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ABSTRACT

In this paper we study the capacity of multipair DSL
systems limited by near end crosstalk. We begin by
developing a statistical model for cross spectral ma-
trices of the multipair crosstalk. We then compute
the capacity for multiple Gaussian interfering signals
based on some simplified analytic models. We analyze
two specific cases where the number of disturbers is
small and large. We also provide some analysis using
measured data to demonstrate the gain in coordinating
large number of pairs.
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1. INTRODUCTION

In this paper we study the capacity of multichannel
DSL systems. Currently deployed multichannel DSL
systems such as two pairs T1 use identical transmis-
sion rates on both pairs as well as suboptimal modu-
lation that does not exploit the spatial dimension of
the transmission properly. Other systems such as the
gigabit Ethernet use crosstalk cancellation techniques
assuming that all crosstalk is self crosstalk generated
by the transmission system using all pairs in the CAT
5 cable. The capacity of a single twisted pair channel
has been thoroughly studied during the years [1],[2],[3].
While many papers deal with modeling of crosstalk in
the multichannel case e.g., [4] or with interference can-
cellation techniques no study of multichannel capacity
has been done. In this paper we develop a framework
for treating noise in multipair copper line channels us-
ing previously derived empirical distribution. We limit
the scope to near end crosstalk which is the dominating
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noise in symmetric DSL systems. A subsequent paper
will deal with far end crosstalk.

2. SIGNAL MODEL

In this section we describe the signals and the noise
models that appear in multichannel DSL transmission.
We use the model of [5], adapted to various types of
binders. We begin with a single channel statistical
characterization of NEXT. We then generalize it to a
multidimensional statistical model that enables us to
estimate the capacity of the multidimensional system
capacity. Finally, we incorporate physical properties
of the binder to obtain a model that is valid for large
number of pairs.

2.1. Signal model

Assume that we have a binder consisting of P twisted
pairs. typical binders include 25,28, 50 or 100 pairs.
Assume that a system coordinating the transmission
of p pairs numbered i1, . . . , ip out of the P pairs is
operating in the binder. Assume that simultaneously
L other pairs n1, . . . , nl are used by alien systems not
coordinated with the system under consideration. We
further assume that all systems operate using the same
frequency allocation which is overlapping between up-
stream and downstream. Therefore the dominating im-
pairment is the near end cross-talk (NEXT) generated
by the transmitters co-located with the receiver [6].
The received signal at pairs i1, . . . , ip can be written
as

xi(t) = hi ∗ si(t)+
∑p

k=1 gi,ik
∗ rik

(t)+∑L
l=1 gi,nl

∗ rnl
(t) + νi(t)

(1)

where hi is the i’th pair channel impulse response, gi,k

are the NEXT transfer functions from pair k to pair i,
νk(t) is zero mean circularly symmetric additive white
Gaussian noise with covariance matrix E (νν∗)) = σ2I



(typically the AWGN power is assumed to be -140 dBm/Hz
in DSL applications). Since the p pairs are coordinated
we can assume that self NEXT is cancelled using echo-
cancellation techniques using the transmitted signals
and thus the middle term in (1) disappears. This re-
duces (1) to

xi(t) = hi ∗ si(t) +
∑L

l=1 gi,nl
∗ rnl

(t) + νi(t) (2)

translating to the frequency domain we obtain that

xi(f) = hi(f)si(f) +
∑L

l=1 gi,nl
(f)rnl

(f) + νi(f)
(3)

In vector form we can represent the received signal by

x(f) = H(f)s(f) + G(f)r(f) + ν(f) (4)

where

H(f) =

 h11(f) 0
. . .

0 hpp(f)


is the channel frequency response ignoring far end crosstalk
(which would consist of off-diagonal elements), s(f) =
[s1(f), . . . , sp(f)], r(f) = [r1(f), . . . , rL(f)] are the fre-
quency domain repesentatrions of the signals transmit-
ted by the system and the alien NEXT signals, and

G(f) =

 gi1,n1(f) · · · gi1,nL
(f)

...
. . .

...
gip,n1(f) gip,nL

(f)


is a p × L matrix of the crosstalk coupling response
towards the pairs of the system. Also denote the l’th
column of G(f) by gl(f).

3. THE DISTRIBUTION OF THE
RECEIVED NOISE COVARIANCE MATRIX

In this section we analyze the distribution of the noise
covariance matrix in a multipair system. To describe
the statistical properties of the pair to pair NEXT cou-
pling we follow the analysis of [5]. This analysis is based
on large amount of experimental data and is consistent
with other important empirical characterization e.g.,
[7], [8]. The power distribution of the NEXT coupling
function is modeled by a log-normal distribution with
frequency dependent mean

µp(f) = −165.4 + 15 log(f) (5)

and constant variance ν2 = 9.2 dB, where f is mea-
sured in Hz. Therefore the amplitude is log-normal
distributed with mean

µa(f) = −82.7 + 7.5 log(f) (6)

and ν2 = 4.6 dB. Furthermore we can assume that the
phase is uniform in [−π, π) Similarly for real signals we
can take the phase to be ±1.

