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Information Theoretic Adaptive Radar Waveform
Design for Multiple Extended Targets

Amir Leshem, Senior Member, IEEE, Oshri Naparstek, and Arye Nehorai, Fellow, IEEE

Abstract—In this paper, we use an information theoretic ap-
proach to design radar waveforms suitable for simultaneously
estimating and tracking parameters of multiple extended targets.
Our approach generalizes the information theoretic water-filling
approach of Bell to allow optimization for multiple targets si-
multaneously. Our paper has three main contributions. First,
we present a new information theoretic design criterion for a
single transmit waveform using a weighted linear sum of the
mutual informations between target radar signatures and the
corresponding received beams (given the transmitted waveforms).
We provide a family of design criteria that weight the various tar-
gets according to priorities. Then, we generalize the information
theoretic design criterion for designing multiple waveforms under
a joint power constraint when beamforming is used both at the
transmitter and the receiver. Finally, we provide a highly efficient
algorithm for optimizing the transmitted waveforms in the cases
of single waveform and multiple waveforms. We also provide
simulated experiments of both algorithms based on real targets
and comment on the generalization of the proposed technique for
other design criteria, e.g., the linearly weighted noncausal MMSE
design criterion.

I. INTRODUCTION

THE problem of radar waveform design is of funda-
mental importance in designing state-of-the-art radar

systems. The possibility to vary the transmitted signal on a
pulse-by-pulse basis opens the door to great enhancement in
estimation and detection capability as well as improved robust-
ness to jamming. Furthermore modern radars can detect and
track multiple targets simultaneously. Therefore, designing the
transmitted waveforms for detecting and estimating multiple
targets becomes a critical issue in radar waveform design.

Most of existing waveform design literature deals with de-
signs for a single target. One of the important tools in such de-
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signs is the use of information theoretic techniques. The pio-
neering work of Woodward and Davies [3] was the first to sug-
gest that information theoretic tools are important for the devel-
opment of radar receivers. Bell [4] was the first to propose using
the mutual information between a random extended target and
the received signal. His optimization led to a water-filling type
strategy.

Whereas waveform design literature concentrated on the es-
timation of a single target, modern radars treat multiple tar-
gets. Therefore, the development of design techniques for mul-
tiple targets is of critical importance to modern radar waveform
design.

Recently a great interest has emerged in MIMO radars, where
multiple transmit and receive antennas are used with large spa-
tial aperture to overcome target fading [5]–[11]. However, much
less has been done on MIMO waveform design. The only works
related specifically to waveform design in the MIMO context
are by Yang and Blum (see [12] and the references in there) and
De Maio and Lops [13]. Yang and Blum extended [4] by ap-
plying point-to-point MIMO communication theory to design
radar waveforms. Their solution leads to water-filling the power
over the spatial modes of the overall radar scene (channel). They
also showed that optimizing the noncausal MMSE and opti-
mizing the mutual information leads to identical results. How-
ever,one should note that by water-filling with respect to the spa-
tial modes, higher power is allocated to the stronger targets. This
approach is not always desirable, when tracking multiple tar-
gets. De Maio and Lops proposed design criterion for space time
codes for MIMO radars based on mutual information. They also
analyzed the detection probability of these techniques under the
statistical MIMO diversity model.

The approach proposed in this paper is different. We are inter-
ested in reception and transmission towards multiple extended
targets, by using the insights provided by multiuser information
theory [14] instead of the point-to-point MIMO approach. These
insights are applied here for the context of coherent phased array
receivers that are capable of transmitting independent signals
simultaneously, as well as for optimizing the waveform for ex-
tended targets that are separated in range. We assume high range
resolution and that the various extended targets are treated as
independent signals that need to be estimated. In the optimiza-
tion process we provide priorities through a set of priority vec-
tors. A linear combination of the mutual information between
each radar beam and its respective target is optimized. By as-
suming linear pre- and post-processing and an independent esti-
mation of the targets, we are able to reduce the waveform design
problem to a problem similar to that of the centralized dynamic
spectrum allocation in communication.
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The paper has three main contributions: First we extend Bell’s
results to the design of a single waveform for simultaneous esti-
mation and tracking of multiple targets using phased array tech-
niques at the receiver. This approach is then generalized to the
case of multiple transmit waveforms, where the transmitter em-
ploys beamforming as well. Finally, optimization algorithms are
proposed for both cases. For both single and multiple wave-
form design we show that using duality theory the problem
can be reduced to a search over a single parameter and parallel
low-dimensional optimization problems at each frequency. In-
terestingly even though the proposed design criterion for mul-
tiple waveforms are nonconvex, strong duality [15] still holds,
which allows us to solve the simpler dual problem. Finally, we
comment that the same observation enables optimization of a
weighted linear sum of the noncausal mean square error.

