

We conclude the section by showing that AlgorithmStrip-Pack computes(4+ε)-approximate solutions.

Proof of Theorem 1. First, the running time of AlgorithmStrip-Pack is polynomial, since there are at most
O(n) nonempty subsetsJt, and for each such subset we call AlgorithmStrip-Pack and the algorithm from
Lemma 9, both of which run in polynomial time.
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Algorithm 2 : Strip-Pack (J,w)

1: for eacht do
2: Compute a2t−1-packable SAP solution(St, ht) for Jt

3: h′
t(j) = ht(j) + 2t−1, for everyj ∈ Jt

4: end for
5: S ←

⋃

t St, h←
⋃

t h′
t

6: Return(S, h)

By Lemma 10 we have that AlgorithmStrip-Pack computes a2t−1-packable(4 + ε)-approximate
solution(St, ht) for Jt, for everyt. By lifting the solution(St, ht) by 2t−1, Algorithm Strip-Pack ensures
that a feasible SAP solution is obtained. Also, let(S∗, h∗) be an optimal solution forJ . Then,

w(S) =
∑

t w(St) ≥
1

4+ε

∑

t OPTSAP(Jt) ≥
1

4+ε

∑

t w(S∗ ∩ Jt) = 1
4+ε · w(S∗) ,

as required.

6 Large Tasks

In this section we consider1k -large instances of SAP, for an integerk ≥ 1. Recall that in such instances
dj > 1

kb(j), for everyj. We present a(2k − 1)-approximation algorithm for1k -large instances of SAP.
Bonsma et al. [6] presented a2k-approximation algorithm for1k -large UFPP instances, for anyk ≥

2, that is based on a reduction from UFPP to a special case of RECTANGLE PACKING (or MAXIMUM

INDEPENDENT SET in rectangle intersection graphs). The reduction is as follows. Letj ∈ J be a task.
Theresidual capacity of j is defined asℓ(j)

△
= b(j) − dj . Taskj is associated with the rectangleR(j) =

[sj, tj) × [ℓ(j), b(j)). In SAP terms, it is the rectangle that is induced by assigning heightℓ(j) to j. See
example in Figure 5.

LetR(S) = {R(j) : j ∈ S} be the family of rectangles that is obtained from a subsetS ⊆ J . Bonsma
et al. [6] showed that the set of rectanglesR(S) that correspond to a feasible UFPP scheduleS, can be
colored using2k colors such that any color induces a pairwise non-intersecting subset of rectangles. Hence
the total weight of the tasks that correspond to one of these subsets is at least12kw(S). Bonsma et al.
presented a polynomial time algorithm that solves the special case of RECTANGLE PACKING that correspond
to instances that are obtained by the above reduction.

Theorem 7 ([6]). There is an O(n4) algorithm that computes an optimal rectangle packing of R(J), for
every UFPPinstance J .

We note that the algorithm from [6] provides a UFPP schedule which is induced by a subset of pairwise
non-intersecting rectangles, and therefore it is also a SAPschedule. It follows that this algorithm is also a
2k-approximation algorithm for1k -large instances of SAP. In what follows we use the geometricproperties
of SAP to show thatR(S) can be colored using only2k − 1 colors for any1

k -large SAP solution(S, h).
This implies a(2k − 1)-approximation algorithm for1k -large instances of SAP, for any integerk ≥ 1.

Given a feasible SAP solution(S, h), let NS(j) = {j′ ∈ S \ {j} : R(j′) ∩R(j) 6= ∅} and let
degS(R(j)) be the number of rectangles inR(S) that intersectR(j), namelydegS(R(j)) = |NS(j)|. We
show that there exists a rectangleR(j) whose degree is at most2k−2. This implies that a(2k−1)-coloring
can be obtained in a greedy manner.
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Lemma 11. Let (Q,h) be a 1
k -large SAP solution that contains a task j′ such that ℓ(j′) < b(j) ≤ b(j′),

for every j ∈ Q. If there exists an edge e such that e ∈ Ij , for every j ∈ Q, then |Q| ≤ k.

Proof. Suppose that|Q| > k. Sinceℓ(j′) < b(j) ≤ b(j′), for everyj ∈ Q we have that

∑

j∈Q\{j′} dj > 1
k

∑

j∈Q\{j′} b(j) > 1
k

∑

j∈Q\{j′} ℓ(j′) = 1
k (|Q| − 1) · ℓ(j′) ≥ ℓ(j′) .

Therefore,
∑

j∈Q dj > ℓ(j′) + dj′ = b(j′), in contradiction to Observation 2 since there exists an edge e
such thate ∈ Ij, for everyj ∈ Q.

We are now ready to show that there exists a task whose rectangle has at most2k − 2 neighbors.

