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Abstract. We present a probabilistic model for image segmentation and
an efficient approach to find the best segmentation. The image is first
grouped into superpixels and a local information is extracted for each
pair of spatially adjacent superpixels. The global optimization problem
is then cast as correlation clustering which is known to be NP hard. This
study demonstrates that in many cases, finding the exact global solution
is still feasible by exploiting the characteristics of the image segmenta-
tion problem that make it possible to break the problem into subprob-
lems. Each sub-problem corresponds to an automatically detected image
part. We demonstrate a reduced computational complexity with com-
parable results to state-of-the-art on the BSDS-500 and the Weizmann
Two-Objects datasets.

1 Introduction

Image segmentation is a fundamental process in many image, video, and com-
puter vision applications. It is essentially the partitioning of an image into several
constituent components. The basic task of image segmentation is thus to assign
each pixel in the image to one of the image components. Many segmentation al-
gorithms have been proposed and studied in recent decades and new algorithms
are continuously emerging. These segmentation algorithms are usually based on
various combinations of local low-level features and global optimization methods.
In this paper we focus on the global optimization aspect of image segmentation.

Many visual tasks including segmentation can benefit from the complexity
reduction achieved by transforming an image with millions of pixels into a few
hundred or thousand “superpixels”. Superpixels are small, homogeneous regions
preserving almost all boundaries between different regions and are obtained by
a low-level process based on cues such as color, edges and texture. The use of
superpixels as primitive objects for clustering significantly reduce computational
cost and allow feature extraction to be conducted from a larger homogeneous
region. Given a superpixel graph we can first extract a local similarity measure
for each pair of spatially adjacent superpixels and then find a global segmenta-
tion that is consistent with the local cues. This paradigm is common to many
graph based image segmentation algorithms (e.g. [2,7,10]). However, current seg-
mentation approaches, even when applied to superpixels, do not aim to find an
exact optimal segmentation. Instead, they utilize approximation methods such
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as greedy hierarchical superpixels merging [7], LP-relaxation [24,17], dual de-
composition [25] and spectral clustering algorithms that find an approximation
of the optimal normalized-cut [22].

In this study we define a probabilistic model for image segmentation given
a superpixel map that is based on correlation clustering [9,8]. Correlation clus-
tering has recently been applied to image segmentation. In [17] the correlation
clustering model is solved using higher order potentials and LP relaxation. [4]
uses an integer linear programming (ILP) branch-and-cut strategy. It was also
utilized for computing the ensemble segmentation from a given set of segmenta-
tions [3] that is based on the observation that segmentations of the same image
are expected to agree on image parts that are clearly separated from the rest
of the image and when the segmentations are projected on a superpixel map,
the correlation clustering problem can be broken into non-overlapping parts and
solved independently. The concept of decomposing image analysis to smaller sub-
problems is also related to dual decomposition optimization which was recently
applied by [25] for image segmentation. In this work we show that unsuper-
vised image segmentation that is based only on local cues can also benefit from
decomposing the segmentation problem into sub-problems.

To find the optimal segmentation, based on correlation clustering model, we
need to solve an Integer Linear Programm (ILP). The ILP problem is known
to be NP hard which has prevented the algorithm from being applied to image
segmentation problem. The main contribution of this study is showing that find-
ing the exact global segmentation which is consistent with the local cues, is still
tractable. This is done by a careful analysis of the implementation of the general
ILP formulation to the image segmentation task.

The rest of this paper is organized as follows. In the next section we review
correlation clustering and previous attempts to apply it to image segmentation.
Section 3 presents an efficient method to solve the ILP problem and experimental
results are shown in Section 4.

2 Correlation Clustering for Image Segmentation

Assume we are given an undirected graph G = (V,E) such that V is the data
points {1, ..., n} we want to cluster. For each edge ij ∈ E we are given a sym-
metric notion of similarity wij ∈ (−∞,∞) such that a positive weight indicates
a local tendency to group i and j into the same cluster and vice versa. The goal
of clustering is to divide the data points into several groups such that points
in the same group are similar and points in different groups are dissimilar to
each other. We want to find a global clustering of the node set V that is most
consistent with the local cues. A clustering of a set {1, ..., n} can be transformed
into a set of n-over-two binary decisions x = {xij |1 ≤ i < j ≤ n)} such that
xij = 1 if i and j are in the same cluster and 0 otherwise. The correspondence
between clusterings and binary decision sets is not one-to-one. Each clustering
is represented by a different set of binary decisions but not every set of binary
decisions corresponds to a valid clustering. The pairwise relation ‘i and j are
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in the same cluster’ is a transitive relation. If i, j and j, k are in the same clus-
ter then necessarily i, k should be in the same cluster. It can be easily verified
that the correspondence between clusterings and transitive binary decision sets
is one-to-one.