3.0.1. Multichannel NEXT distribution

We now generalize the log-normal model to the mul-
tidimensional case. Since the NEXT can be modeled
as Gaussian we need only characterize the statistical
distribution of the crosstalk channel in order to char-
acterize the distribution of the capacity. The situation
is similar to fading channels where the channel response
exhibits statistical behavior. However in our case the
channel is stationary during the entire transmission.
Once crosstalk coupling realization has been chosen it
is fixed. A second difference is that the variation is of
the noise response rather than of the channel itself. The
attenuation of copper lines is very stable and is very
similar for various pairs in the same binder. However
the crosstalk channels between various pairs are quite
random due to twisting density of the various pairs and
to location of the given pairs. In this situation we will
show that correlation of the coupling functions actually
increases capacity, since it enables better estimation of
the noise process. To summarize the above discussion
the noise covariance matrix

Rnn(f) = Pnext(f)G(f)G∗(f))+σ2I =
L∑

l=1

gl(f)g∗l (f)+σ2I

(7)
where Pnext(f) is the power spectral density of the
NEXT disturbers. The components of each gl(f) are
correlated log-normal random variables with mean and
variance defined in (6). Therefore

10 log10 ((gl(f))i) ∼ N(µa(f), ν2) (8)

Furthermore we have [4]

ḡl(f) = E(|(gl(f))i|2) = Knextf
3/2. (9)

4. THE CAPACITY OF MULTIPAIR
SYSTEMS

It has been demonstrated experimentally by Kerpez
[9] that the alien crosstalk can be modeled as colored
Gaussian where the color mainly stems from the crosstalk
channel response. Moreover in typical DSL deployment
scenario the transmission is limited by a power spectral
density mask P (f) and not by total power. Therefore
for any specific realization of the channel the capacity



of the system is given by [10]:

C =
∫

B

log2 det
(
I + R− 1

2
nn (f)H(f)Rss(f)H∗(f)R− 1

2
nn (f)

)
df

(10)
where B is the transmission bandwidth, H(f) is the
diagonal matrix representing the channel frequency re-
sponse at frequency f and Rnn is the noise and crosstalk
covariance matrix given by:

Rnn = Pnext(f)G(f)G∗(f) + σ2I.

As we have exlained the transmit power on each line is
limited by a mask P (f) and therefore Rss(f) = P (f)I.
The variation of the channel response is neglible and
thus equation(10) is reduced to

C =
∫

B

log2 det
(
I + P (f)|h(f)|2R−1

nn

)
df (11)

where h(f) ≈ e−α
√

f is a typical line attenuation at
frequency f and P (f) is the transmission PSD mask.
Using eigen-decomposition of the noise covariance ma-
trix:

Rnn(f) = Pnext(f)
p∑

i=1

λi(f)u(f)u∗(f)

we obtain that

C =
∫

B

p∑
i=1

(
log2

(
1 + λi(f)−1P (f)|h(f)|2

))
df (12)

where λ1(f) ≥ . . . ≥ λp(f) are the eigenvalues of Rnn(f).
We are now in a position to provide some insight

into the performance of multichannel DSL systems. First
we look at the case of few dominating interferers. This
is typical in certain cases where imperfect connectors
cause stronger NEXT on few lines [8],[11]. In this case
we assume that L < p. Therefore the noise covariance
matrix is given by

Rnn(f) = σ2I +
L∑

l=1

Pnext(f)gl(f)g∗l (f) (13)

where gl(f) =
[
gi1l, . . . , gipl

]T is the l’th column of
G(f). Since the NEXT is confined in a low dimensional
space we obtain that the lowest eigenvalue is σ2 with
multiplicity p−L. In this case the capacity is given by

C = (p− L)
∫

B
log2(1 + e−α

√
f P (f)

σ2 )df+∑L
l=1

∫
B

(
log2

(
1 + e−α

√
f P (f)

λi(f)+σ2

))
df

(14)

Since we assume that the NEXT is much stronger than
the additive Gaussian noise, λi >> σ2 for 1 ≤ i ≤ L

and therefore P (f)
σ2 >> P (f)

λi(f)+σ2 . Hence the capacity is
basically p−L times the capacity of a line with AWGN.
In this case the capacity gain is most substantial as we
obtain several crosstalk free lines.