Lemma 12. Let (S, h) be a 1
k -large solution. Then there exists a task j ∈ S such that degS(R(j)) ≤ 2k−2.

Proof. Let j0 be the task with minimal right endpoint, and lete0 be the right most edge inIj0. Define

Q− = {j ∈ S : b(j) ≤ b(j0)} ∩N(j0) ,

Q+ = {j ∈ S : b(j) ≥ b(j0)} ∩N(j0) .

Observe thatj0 ∈ Q− ∩ Q+. Considerj ∈ Q−. SinceR(j) ∩ R(j0) 6= ∅, it follows that b(j) > ℓ(j0).
HenceQ− satisfies the conditions of Lemma 11 withj′ = j0 ande = e0, and we have that|Q−| ≤ k.
Furthermore, observe thatℓ(j) < b(j0), for everyj ∈ Q+, and thus∩j∈Q+R(j) 6= ∅. It follows that
ℓ(j′) < b(j0) ≤ b(j) ≤ b(j′), for everyj ∈ Q+, for a taskj′ such thatb(j′) = maxi∈Q+ b(i). HenceQ+

satisfies the conditions of Lemma 11 withe = e0. The lemma follows sincedegS(R(j)) ≤ |Q−|+ |Q+| −
2 = 2k − 2.

We are now ready to prove Theorem 3.

Proof of Theorem 3. Lemma 12 implies that a coloring using2k − 1 colors can be obtained in a greedy
manner. The theorem follows due to Theorem 7.

We note that Lemma 12 is tight for the case ofk = 2. Figure 6 shows a12 -large SAP solution and the
resulting RECTANGLE PACKING instance. Since the instance is a5-cycle, it is not2-colorable.

7 Conclusion

We presented a(9 + ε)-approximation algorithm for SAP. Our approximation ratios for medium and large
instances match the ratios for UFPP from [6]. In fact our ratio for large tasks is even better (3 instead of4).
However, our approximation ratio for small instances is larger (4 + ε vs.1 + ε). This larger ratio stem from
our need to pack small tasks in strips in order to use the transformation from a UFPP solution to a SAP
solution. The ratio for small instances may have been smaller, if we had such a transformation that works on
non-uniform instances. Hence, it would be interesting to come up with algorithms for an extended version
of DSA in which one is given a pathP = (V,E) with a non-uniform capacity vectorc ∈ R

|E|
+ and a set of

(small) tasks, and the goal is to find the minimum coefficientρ such that all tasks can be packed within the
capacity vectorρ · c.

Acknowledgment. We thank an anonymous referee for pointing out that we can useLP-rounding instead
of local ratio for computing a12B-packable SAP solution in Section 5.1.
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A Figures

e1 e2 e3

d1 = 1

2

d2 = 1

2

(a) ce1
= ce3

= 0.5 andce2
= 1.

e1 e2 e3 e4 e5 e6

(b) ce = 1 for everye.

Figure 1: The dotted line represents the capacity of the edges, and the strips correspond to tasks. Thick strips
have demand12 , while thin strips have demand14 . The tasks sets in both instances form UFPP solutions.
However, in both instances there is no SAP solution that contains all tasks. (The instance on the right was
given in [12].)

(a) Original solution (b) Solution after application of gravity

Figure 2: Solution (b) is obtained by applying gravity on Solution (a).
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β2k

β2k

β2k

Figure 3: An example of partition of optimal solution into two β-elevated solutions. The light tasks belong
to S1, while the dark tasks belong toS2.

2
p−1

2
p

2
p+1

2
p+2

Figure 4: An example of a solution produced by AlgorithmStrip-Pack.
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e1 e2 e3 e4 e5 e6 e7

1

ℓ(1)

2

ℓ(2)

4

ℓ(4)

3

ℓ(3)

Figure 5: An example of four tasks that are placed at heightℓ(j) = b(j)− dj , for everyj.

e1 e2 e3 e4 e5 e6 e7

15

27

51

99

d1 = 8

d2 = 14

d3 = 26

d4 = 50

d5 = 38

(a) 1

2
-large SAP solution

e1 e2 e3 e4 e5 e6 e7

15

27

51

99

d1 = 8

d2 = 14

d3 = 26

d4 = 50

d5 = 38

(b) Corresponding RECTANGLE

PACKING instance.

Figure 6: An example of a SAP solution with five tasks whose corresponding rectangles form a cycle.
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B Hardness Result

In this section we prove that SAP is strongly NP-hard using a reduction from BIN PACKING.
Given a BIN PACKING instance containingn items of sizess1, . . . , sn, a bin of size1, and an integerk,

we construct the following SAP instance. First the pathP contains2k + 1 edges, with capacities:

cei
=











2i− 1 i ≤ k,

2k − 1 i ∈ {k + 1, k + 2} ,

2(2k + 2− i) i ≥ k + 3.