II. RADAR MODEL

In this section we provide several radar target and channel
models. We begin with target models, clutter and propaga-
tion and finish with phased array formulation and tracking
parameters.

A. Targets

Classical radar target models assume far-field point source
targets. This is indeed the case when the radar pulse is relatively
narrowband so that the range span of the target is well within a
single range cell. To better understand this assume that the base-
band radar pulse has bandwidth and that the transmitted
signal is given by

where is the carrier frequency. The echoes reflected from dif-
ferent points across the target form delays on the order

where is the range span of the target (this highly depends
on the target aspect angle). When the signal bandwidth is very
narrow so that the different delays can be modeled
as phase shifts, so that the reflection of the target is given by

where are the reflection coefficients. Based on this point
source model Swerling developed his celebrated target fluctu-
ation models [16]. Further statistical models for point targets
as well as their experimental verification have been proposed
by Xu and Huang [17] and DeMaio et al. [18]. In contrast to
these point source models, many modern radars are often ca-
pable of transmitting very wideband pulses or alternatively use
very wideband compressed signals. In this case delays across
the target are similar in nature to multipath propagation. This
results in a complex target impulse response. Some examples
of wide band responses of airplanes and missiles can be found
in [19], [20]. Under these conditions the targets are called ex-
tended targets, which are the focus of the current paper. Models
for such targets have been used, e.g., in [4]. Extended targets
naturally appear in imaging and high range resolution applica-
tions [21], [22] where the radar signal bandwidth is sufficiently

large so that the target is not contained in a single range cell.
Such target models were already described by Van Trees [23]
where they are termed range selective targets. Such targets typ-
ically have multiple reflection centers, each with independent
statistical behavior. The target impulse response (TIR) is there-
fore modeled as

(1)

where is the radial span of the target and is the
speed of light. are the individual reflection coefficients. These
coefficients can be modeled either deterministically or using the
extended Swerling models [16]. The temporal variability of
the target response is mainly determined by the speed of the
target and the carrier frequency. In general we can assume that
the target impulse response is either a deterministic function or
a random process defined between 0 and following the
distributed source models [24]. In this case, the reflected radar
signal is given by

(2)

where is the TIR and is the radar signal. Since the
targets have nontrivial impulse response, we can consider also
the target frequency response (TFR) given by

Fig. 7 depicts the time and frequency response of two (deter-
ministic) targets with dimensions of 10 m and 17 m, when re-
flecting an 80 MHz signal. We can clearly see (as expected) that
the larger target exhibits narrower frequency response.

For stochastic target models, we will be interested in the PSD
of the TIR which now becomes a stochastic process. Assuming
Swerling I,II [16] models for each reflection center, this sto-
chastic process becomes a Gaussian process. Whenever

the frequency response will be non trivial. However, sig-
nificant amplitude deviations will only appear for extended tar-
gets. Typically we will sample the frequency domain and as-
sume that is given at a set of equally spaced frequencies

.
When the targets are rapidly fluctuating we characterize them

by their PSD

B. Effect of the Clutter PSD

The clutter and interference power spectral densities (PSD)
can also be frequency selective even when the sources are flat
in frequency. In such cases we might also optimize the trans-
mitted waveform in frequency. When the interference is direc-
tional or narrow band the optimization for targets in different
azimuth cells might require different pulse shaping for each
target. It would also be desirable to allocate the power outside
the interference bandwidth. In such cases Information theory or
equivalently the Wiener filter theory suggests that optimizing
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the transmitted signal spectrum can improve the overall radar
performance. When all targets are point sources and clutter PSD
is colored our techniques reduce to the technique of Bell [4].

C. Free Space Propagation

For this paper we will assume free space propagation between
the radar and each target. This will amount to a factor of
multiplying the target impulse response, so that signal power
attenuation follows an law. In general we will integrate
this factor into the target frequency response.

D. Phased Arrays Transmit and Receive Beamforming

Our main interest in this paper is with phased arrays which
use both transmit and receive beamforming. We now provide
the basic model for transmit and receive beamforming for mul-
tiple targets. We can typically assume that the array manifold
is independent of frequency. This holds as long as the transmit
signal bandwidth is small relative to the carrier frequency. In
this section, we will maintain this assumption, but we will use
the more general formulation in the following sections. Assume
that we have a phased array radar capable of transmitting and re-
ceiving simultaneously beams. Each beam is characterized by
transmit beamforming vectors and receive
vectors . The baseband signals that
are transmitted over the respective beams are multiplied by the
transmit beamforming vectors and linearly combined to form
the baseband transmit vector

(3)

Let be the array manifold of the array towards direction .
The transmitted signal is reflected at a target with direction
and range is given by