Define the clustering score we want to maximize to be
∑

wij , where the
summation is over all data pairs that are in the same cluster. Observing that
the transitivity constraints are linear, the optimal graph partition is obtained
by solving the following Integer Linear Programm (ILP):

max
x

∑

i<j

wijxij (1)

s.t. xij + xjk − xik ≤ 1 ∀i, j, k
xij ∈ {0, 1} ∀i, j

The linear constraint xij + xjk − xik ≤ 1 on the binary variables, enforces tran-
sitivity on the binary decisions, i.e., xij = xjk = 1, implies that xik = 1.

There is a simple probabilistic interpretation of the clustering approach de-
scribed above that motivates the cluster score we optimize. Assume that for each
edge ij ∈ E we are given a probability pij(1) = p(xij = 1) that i and j are in
the same cluster (the probability that they are in different clusters is denoted by
pij(0) = 1−pij(1)). Assuming a uniform prior over the clusterings, the posterior
probability of a clustering x is:

p(x) ∝
∏

i<j

pij(xij) (2)

Note that in this simplified probabilistic model the binary local information cues
are assumed to be independent. The optimal global clustering which is consistent
with the local pairwise evidence, can be found by computing argmaxx p(x). It
can be easily verified that:

log p(xij) = log pij(1)1{xij=1} + log pij(0)1{xij=0} (3)

= log
pij(1)

pij(0)
1{xij=1} + log pij(0) = log

pij(1)

pij(0)
xij + log pij(0)

Hence,

log p(x) =
∑

i<j

log p(xij) =
∑

i<j

wijxij + const (4)

such that ‘const’ is a scalar that is not dependent on x and

wij = log
pij(1)

pij(0)
(5)

The best clustering is argmaxx p(x) = argmaxx
∑

i<j wijxij such that the maxi-
mization is done over all the sets of transitive binary decisions x. Hence the most
likely clustering is obtained as the solution of the ILP maximization problem (1).
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We can easily incorporate prior knowledge on the clustering x into the ILP
framework. Let q be a prior probability that any two points are in the same
cluster. For large values of q the optimal clustering tends to have a small num-
ber of clusters and vice versa. The modified weight function for the posterior
probability is:

wij = log
pij(1)

pij(0)
+ log

q

1− q

The graph clustering problem (1) is known as “correlation clustering” [9,8]. This
clustering approach has several advantages. It does not require users to specify
a parametric form for the clusters, nor to pick the number of clusters. The
main drawback of the ILP approach is its high complexity which impedes its
applicability for clustering of large sets. The ILP problem (1) is known to be
NP-hard [8].

Assume we are given a superpixel map of an image and a similarity measure
between each two neighboring superpixels. We can form the segmentation prob-
lem as an instance of correlation clustering and solve the ILP (1) to find the
optimal segmentation. This segmentation approach, however, is NP-hard and is
not tractable for a graph of hundreds or more superpixels. Most of previously sug-
gested graph-based methods for image segmentation try, explicitly or implicitly,
to handle this NP-hardness of the ILP problem by either approximate solutions
to the ILP clustering problem (e.g. greedy incremental superpixel merging [7]) or
find optimal solutions to modified problems (e.g. minimal normalized cut [12]).

A simple approximation approach is to delete all the edges between dissimilar
superpixels (i.e., with weights below a predefined threshold), and then look for
connected components in the remaining graph. This approach, however, is too
local since a single edge with weight above threshold is sufficient to cause two
almost separately regions to be merged. Felzenszwalb and Huttenlocher [13]
proposed an agglomerative global approach based on constructing a minimum
spanning tree. A standard approximate solution of the global ILP problem (1) is
obtained by an LP relaxation that replaces the binary constraint xij ∈ [0, 1] with
the linear constraint 0 ≤ xij ≤ 1 [14,21,24,17]. The LP solution, however, is not
binary and it is not clear how to convert it into a binary solution that satisfies
transitivity. Given the solution of the relaxed LP problem, the segmentation
can be found by considering the connected components obtained by eliminating
edges with xij values below a specified threshold.

In the next sections we show that finding the exact solution for the NP-hard
ILP problem (1) is still tractable for image segmentation applied to superpixels.