Also, there aren + 2k − 1 unit weight tasks with demands:

dj =

{

sj j ≤ n,

1 j > n.

and intervals:

Ij =











{ek+2} j ≤ n,

{ej−n, . . . , ek+1} n < j ≤ n + k

{ek+1, . . . , ej−n+2} j > n + k

The firstn tasks represent the items and the remaining2k − 1 tasks are used to construct a schedule that
inducesk bins. Such a solution containing tasks{n + 1, . . . , n + 2k − 1} is given in Figure 7.

Lemma 13. There exists a solution to the BIN PACKING instance with k bins if and only if there exists a
solution to the SAP instance with weight n + 2k − 1.

Proof. First, observe that sinceek+1 ∈ Ij for everyj ∈ {n + 1, . . . , n + 2k − 1}, there is only one possible
configuration to schedule the tasks{n + 1, . . . , n + 2k − 1} together (see example in Figure 7 fork = 4).
Hence, in a SAP solution with weightn + 2k − 1, the firstn tasks are placed ink bins that are formed by
the remaining2k − 1 tasks. The lemma follows.

Theorem 5 follows from Lemma 13 since BIN PACKING is strongly NP-hard. Note that the reduction
constructs instances with uniform weights that satisfy theNBA.

e1 e2 e3 e4 e5 e6 e7 e8 e9

n + 1

n + 7

n + 2

n + 6

n + 3

n + 5

n + 4

Figure 7: An example of a SAP instance withk = 4. The dotted line represents the capacity of the edges,
and the dark strips correspond to tasksn + 1, . . . , n + 2k − 1. Tasks1, . . . , n correspond toe6.
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C Omitted Proofs

Proof of Lemma 1. Let S∗ be an optimal solution for the original instance. Eitherw(S∗ ∩ JS) ≥
r1

r1+r2
w(S∗) or w(S∗ ∩ JL) ≥ r2

r1+r2
· w(S∗). Hence, eitherw(S1) ≥

1
r1
· r1

r1+r2
· w(S∗) = 1

r1+r2
· w(S∗)

or w(S2) ≥
1
r2
· r2

r1+r2
· w(S∗) = 1

r1+r2
· w(S∗). The lemma follows.

Proof of Lemma 3. Let (S, h) be an optimal SAP solution forJ . Since eachSk,ℓ is a β-elevatedα-
approximation forJk,ℓ and every taskj ∈ J belongs to exactlyℓ setsJk,ℓ, it follows that

ℓ+q−1
∑

r=0

w(Sr) =

ℓ+q−1
∑

r=0

∑

k∈K(r)

w(Sk,ℓ)

≥

ℓ+q−1
∑

r=0

∑

k∈K(r)

1

α
· OPTSAP(J

k,ℓ)

=
1

α
·
∑

k∈K

OPTSAP(J
k,ℓ) ≥

1

α
·
∑

k∈K

w(S ∩ Jk,ℓ) =
ℓ

α
· OPTSAP(J) .

Therefore,w(Sr∗) ≥
1
α ·

ℓ
ℓ+q · OPTSAP(J).

Proof of Lemma 6. Let V = {v0, . . . , vm} andE = {e1, . . . , em}. Given a vertexvi ∈ V , let Pi be the
path that is induced byVi = {vi, . . . , vm}. Let Ji be the tasks that are fully contained inPi. A feasible
solution(Si, hi) is calledproper with respect to ei if ei ∈ Ij, for everyj ∈ Si. Recall that there areO(nL)

possibilities for choosingSi, and that givenSi there areO(nL2

) possibilities for choosinghi. A solution
(Si+1, hi+1) is compatible with the proper pair(Si, hi) if (i) it is proper with respect toei+1, (ii) Either
j ∈ Si ∩ Si+1 or j 6∈ Si ∩ Si+1 for everyj such thatei, ei+1 ∈ Ij , and (iii) hi(j) = hi+1(j) for every
j ∈ Si∩, Si+1.

We define a dynamic programming table of sizeO(nL+L2

) as follows. For an edgeei and a pair(Si, hi)
that is proper with respect toei the stateΠ(ei, Si, hi) is the maximum weight of a pair(S′, h′) such that
S′ ⊆ Ji and(Si ∪ S′, hi ∪ h′) is feasible. We initialize the tableΠ by settingΠ(em, Sm, hm) = 0 for every
proper pair(Sm, hm) with respect toem. We compute the rest of the entries by using:

Π(ei, Si, hi) = max {w(Si+1 \ Si) + Π(ei+1, Si+1, hi+1) : (Si+1, hi+1) is compatible with(Si, hi)}

The weight of an optimal solution isΠ(e0, ∅, h∅), wheree0 is a dummy edge andh∅ is a function whose
domain is the empty set.