(4)

where we neglect the free space attenuation across the target
(since ). The reflection of a target at direction
is received by the array as . Assuming
that we have targets with directions and ranges

we obtain that the received signal is given
by

(5)

To enhance the signal to noise ratio by suppressing directional
interference and other targets side-lobes we apply transmit
beamforming vectors to the received signal
resulting in

(6)

This is the standard way to decouple the estimation between
azimuth cell, since it greatly reduces the number of targets that

need to be estimated jointly. Using (5) and translating to the
frequency domain we now obtain

(7)

where is the th target frequency response. To simplify
notation from this point on we will assume that is
included in the target signature. When the targets are resolved
in range or in angle we can separate them in the time domain
or using receive beamforming, which means that only certain
range cells will include target information. This will imply that
each is subject to only receiver and clutter noise. When tar-
gets are partially overlapping both in range and angle (see, e.g.,
Gini et al. [25]) each beam contains residual interference from
other targets. In this case the noise PSD contains contributions
from other targets. The next step is a correlation of each
with to obtain the target impulse responses. These impulse
responses can be used to enhance the transmitted signal in the
next pulse. This can be done by using the targets PSD when
the target reflection centers (and therefore the target signature
PSD) exhibit pulse to pulse variations as in the Swerling type II
models or by using the latest estimate when the variations are
sufficiently small. The exact choice of the model depends on the
target velocity, radar carrier frequency and PRI or compressed
pulse duration.

Since the targets are selective in range, we also obtain that cer-
tain frequencies are more reflective. This implies that concen-
trating the transmitted power according to the target frequency
response is beneficial in terms of the information we obtain re-
garding the target signature.

E. Multitarget Tracking

Finally we discuss the tracking model, and its relationship
to the signal design problem. In general multitarget tracking is
a well established topic [26]. Our paper is not focused on the
tracking itself but rather on the adaptive design of the trans-
mitted waveform, based on the target parameters. Therefore, the
design will be affected by the following parameters.

1) The azimuth and range cells that include each target. These
influence the transmit and receive beamforming vectors.

2) Target motion during the time interval between pulses rel-
ative to the carrier wavelength. This parameter decides the
statistical model of choice for estimating the TIR. If the
motion is large compared to the wavelength then we can
use only target PSD as in the Swerling type II or IV, while
if the motion is small so that the local reflection environ-
ment can be considered static we can use the previous es-
timate of the TIR as a predictor for the next realization.

Since our main interest is in adaptive design of the pulse, we
shall assume a given estimate for these parameters, assume that
the transmit and receive beamforming vectors for each beam
are provided by the tracking system, and limit our interest to
the radar signal design problem. This is a reasonable approach
since the described parameters are provided by existing systems.
We will also assume that the radar control provides us priorities
with respect to the various targets to be tracked. These priorities
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are given by a vector of constants. The choice of these constant
is important. However, the relative priorities can be determined
from the overall SNR estimate of each target as well as its tem-
poral variability, which depends on the target speed. Typically
we would like to allocate higher priority to rapidly moving tar-
gets or weak targets that are harder to track.

III. LAGRANGE DUALITY THEORY

In this section we provide a short overview of the general and
convex optimization techniques used in this paper. A more de-
tailed overview can be found in [15]. We begin with the gen-
eral optimization problem, describe the basic Lagrange duality
theory, and then specialize to the monotropic and generalized
monotropic problems. We end up by describing a result of [27],
where it is shown that strong duality asymptotically holds in
nonconvex generalized monotropic problems, provided that a
certain frequency-sharing property holds. The general optimiza-
tion problem is given by

(8)

where . Typically we assume that the functions ,
and are continuously differentiable. This problem is compu-
tationally complicated and typically has many local minima.

An important case where the problem becomes tractable
is the convex case. In that case are all convex and

are linear equalities. The last decade has seen tremen-
dous advances in analyzing and solving convex problems,
and many such problems are now known to have polyno-
mial complexity algorithms. An important techniques that
can simplify optimization problems in general is the use of
Lagrange’s duality theory. The basic idea of the Lagrange
duality theory is to replace the constraints by a weighted
sum of the constraints. To that end, the Lagrangian function
is defined as follows. Let
and . Similarly let

and . The
Lagrangian is now given by

(9)

are referred to as Lagrange multipliers vectors for in-
equality and equality constraints, respectively. The dual
Lagrange function is defined by

(10)

The dual problem is defined by minimizing the dual Lagrange
function over the Lagrange multipliers:

(11)

Strong duality holds (equivalently we have zero duality gap)
when , where
are the solutions of the primal and dual problems, respectively.

In this case we can replace the primal problem with the dual,
which in many cases is much simpler to solve.

