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Joint Estimation of Time Delays and Directions of
Arrival of Multiple Reflections of a Known Signal

Mati Wax, Fellow, IEEE, and Amir Leshem

Abstract—We present an efficient algorithm for estimating the
time delays and the directions-of-arrival (DOA’s) of multiple
reflections of a known signal. The algorithm is based on an
iterative scheme that transforms the multidimensional maximum
likelihood criterion into two sets of simple one-dimensional (1-D)
maximization problems. Simulation results illustrating the per-
formance of the algorithm in comparison with the Cramer–Rao
bound are included.

I. INTRODUCTION

T HE ESTIMATION of the time delay and the direction of
arrival (DOA) of a known signal is a central problem

in many fields including radar, sonar, and communication.
Radar and sonar systems are based on transmitting a known
signal (pulse) and estimating the time delay and DOA of the
reflected signal. Unfortunately, in many cases, the reflected
signal is not composed of a single reflection but rather from
multiple reflections having different time delays and different
DOA’s. In cases where the reflections overlap in time, the
classical estimation techniques are no longer optimal, and their
performances deteriorate. To cope effectively with these cases,
novel estimation techniques that are tailored to overlapping
reflections are required.

In many communication systems, especially in mobile and
cellular applications, a known signal (preamble) is transmitted
in order to estimate the impulse response of the multipath
channel. The multipath channel is characterized not only by
the time delays of the different propagation paths but also by
their DOA’s. Estimating the time delays by ignoring the spatial
characteristics of the multipath channel, as is currently done, is
definitely not optimal. Indeed, exploiting the spatial structure
by using an array of sensors and properly tailored estimation
techniques can improve the characterization of the channel
and, consequently, lead to a better equalization process.

As a solution of the above-mentioned problems, in this
paper, we present an algorithm for joint estimation of the
time delays and DOA’s of multiple reflections of a known
signal using an array of sensors. The algorithm is based on an
efficient iterative scheme that transforms the multidimensional
maximization involved in the maximum likelihood criterion
into two sets of simple one-dimensioanl (1-D) maximizations.
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Despite its importance in practice, the problem of joint esti-
mation of time delays and the DOA’s has not been addressed
in the literature. Only the simpler disjoint estimation problems
were addressed, i.e., the estimation of the time delays of a
known signal, [1], [6]–[8], and the estimation of the DOA’s
of multiple signals, [2], [3], [9], [10], [13], [15]. Recently,
the related problem of estimating the DOA’s of signals with
known waveforms has been addressed in [4] and [5].

This paper is organized as follows. In Section II, we
formulate the problem. In Section III, we derive the maximum
likelihood estimator (MLE) for the problem. Then, in Section
IV, we derive an efficient iterative estimator that approximates
the MLE. In Section V, we present the results of simulated
experiments that demonstrate the performance of the algorithm
in comparison with the Cramer–Rao bound (CRB). Finally,
Section VI contains some concluding remarks.

II. PROBLEM FORMULATION

Consider an array composed of sensors with arbitrary
locations and arbitrary directional characteristics. Assume that

reflections of aknownnarrowband signal with time delays
impinge on the array from directions .

For simplicity, assume that the sensors and the reflecting points
are coplanar and that the reflecting points are in the far field
of the array so that is the DOA of the th reflection.

Using complex envelope representation, the vector
received by the array is given by

(1)

where

steering vector of the array toward direction;
complex coefficient representing the phase shift and
attenuation of theth reflection;
complex envelope of the known signal;
noise vector.

Suppose that the received signal is sampled regularly
times at with intersampling interval .

The problem can be stated as follows. Given thesamples
of the array vector, estimate the time

delays , the reflection coefficients , and
the DOA’s .

To solve this problem we assume that the number of
reflections is known. This number can be determined by
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the techniques described in [14]. We further assume that the
following conditions hold.

A1) The array manifold , where is the
field of view, is known.

A2) Any set of steering vectors from the array manifold
is linearly independent.

A3) The noise samples are i.i.d. Gaussian random
vectors with zero mean and covariance matrix ,
where is an unknown scalar, and is the
identity matrix.

III. T HE MAXIMUM LIKELIHOOD ESTIMATOR

To set the basis for our solution, we first derive the MLE
for the problem. From (1) and A3), it follows that the p.d.f.
is given by

(2)

where stands for the determinant, stands for the norm,
and

(3)

The MLE is therefore given by

(4)

where , , and
.

Maximizing with respect to yields

(5)

which, when substituted back into (4), yields

(6)

for the MLE. Using the well-known Parseval identity between
Fourier transform pairs, i.e.

(7)

we can rewrite (6) as

(8)

where and are the DFT of and
, respectively.