To compute each entryΠ(ei, Si, hi) we need to go through all the possibilities for a solution(Si+1, hi+1)
that is compatible with(Si, hi). There are no more thanO(nL+L2

) such possibilities. Hence, the total
running time isO(m · nL+L2

· n(L+L2)) = O(m · nO(L2)). In order to compute a corresponding solution,
one needs to keep track of which option was taken in the recursive computation. An optimal solution can be
reconstructed in a top down manner.
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D Local Ratio Algorithm for Packing Small Tasks in a Strip

In this section we provide a local ratio algorithm that computes 1
2B-packable(5+ ε)-approximate solutions

for δ-small SAP instances in which edge capacities are betweenB and 2B, for some constantδ > 0
(depending onε).

Algorithm 3 : Strip(J,w)

1: if J = ∅ then return∅
2: Let j∗ ∈ J be a task such thatt∗ = minj∈J tj

3: Definew1(j) = w(j∗) ·











1 j = j∗,

2dj/B j 6= j∗, Ij ∩ Ij∗ 6= ∅

0 otherwise,

and w2 = w − w1

4: Let J+ be the set of positive weighted tasks
5: S′ ← Strip(J+, w2)
6: Let e∗ be the right-most edge ofj∗

7: if d(S′(e∗)) ≤ 1
2B − dj∗ then S ← S′ ∪ {j∗}

elseS ← S′

8: ReturnS

Sorting the tasks according to their right end-point can be done inO(n log n). There areO(n) recursive
calls, each requiring linear time. Hence the running time ofAlgorithm Strip is polynomial.

We show that AlgorithmStrip computes approximate solutions whose load on any edge is at most 1
2B.

Lemma 14. Given a δ-small SAP instance in which b(j) ∈ [B, 2B), for every j ∈ J , Algorithm Strip
computes a 1

2B-packable UFPPsolution S. Furthermore, w(S) ≥ 5
1−4δ · OPTSAP(J).

Proof. We first prove thatS is 1
2B-packable, for everye, by induction on the number of recursive calls. In

the base caseS = ∅ and we are done. For the inductive step, assume thatd(S′(e)) ≤ 1
2B, for everye ∈ E.

First,d(S(e)) = d(S′(e)) ≤ 1
2B, for everye 6∈ Ij∗ . Fore ∈ Ij∗, observe thatd(S(e)) ≤ d(S(e∗)) ≤ 1

2B.
We prove thatS is 5

1−4δ -approximate also by induction on the number of recursive calls. In the base
caseS = ∅ is optimal. For the inductive step, assume thatS′ is 5

1−4δ -approximate with respect toJ+ and
w2. Sincew2(j

∗) = 0, S is also 5
1−4δ -approximate with respect toJ andw2, We show thatS is also 5

1−4δ -
approximate with respect toJ andw1. This completes the proof since by the Local Ratio Theorem [5, 3]
we get thatS is 5

1−4δ -approximate with respect toJ and= w as well.
It remains to show thatS is 5

1−4δ -approximate with respect toJ andw1. Notice that eitherj∗ ∈ S or
d(S(e∗)) + dj∗ > 1

2B. If j∗ ∈ S, thenw1(S) ≥ w(j∗). Otherwise,

w1(S) > w(j∗) · 2 ·
B/2−dj∗

B ≥ w(j∗) · 2 · B/2−2δB
B = w(j∗) · (1− 4δ) .

On the other hand, for a feasible SAP solutionT we have that

w1(T ) = w1(T (e∗)) ≤ w(j∗) + w(j∗) · 2 · 2B/B = 5w(j∗),

due to Observation 1. Thereforew(S) is 5
1−4δ -approximate with respect toJ andw1.

The following lemma replaces Lemma 10.
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Lemma 15. There exists a polynomial time algorithm such that for every constant ε > 0, there exists a
constant δ > 0, such that the algorithm computes 1

2B-packable (5 + ε)-approximate solutions for δ-small
SAP instances in which b(j) ∈ [B, 2B), for every j ∈ J .

Proof. Apply Algorithm Strip to compute a1
2B-packable 5

1−4δ -approximate UFPP solutionS. By
Lemma 9,S can be transformed into a12B-packable SAP solution(S′, h′) such thatw(S′) ≥ (1−4δ)w(S)

in polynomial time. It follows thatw(S′) ≥ (1−4δ)2

5 · OPTSAP(J) ≥ 1−8δ
5 · OPTSAP(J). The lemma follows

by settingδ such thatδ < δ0 and 5
1−8δ ≤ 5 + ε.
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