One important case where strong duality holds is the case of
the monotropic optimization problem [28]. A convex optimiza-
tion problem is monotropic if it is of the form

(12)

where . Rockafellar proved that monotropic
problems satisfy strong duality. Furthermore, in the monotropic
case when is large and the number of constraints is small the
problem is decoupled into parallel unconstrained optimization
problems inside a convex optimization for the Lagrange multi-
plies. This property is a key property for our design procedure.
Recently Bertsekas [29] generalized Rockafellar’s results to the
extended monotropic case where can be replaced by ,
which are disjoint multidimensional sub vectors of . We use the
following generalization of the extended monotropic problem.

Definition 1: A generalized monotropic optimization is an
optimization problem of the form

(13)

where are not necessarily convex and the s are disjoint
sub-vectors of .

While the monotropic programming problems will be useful
in the case of designing a single waveform for multiple spatially
resolved targets, we would like to be able to use Lagrange du-
ality in the generalized monotropic case as well. The following
definition of [27] is important.

Definition 2: A generalized monotropic optimization func-
tion has the time-sharing property if the following holds: For
every the following holds: If and are the optimal
values of (13) with constraints and , respec-
tively, then there is a vector such that
and .

If the target functions are slowly varying between adjacent
s, then the time-sharing property holds. In [27] it is shown that

when the time sharing property holds then we have a duality
gap converging to zero. We will show that our problem is sim-
ilar in nature to the problem of centralized spectrum allocation
in wireline communication, treated in [30], [27]. Therefore, we
will be able to apply Lagrange duality theory to our nonconvex
problem.

IV. INFORMATION THEORETIC APPROACH

TO WAVEFORM DESIGN

In this section, we extend the waveform design paradigm of
Bell [4] to the case of multiple radar transmitters and receivers.
The section is divided into three parts: after a brief review of
the result of [4] we analyze the case of single waveform design
for spatially resolved targets. This is interesting when the trans-
mitter is simple, e.g., in bi-static radar situations. We end up with
generalization of our approach to the case of multiple transmit
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waveforms, each optimized for a specific target. In order to
study the trade-off between various radar receivers, we use a
linear convex combination of the mutual information between
the targets and the received signal at each receiver beam ori-
ented at that specific target.

A. Design of a Single Waveform for a Single Target

We begin with a brief overview of Bell’s information theo-
retic approach to the waveform design problem. In this paper
we limit ourselves to the case of estimation waveforms for ex-
tended targets as described in [4]. We assume that the targets are
acting on the transmitted waveform as a random, linear, time-in-
variant system with discrete time frequency response taken from
a Gaussian ensemble with known PSD. Denote by

the target’s radar signature and by
its PSD at frequency . As noted in [4], an extension for the
delay-Doppler case is possible, but it complicates the formula-
tion. A realization of the received signal is given by

(14)

where are respectively the discrete time waveform
and clutter at frequency , and is the number of frequency
sub-bands. Under our assumptions and assuming complex en-
velope signaling over a sufficiently narrowband division of the
transmit bandwidth, the mutual information between the target
frequency response and the received signal at frequency is
given by

(15)

where is the clutter PSD at frequency , and is the
bandwidth used. The total mutual information between target
frequency response and received signal is now given by

(16)

Bell [4] proved that a water-filling strategy is required to max-
imize the mutual information, where the transmit PSD is given
by

(17)

and is a constant chosen so that the total power constraint is
met. It is interesting to note that unlike the usual communication
problem, the waveform design is similar to the optimization of
a communication channel for a given signal family rather than
the optimization of the signal to achieve capacity.

Note that since the target signature is the desired Gaussian
signal, we have no limitation on the distribution of , and
the phase can be chosen arbitrarily. This means that we can use
almost constant amplitude, by proper frequency scanning using
a linear sum of properly delayed and windowed complex expo-
nentials with durations proportional to the amplitude .
This results in nonlinearly frequency scanned CW signal.

B. Designing a Single Transmit Waveform for Multiple
Resolved Targets

We now turn to the case of multiple targets. We use a similar
approach to [4], where the mutual information is the basis for the
waveform design. Moreover, similar to the notion of rate region
of the broadcast channel that has been solved recently we look
at the waveform design problem as a broadcast channel design
problem, where the signaling is given and we are free to choose
our optimal channel under total power constraint. We assume
a single transmit waveform and multiple receive elements that
are used for reception of the multiple targets. Following [4],
we assume that targets are taken from a Gaussian ensemble
with a priori known power spectral densities. In this paper we
assume that is known. Estimating the number of targets is
well treated problem. The PSD of the th target at frequency
is given by . We also assume a total power constraint on
the transmitted signal, i.e.,

(18)

The received signal for the th beam at frequency in complex-
envelope form can be described as