Now, from (3), by the well-known properties of the DFT,
we have

(9)

with the approximation due to the fact that are not
necessarily integral multiples of the sampling time. Thus,
from (8) and (9), we get

(10)

Using matrix notation, we can rewrite it as

(11)

where is the matrix

(12)

This can be written more compactly as

(13)

where is the matrix ,
and is the vector .

Straightforward minimization with respect toyields

(14)

which, when substituted into (13), yields

(15)

where is the orthogonal projection on the columns of

(16)

This estimator involves -dimensional optimization over both
and and, hence, is computationally prohibitive even for

moderate values of.

IV. A N EFFICIENT ITERATIVE ESTIMATOR

We next present an iterative estimator that approximates the
MLE and is computationally efficient.

The estimator iterates between the two parameter sets, i.e.,
the DOA’s and the time delays, and exploits the symmetry be-
tween them in the likelihood function. Each iteration involves
two steps. First, an unstructured matrix is estimated using LS
estimator. Then, the parameter itself is estimated using the
structure of the appropriate vector. This iterative scheme is
similar to the iterative 2-D LS algorithm of [11].

Before we describe the estimator, we introduce some no-
tation. Let

(17)

diag (18)

(19)

(20)

and let

(21)
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We first derive an estimator for and conditioned on . To
this end, we fix and rewrite the minimization problem
(10) as

(22)

Yet, instead of minimizing directly with respect to and ,
we minimize first with respect to the unstructured matrix,
which yields

(23)

Now, observing that by (21) theth column of is ,
we can estimate and by solving the minimization problem

(24)

where is the th column of . The solution is given by

(25)

and

(26)

Next, we derive an estimator forand conditioned on . To
this end, fixing , we can rewrite (10) as

(27)

As above, instead of minimizing directly with respect toand
, we minimize first with respect to the unstructured vectors

, which yields

(28)

To estimate , note that by (19) and (20), theth element of
the vector is . Thus, denoting

... (29)

we can estimate and as the vector of exponentials that
best matches , i.e.,

(30)

where

(31)

The solution is given by

(32)

and

(33)

To initialize the iterative algorithm, we follow the alternating
projection [15] initialization scheme. We begin by estimating
the parameters of a single reflection, ignoring all the other
reflections. We then add a second reflection and continue by
adding one reflection at a time. To describe the estimation of

at the th step, let and denote
the -dimensional vectors of the estimates of the first

reflections. To estimate , we first solve the following
1-D problem

tr (34)

where is the covariance matrix of the residual obtained
by subtracting the contributions of the reflections using
the estimated parameters

Now, with at hand, we start iterating until we converge.
The algorithm is summarized by the following steps.

For 1 to do:
Begin

1) Estimate using (34).
2) Until no improvement in the likelihood

is attained, perform
Estimate the time delays ,
using (28), (29), and (32).
Estimate the unstructured matrix
using (23) and .
Estimate the directions of arrival
using (25) and .

End

Estimate using (14) and .

V. SIMULATION RESULTS

In this section, we present the results of simulated ex-
periments done in order to demonstrate the performance of
the proposed algorithm. For comparison, we also present the
CRB for the joint estimation problem, which is derived in the
Appendix, and the CRB for the DOA-only estimation [12].

In the experiments, we used a five-element uniform linear
array with half wavelength spacing (i.e., having beamwidth of
23 ) in conjunction with two typical signal waveforms, each
sampled at rate 1/ .

1) a linear FM (chirp) signal, shown in Fig. 1;
2) a BPSK signal with random sequence of bits, shown in

Fig. 2.
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Fig. 1. Linear FM signal.

Fig. 2. BPSK signal.

In the first three experiments, we demonstrate the improve-
ment of the joint estimation over the DOA-only estimation for
the linear FM signal.

The first experiment presents the DOA and time delay
estimation accuracy as a function of the angular separation
between the signal and its multipath. The first signal was fixed
at 90 , whereas the second signal varied from 92–120 , which
corresponds to angular separations of 0.1–1.3 beamwidth. The
time delays were 4.0 and 6.3 , i.e., the relative time
delay between the signals was 2.3 . The reflection
coefficients were 1, 0.7, the number of samples
was 128, and the signal to noise ratio (SNR) was 20 dB.
Fig. 3 presents the root mean square error (RMSE) obtained
from 50 Monte Carlo runs for each separation. Clearly, the
RMSE of the joint estimation is always smaller than the CRB
for DOA-only estimation, with the difference being especially
conspicuous for small angular separations.