We now turn to the other case where p << L. This
is typical in very large central office based installations
where tens or even hundreds of lines are fed together.
In this case the noise covariance matrix is given by (7).
Neglecting the AWGN since the NEXT power is dom-
inating and using the central limit theorem we obtain
that

Rnn(f) ≡ Pnext(f)|ḡ(f)|2Λ = KnextPnext(f)f3/2Λ
(15)

where Λ is the noise correlation matrix given by

Λ =

 ρ11 · · · ρ1p

...
...

ρp1 · · · ρpp

 (16)

where

ρlm =
En [glng∗mn]√

En|gln|2En|gmn|2

is the correlation coefficient between the crosstalk cou-
pling functions over the pairs il, im averaged over all
possible values of interfering pair n.

To demonstrate the use of equations (15),(16) we
analyze a special case when the number of crosstalkers
is smaller than the number of coordinated pairs. In this
case the capacity is large due to the sufficient degrees of
freedom necessary to supress interference. The second
is when crosstalk has constant correlation coefficient
between any two pairs of the system. This case rep-
resents an average case of randomly chosen pairs. We
model the crosstalk coupling correlation by the matrix

Λ =


1 ρ · · · ρ

ρ
. . . . . .

...
...

. . . . . . ρ

ρ · · · ρ 1

 (17)

Lemma 4.1 The eigenvalues of Λ, λk are given by

λ0 = 1 + (p− 1)ρ
λ1 = . . . = λp−1 = 1− ρ

(18)

Proof: The matrix Λ in (17) is circulant. Therefore
its eigenvalues are given by the DFT of the generat-
ing vector [1, ρ, · · · , ρ]T . Straightforward computation



yields:

λk = 1 + ρ

p∑
l=1

e−j 2πkl
p (19)

If k = 0 we obtain λ0 = 1 + (p − 1)ρ. Otherwise we
have

p∑
l=1

e−j 2πkl
p = −1 +

p∑
l=0

e−j 2πkl
p = −1

and therefore for k > 0 λk = 1− ρ.
Assuming that the NEXT interferers have PSD iden-

tical to the victim line PSD we obtain that the signal
to noise ratio in the presence of a single interferer is
given by

SNR1(f) =
|h(f)|2

Knextf3/2

where Knext is a normalization constant determined
experimentally. Substituting into (12) we obtain that
the total capacity of the system is

C = (p− 1)
∫

B
log2

(
1 + 1

L(1−ρ)SNR1(f)
)

df+∫
B

log2

(
1 + 1

L(1+(p−1)ρ)SNR1(f)
)

df

(20)
Following [1] we assume that Pnext(f) = P (f) and

we end up with the following bound for capacity

C ≥ p

[
B log2(

1

Knext
)− 2

3αB3/2 − 3
2B(log2(B)− 1)

]
−

−B(p− 1) log2(1− ρ)−B log2(1 + (p− 1)ρ))
(21)

This expression is indeed very satisfying as it shows
the contribution of the NEXT coupling correlation to
the capacity. Figure 1 presents the additional spectral
efficiency due to the crosstalk coupling as a function of
the correlation coefficient ρ for p = 2, 4, 8.

5. THE CAPACITY OF MULTICHANNEL
SYSTEMS USING REAL DATA

We now describe several experimental results using mea-
sured NEXT channels. We have used a set of binder
meaurements published by Telcordia [12] for full binder
crosstalk coupling functions. Based on these measured
crosstalk function (which are length independent) we
have used the ITU-T loop model to generate a 26 AWG
transfer function for loop of length 10.3 kft. In our
simulations we have assumed that all systems in the
binder use the SHDSL PSD mask for symbol rate of
768 kbaud. The AWGN was assumed to have PSD of
-140 dBm/Hz. We assumed that a coordinated system

Figure 1: Additional capacity due to coupling correla-
tion.

with 8 channels has been transmitting while L other
alien interferers existed in the binder, where L assumed
vakues of 0, 1, 2, 4, 8, 12. For each configurtation 100 in-
dependent trials have been performed and the capacity
CDF has been ploted. The results are depicted in figure
2. We have repeated the experiment with 12 channels
in the coordinated system and up to 10 alien channels.
The results are depicted in figure 3. We can clearly see
the increased capacity per pair for the twelve channel
system over the eight channel system.

Figure 2: Outage capacity of multichannel system for
various number of alien interferers. Coordinated sys-
tem contains 8 channels.



Figure 3: Outage capacity of multichannel system for
various number of alien interferers. Coordinated sys-
tem contains 12 channels.

6. CONCLUSIONS

We have provided a model for multichannel DSL noise
in NEXT limited case. We have used the model in two
specific cases to analyze the contribution of multichan-
nel transmission and shown the benefits for small and
large number of disturbers. We have also compared
the model with measured capacity results. sectionAc-
knowledgement I would like to thank Ken Kerpez from
Telcordia for providing NEXT data used for simula-
tions in this paper.
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