(19)

where is the array response towards direction
is frequency response of the th target at frequency

is the beamformer vector of the th beam at fre-
quency and is the total received noise at frequency

. The analysis described can be applied to any beamforming
techniques underlying the radar operation, e.g., zero forcing,
MVDR, SMI, LCMV, GSC, or derivative-constrained beam-
forming [31]. Furthermore, we can generalize it to targets that
are separated in range, by jointly processing different targets at
different ranges. It is important to note that since the targets are
extended and we deal with tracking scenario, that the targets
have been detected, and range cells that include the same target
have been identified. We also assume that all received beams
are known to the radar processing unit. Since the transmitted
waveforms are deterministic and the target response is assumed
Gaussian, we determine that the mutual information between
the received signal and the th target radar signature is given by

(20)

where we define

(21)

(22)
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to be the complex beam gain of the th beam towards the th
target. Since we assume that the targets are spatially resolved
by a linear receive beamformer, all the information for a single
target is captured by .

Integrating over all frequencies, we obtain that for each target
the mutual information of the target and the received beam is
given by

(23)

where and is the
power density allocation at frequency . It is important to un-
derstand that this type of design does not constrain the phase of
the signal; therefore it opens the way to incorporating other con-
straints on the transmitted signal, such as low peak to average.

We define the array gain by

(24)

There are two limiting cases. The first is when the array gain
for each target is sufficiently large so that the received beam
contains only the desired signal and the Gaussian noise of the
clutter. The second is when the main interference is caused by
other targets inside the field of view. In the latter case the gain
in designing the signal is less substantial, since the expression
in the denominator is dominated by a term that is linear in the
waveform, and therefore the waveform is canceled as long as
the signal-to-noise ratio of all targets is positive. Therefore, we
shall assume that the array gain is sufficient for suppressing in-
terfering targets. In this case, we would like to maximize for
each

(25)

Note, however, that for each target we have a different cost func-
tion, and a waveform that is good for one beam is not necessarily
good for another. This situation is equivalent to the concept of
rate region in multiuser communication, where a single node
transmits simultaneously to independent nodes. To overcome
this, we can try to find all -tuples of mutual information be-
tween targets and their respective beams. To that end, we define
the linearly weighted sum of mutual information by

(26)

where is a vector of positive weights and
. Our waveform design problem with weight vector

can now be formulated as

(27)

or more explicitly

(28)

where is a -dimensional vector of all ones.
In the next section we will describe an algorithm to perform the
optimization problem (28).

The choice of is an interesting problem related to the dy-
namic management of radar resources and target prioritization.
We will not pursue this issue here.

C. Design of Multiple Waveforms for Multiple Targets

We now extend our work to the design of multiple waveforms
suitable for simultaneously estimating multiple targets under a
joint total power constraint. This case is important when targets
partially overlap both in azimuth and range. Previous work on
MIMO radar waveform design [12] put all targets into one large
channel matrix, similar to the point-to-point MIMO model. This
method leads to water-filling over the eigen modes of the spatio-
temporal channel matrix. Instead, we design jointly multiple
transmit and receive pairs of beamforming vectors, each suit-
able for estimating one target in the presence of the other target
reflections as interference. We also allow for prioritization of
targets according to an external design vector that weights the
various target cost functions. This method can improve perfor-
mance over [12], since we are able to allocate more power to
targets of interest, even if they are observed only through weak
modes of the total channel matrix. Intuitively one can think of
our approach as a rate region corresponding to rates of infor-
mation we observe on various targets. We limit ourselves to
linear transmit receive beamforming, since the common prac-
tice in phased array radars is to perform linear processing. Fur-
thermore, the complete rate region of interference channels is
unknown even in the Gaussian noise case. However, since tar-
gets are modeled as Gaussian random vectors in this case, we
will show in Section V that we can approximate the intractable
optimization problem by a separable dual optimization problem
with single Lagrange multiplier.

We begin by revising the received signal model. Assume
that an array with elements transmits simultaneously many
waveforms. The transmitted signal at frequency is given by

(29)

where are the beamformer coefficients for the th
waveform designed for the th target at frequency , and

is the corresponding waveform at frequency . We
assume channel reciprocity; i.e., if the receive steering vector is

, then the transmitted signal arrives at the target with
channels . The signal reflected from the th target
having signature is therefore
given by

(30)
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for (note that we have used index to enumerate
the transmitted waveforms, , since is reserved
for the target). Hence, the received signal at the array is given
by

(31)

where

(32)

and is the rank-one matrix given by

(33)

As before, assume that a beamformer is used to re-
ceive the th target, resulting in

(34)

where is the received noise and clutter
component of the th beam. To obtain the mutual information
between the th received beam and the th target we rewrite (34)
as