The second experiment demonstrates the dependence on the
delay separation between the signals. The sources were located
at directions 90 and 95. The first time delay was 4.1,

whereas the second time delay varied from 4.4–15.4. The
reflection coefficients were 1, 0.3 , the number
of samples was 128, and the SNR was 20 dB. Fig. 4
presents the RMSE obtained from 50 Monte Carlo runs for
each time delay. Notice that even for small relative time delay,
the DOA error of the joint estimation is smaller than the CRB
for the DOA-only estimation.

The third experiment demonstrates the dependence on the
SNR. The sources were located at directions 90and 95. The
first time delay was 4.0 , and the second time delay was
5.1 . The reflection coefficients were 1, 0.7, and
the number of samples was 128. Fig. 5 presents the
RMSE obtained from 50 Monte Carlo runs for each SNR.

In the last experiment, we present simulation results for
a BPSK signal. The experiment presents the DOA and time
delay estimation errors as a function of the angular separation
between the signal and its multipath. The first signal was fixed
at 90 and the second signal varied from 95–120 , which
correspond to angular separations of 0.2–1.3 beamwidth. The
time delays were 4.0 and 5.1 , i.e., the relative time
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Fig. 3. RMSE of time delays and DOA’s as a function of angular separation for linear FM signal,�� = 2.3Ts, 1 = 1, 2 = 0.7, M = 128,
and SNR= 20 dB. The solid and the dashed lines are the CRB for the joint estimation and for the DOA-only estimation, respectively. The “+”
represent the results of the iterative estimator.

Fig. 4. RMSE of time delays and DOA’s as a function of delay separation for linear FM signal,�� = 5�, 1 = 1, 2 = 0.3ej=3, M = 128, and
SNR = 20 dB. The solid and the dashed lines are the CRB for the joint estimation and for the DOA-only estimation, respectively. The “o” represent
the results of the iterative estimator.

delay between the signals was 1.1 . The reflection
coefficients were 1, the number of samples was

400, and the SNR was 20 dB. Fig. 6 presents the
RMSE obtained from 50 Monte Carlo runs for each angular
separation. One can see that the RMSE of the joint estimation
is smaller than the CRB for DOA-only estimation over all
angular separations and that the performance is very similar
to that presented for the linear FM signal in Fig. 3.

The number of iterations in most scenarios is between 5–15.
It should be noted that to avoid noise amplification in (29),
only the frequency bins for which is significantly
greater than the noise level are used. We have used a
threshold of 30 dB in all simulations.

VI. CONCLUDING REMARKS

We have presented a computationally efficient algorithm for
joint estimation of the time delays and directions-of-arrival

of overlapping reflections of a signal with known waveform.
The algorithm approximates the MLE and is iterative in
nature. At every iteration, the set of time delays and the set
of directions-of-arrival are estimated in parallel, using 1-D
maximizations. The initialization method is similar to that
of the AP method. The convergence of the algorithm was
demonstrated for typical communication and radar scenarios.
The resulted DOA accuracy was shown to be better than the
CRB on the DOA-only estimation, with the difference being
especially conspicuous for angular separation much smaller
than the beamwidth.

APPENDIX

THE CRAMER–RAO BOUND

In this Appendix, we derive the CRB for the joint estimation
problem. Specifically, we derive the elements of the Fisher
information matrix (FIM), whose inverse yields the CRB.
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Fig. 5. RMSE of time delays and DOA’s as a function of SNR for linear FM signal,�� = 5�, �� = 1.1Ts, andM = 128. The solid and the dashed lines
are the CRB for the joint estimation and for the DOA-only estimation, respectively. The “+” represent the results of the iterative estimator.

Fig. 6. RMSE of time delays and DOA’s as a function of angular separation for BPSK signal,�� = 1.1Ts, 1 = 2 = 1, M = 400, and SNR
= 20 dB. The solid and the dashed lines are the CRB for the joint estimation and for the DOA-only estimation, respectively. The “+” represent the
results of the iterative estimator.

From (2) and (7), the log likelihood function is given by

(A.1)

where

(A.2)

Now, by straightforward differentiation, we get

(A.3)

(A.4)

(A.5)

Similarly, denoting , we get

(A.6)

(A.7)

To evaluate the elements of FIM we need the following
easily verified identities whose proof can be found in [12].

(A.8)

(A.9)

(A.10)

(A.11)

where is the th component of , and is Kro-
necker’s delta.
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Using these identities, from (A.3), we get

(A.12)

and from (A.3), together with (A.4)–(A.7), we get

(A.13)

Similarly, from (A.5), we have

(A.13a)

Using the identities

where () and () denote the real and imaginary parts,
respectively, (A.13) becomes

which further simplifies to

(A.14)

Similarly, we obtain

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)
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These frequency domain expressions can be rewritten in the
time domain. Indeed, using the Parseval identity, we get

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

where

(A.34)

(A.35)

(A.36)

(A.37)
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