(35)

Also

(36)

Therefore, we can separate the signals reflected from the th
target from the other background signals. To that end, let the
signal reflected from the th target be denoted by

(37)

while the noise component at the th beam is given by

(38)

We assume that the radar allocates a beam towards each target
and does not perform nonlinear processing jointly on the re-
ceived beams for different s, since this would lead to an

infeasible receiver. Therefore, the mutual information between
the th beam and the th target at frequency is now given by

(39)

Let

(40)

be the total mutual information between th beam and
th target, where and

are the received signals using
the th received beam and the th target signature, respectively.
Let be the signal waveform samples
directed towards the th target. Let

be the complete spatio-temporal waveform matrix, and let
. The multiple waveform design problem is now given by

(41)

where is the target priority vector. This
problem is highly nonlinear in the complex waveforms . Fur-
thermore, it involves cross-correlations between the waveforms,
and therefore phase information plays an important role. Hence,
we need to design not only the waveform spectrum, but, the
complete complex envelope. The dependence on the phase will
have a secondary drawback, since we will not be able to reduce
the peak to average of the overall transmitted waveform by prop-
erly choosing the waveform phase. However, we will show that
in the typical scenario of multiple beams in a large phased array
this problem can be approximated by a simpler spectrum design
problem.

To conclude the discussion regarding the optimization cost
function, we shall comment on the design of the beamformers

. There are two approaches to this design. The
first employs fixed transmit beams based on classical beam-
formers. For large arrays typical to phased array radars, this
might be sufficient and simple to implement. The receive beams
can be easily adapted and will always use an approach similar to
MVDR or GSC. The second approach relies on ideas of adap-
tive transmit beams, exploiting channel state information at the
transmitter; i.e., knowledge regarding the locations of the tar-
gets can be used to transmit orthogonal beams such that only
the illumination of a specific target is received by the adaptive
beamformer. This is similar to zero-forcing precoders in MIMO
wireless communication. However because of space limitations,
these issues will not be discussed further in this paper.
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V. WAVEFORM OPTIMIZATION FOR

SINGLE AND MULTIPLE TARGETS

In this section we discuss the computational aspects of the
waveform design problem. In a similar fashion to the previous
section, we split our discussion into single and multiple wave-
form designs, since both of these cases are of practical interest.

A. Optimizing a Single Waveform for Multiple Targets

We now turn to the numerical solution of (28). We note that
each of the terms in the sum is a concave function of the signal
power at the relevant frequency. Therefore, since all the coef-
ficients are positive, the cost function is also concave.
Furthermore, the constraint is linear; hence this can be posed as
a convex optimization by translating the problem to

(42)

The convex nature of the problem enables us to use the Lagrange
duality [15]. Writing the Lagrangian of the problem we obtain

(43)

The Lagrangian dual function is now given by

(44)

Since the problem is a monotropic programming problem, we
have a zero duality gap [28], which means that the solution to
the dual problem

(45)

or more explicitly

(46)

achieves the same optimal value as the primal problem. Further-
more, following the KKT conditions, the solution to the primal
problem is given by the vector , which minimizes the La-
grangian for the optimal solving the dual problem.

Furthermore, note that the Lagrangian can be written as

(47)

where

(48)

Therefore, given , the optimal value of minimizing the dual
Lagrangian function is computed coordinate-wise across fre-
quencies, transforming (46) into parallel one-dimensional
problems

(49)

Hence, we have divided the high-dimensional problem into an
unconstrained search over the Lagrange multiplier and multiple
one-dimensional unconstrained optimization problems for each
frequency in order to evaluate the dual Lagrange function. Fur-
thermore, since is determined by the total power constraint, it
can be evaluated very efficiently using a bisection method that
has an exponential convergence. This is done by noting that in-
creasing reduces all , since large values of increase the
Lagrangian. We begin with , and if the total power con-
straint is not met we increase until we find a feasible solution.
This is computationally very attractive.

Finally, we provide the KKT conditions relating each to .
This can be used in solving the parallel one-dimensional prob-
lems. To simplify notation let

The Lagrangian is now given by

(50)

The KKT condition now implies that

(51)

Therefore, for each

(52)

Note that the left-hand side is monotonically decreasing in .
Therefore, increasing will reduce and we can use bisection
to solve for . Furthermore, the allocation of each given
can also be computed using (52).

B. MIMO Waveform Optimization for Multiple Targets

The optimization problem in (41) is highly nonlinear in
all variables and depends also on the correlation between the
various waveforms , so we cannot optimize just the power
spectral density. This would lead to a completely intractable
optimization problem. However, both transmit and receive
beamformers are directed towards specific targets, and possibly
nulling other targets. Therefore, the following approximations
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hold:

(53)

To provide more insight into (53), we show that it holds in two
typical cases. First, assume that the array is sufficiently large
such that . This is typical for systems with hundreds (or
thousands) of elements capable of tracking up to several tens of
targets. In this case, the energy gain in the main beam of a clas-
sical beamformer (with proper windowing) is much higher than
the side-lobes. Furthermore, if the radar uses the equivalent of
zero-forcing beamforming in the transmit direction, we obtain
that each beam is orthogonal to the unintended targets; i.e., force

for , and each waveform is reflected only by
its intended target (when , this causes minor degrada-
tion). With large arrays, this would cause a minor reduction of
the number of degrees of freedom. Similar considerations can
hold for the receive beamformer. When applying a MMSE type
of beamformer, this would also hold, unless the Gaussian noise
were stronger than the interference, in which case we can ne-
glect the contribution of the targets altogether. Therefore, using
approximation (53), the mutual information (40) now becomes

(54)

where

(55)

where is the power allocation for the
th target,

is the total power allocation matrix, and . The con-
stants are defined by

and include all the prior information regarding the target signa-
tures and the channels.

The problem (41) can now be simplified to

(56)

To solve the multiple waveform design problem, we should
note that unlike problem (28), (56) is a generalized monotropic
optimization problem, since of (55) is not a
concave function. However, we can show that the time-sharing
property holds for (41). This is because adjacent values of
depend continuously on the channel and target coefficients.
Assuming that both beamformer and target PSD are con-
tinuous functions of frequency, the argument of [27] yields
the time-sharing property by using frequency sharing of the
solutions. To that end, assume that all transfer functions are
sufficiently smooth, so that across each bin all these functions
are approximately constant. By performing frequency sharing
of the two solutions (i.e., divide the bin into and and
allocate the power in the first part of each sub-bin according to
the solution to the problem with power constraint ) and in the
second sub-bin according to the solution to the problem with
power constraint , we obtain a solution with power constraint

. This frequency-sharing solution can be
arbitrarily close to . Finally, we
rely on the continuity of the optimal solution to show that by
sufficiently fine division, we can indeed use frequency sharing
by increasing the number of variables. Therefore, we have an
asymptotically zero duality gap (in the number of frequency
bins)1. On the practical side, one should note that any case
solving the dual problems, termed Lagrange relaxation, leads
to good suboptimal solutions to the original problem in many
cases of interest.

Applying duality theory can now greatly simplify the opti-
mization. In a similar fashion to (44), we obtain that the La-
grangian dual function is now given by

(57)

The Lagrangian function can now be decoupled into sub-La-
grangians

(58)

where

(59)

The dual problem now becomes

(60)

Note that unlike the case of a single waveform, we will have
multidimensional parallel optimization problems. However, this
problem has two significant simplifications: The dimension of

1The nonasymptotic problem is NP-hard [32]
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TABLE I
WAVEFORM DESIGN ALGORITHM

each problem is much smaller than the typical number of fre-
quency bins. Second, the problem is unconstrained, which is a
major simplification in the nonconvex problem.

The algorithm is described in Table I.

VI. SIMULATIONS

In this section we simulate both algorithms proposed in this
paper. We begin by optimizing a single waveform for multiple
targets separated in range and continue to simulate the multi
waveform optimization. As we have mentioned, this paper deals
solely with the waveform design step, so it is assumed that
beamformers towards the targets are already known, based on
the a priori known direction information. In all simulations we
have used a linear phased array with ten elements.

A. Optimizing a Single Waveform for Multiple Targets

In the first set of simulations we assumed that a single wave-
form is transmitted by 10 elements array of directional antennas
with effective aperture of 3m each. The targets were in the same
azimuth cell of 90 but resolved in range. Total transmit power
was 3 kW, Carrier frequency was 8 GHz and the total bandwidth
was 80 MHz. The number of frequency bins was 100. The re-
ceive beamformer was an MVDR-based beamformer. We have
used two radar signatures that are simplified versions of pub-
lished radar signatures: The radar signature of the SR-71 [22]

Fig. 1. Radar response of an SR-71 airplane.

Fig. 2. Radar response of a missile.

which has dimension of 17 m and 5 significant reflection cen-
ters and of a missile of length 10 m [33] with 4 significant re-
flection centers. These signatures (time domain and frequency
domain) are depicted in Figs. 1 and 2. We varied both the design
parameter between 0 and 1 and the targets location. The mis-
sile was located at distance of 12 Km and the aircraft location
was at 20 km. Fig. 3 depicts the designed waveforms for various
values of the priority parameter . Figs. 4 and 5 presents the re-
ceived PSD of the transmitted waveform of the SR-71 and the
missile respectively, for various values of . Due to the smaller
physical dimension of the missile there is a clear preference for
putting the power into the lower frequencies. However, prop-
erly choosing the design parameter yields graceful transition be-
tween the design according to the missile PSD and the airplane
PSD. We can clearly see in Fig. 3 that choosing pro-
vides almost ideal main-lobe as required by the missile, while
significantly increasing the power in the right and left lobes of
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Fig. 3. Transmit PSD for various values of �. Airplane at 20 Km, missile at 12
km.

Fig. 4. Received PSD for the SR71 at 20 km (missile at 12 km).

the PSD. It is interesting to notice that all designs have certain
frequencies that are not used. This is caused by the distractive
interference between reflections at these frequencies.

Finally we demonstrate the tradeoffs between targets and the
advantages of pulse shaping over flat PSD transmission. Fig. 6
depicts the information of the two targets as a function of the
design parameter for the two cases described above. For com-
parison we provide the information pairs for flat PSD with the
same total power over the band of 80 MHz. We can clearly see
that in both cases using flat PSD leads to significant degrada-
tion in mutual information regarding each target. The mutual
information between the weak target and the received signal is
20%–50% higher than when no shaping is used, depending on
the chosen priority parameter.

B. Optimizing Multiple Waveforms for Multiple Targets

In the second set of simulations, we assumed that two wave-
forms are transmitted by an omni-directional equispaced linear

Fig. 5. Received PSD for the missile at 12 km (SR71 at 20 km).

Fig. 6. Information region, for missile at 12 km and SR-71 at 10 and 20 km.

phased array with 10 elements ( spacing) and received by
the same array. The target directions were 70 and 70.5 in the
first experiment and 70 and 73 , respectively, in the second.
The number of frequency bins was 100. The receive beamformer
used was an MVDR-based beamformer, and the transmit beam-
formers were classical beamformers directed towards the tar-
gets. Target signatures were Gaussians corresponding to targets
of length 17 m and 10 m, respectively, as shown in Fig. 7. Wave-
forms bandwidth was 80 MHz. The priorities used in the first
simulation were , while in the second simu-
lation we used . In both simulations we gave
the higher priority to the weaker target. We observe two inter-
esting cases. When interference between targets dominates the
Gaussian noise and clutter the algorithm prefers to shape the
signals such that targets are separated in frequency. However,
when interference is moderate or weak, the two transmit PSDs
partially overlap. The conclusion is that even when using high
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Fig. 7. Gaussian modeled target responses for 17 m and 10 m long targets.

Fig. 8. Transmit PSD for strong interference.

range resolution, it might be advisable to match the transmitted
waveforms to the targets. In cases of highly unresolved targets
which create strong mutual interference, it is better to separate
the waveforms in the frequency domain.

In the first experiment the distance of the targets was chosen
such that both targets are received with high SNR across the
band. In this case the limiting factor is the interference from the
other target. Fig. 8 presents the transmit PSD for both targets.
We can see that the algorithm allocated different frequencies to
the different targets. Fig. 9 provides the explanation. Indeed the
SNR for each target is limited by the signal from the other target,
so FDM provides a good solution, for enhancing the SINR.

In the second experiment the two targets had higher spatial
separation and the SNR was lower. Fig. 10 shows the trans-
mitted PSD for both targets. In this example unlike the previous
one we can see that the algorithm transmits using partially over-
lapping spectra. In this case the targets do not interfere strongly

Fig. 9. Received waveform and interference PSD. Strong interference.

Fig. 10. Transmitted PSD for separated targets. Weak interference.

with each other. This implies that the algorithm can transmit for
both targets in the frequencies where their SINR is high even if
the frequencies are overlapping, without losing information due
to interference between the targets.

Finally we have studied the information region of the two
targets and compared to the case where no spectral shaping is
applied to the transmitted pulse. The results are presented in
Fig. 11. Using flat spectrum causes a loss of 100% for the weak
target compared to the case where the design is according to
the weak target profile. However choosing leads to
performance enhancement of 33% for both targets.

VII. CONCLUSIONS AND EXTENSIONS

In this paper, we have shown that radar waveform design for
multiple target estimation can be accomplished using a linear
combination of mutual information between each target signal
and the related received beam. Contrary to previous approaches
to MIMO radar, we allow target weighting, by using the analogy
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Fig. 11. Information region, for two extended targets.

of multiuser information theory instead of the point-to-point
MIMO model. We then devised a computationally efficient al-
gorithm for solving the problem in the case of a single wave-
form as well multiple waveforms. We note that similar results
can be obtained for the noncausal MMSE design, since in that
case the time-sharing property also holds. Finally, a more de-
tailed version of this work including further simulation exam-
ples and more detailed discussion is available by request from
the authors [34].
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