3 Efficiently Finding the Optimal Segmentation

In this section we describe an efficient method for solving the ILP problem (1)
by breaking it into small sub-problems and by incrementally adding transitivity
constraints that are not satisfied by the current solution. Assume we are given
an undirected weighted graph G = (V,E) such that the vertices V = {1, ..., n}
are the data points we want to cluster. For each undirected edge ij ∈ E we are
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also given a weight wij ∈ (−∞,∞) such that a positive weight indicates a local
tendency to group i and j into the same cluster. The goal is to solve the ILP
optimization problem (1). Our approach is based on dividing the problem into
smaller problems in which applying standard ILP solvers is still feasible.

We use the following notation. Let V1, ..., Vk be a partition of V . For each
i, j ∈ {1, ..., k}, denote E ∩ (Vi × Vj) by Eij . For i �= j, an edge in Eij is called
a crossing edge; otherwise the edge is called an internal edge. Denote the set of
all the crossing edges by Ecross =

⋃
i�=j Eij .

Theorem 1. Assume V can be divided into disjoint subsets V1, ..., Vk such that
there is no edge with a positive weight between members of different subsets (i.e.,
wij ≤ 0 for every ij ∈ Ecross). Then the data clustering, which is the optimal
solution of the ILP problem (1), is a refinement of the partition V1, ..., Vk and is
obtained by separately applying the ILP optimization on each subset.

Proof. The cost function (1) can be written as a sum of two components:

∑

ij∈E

wijxij =
∑

ij∈Ecross

wijxij +
k∑

t=1

∑

ij∈Ett

wijxij (6)

Eq. (6) decomposes the variables that appear in the cost function (1) into two
disjoint subsets. The first set contains the crossing edges and the second set
contains the internal edges. Hence, by separately maximizing each one of the two
sub-problems, we get an upper bound on the solution of the ILP problem (1).
Since we assume that wij ≤ 0 for all (i, j) ∈ Ecross, the optimal zero-one solution
of: max

∑
ij∈Ecross

wijxij is obtained by setting xij = 0 for all (i, j) ∈ Ecross.
Solving an ILP problem on each sub-graph Gt = (Vt, Ett), t = 1, .., k separately:

max
∑

ij∈Ett

wijxij (7)

s.t. xij + xjk − xik ≤ 1 ∀i, j, k ∈ Vt

xij ∈ {0, 1} ∀i, j ∈ Vt

we get an upper bound on the optimal global solution. It can be easily verified
that the combined solution (with xij = 0 for all crossing edges) satisfies all the
transitivity constraints in (1) and hence it is optimal.

The most refined partition V1, ..., Vk that satisfies the requirement of Theorem
1 (no positive weight on crossing edges) can be found by utilizing a greedy
approach. We begin with some vertex v ∈ V defining the initial set of vertices
V1 = {v}. Then, at each iteration, we look for a positive weight edge (u, v),
where u ∈ V1 and v �∈ V1. Then vertex v is brought into V1. This process is
repeated until no vertex can be added to V1. We next choose a vertex outside
of V1 and start constructing V2 from the remaining vertices, etc. We call the
members of the obtained partition the ‘positively connected components’ (they
are actually the connected components of the graph obtained by eliminating
all the non-positive weight edges in the original graph). The complexity of the
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Algorithm 1. An efficient solver for the ILP problem (1).

Input: A weighted undirected graph G = (V,E) with weights {wij}.
Output: A clustering of the graph nodes.

Break the graph into positively connected components V1, ..., Vk.
for i = 1, ..., k do

Solve the ILP problem restricted to the subset Vi using edge-based variables and
the cutting-plane method.

end for
The clustering of V is the union of the clusters of its positively connected components.

image components segmentation segmentation

Fig. 1. Examples of positively connected components and final segmentations from the
Weizmann dataset

algorithm applied to a n-vertex graph is O(n2). As a result of Theorem 1, we can
solve the ILP problem (1) for each positively connected component separately.

For each positively connected component we still need to solve an NP-hard
ILP problem that corresponds to correlation clustering restricted to that compo-
nent. In the case of image segmentation the graph we want to partition is sparse
since it is planar and each node has only a small number of spatially adjacent
nodes. In case of sparse graph we can formulate the ILP problem much more
compactly by associating binary variables only to edges of the graph instead of
all the node pairs [4]. The edge labeling consistency constraint can be enforced
by adding a linear constraint for each pair of nodes that prevents the situation
that the two adjacent nodes are belonging to different clusters but there is a
path connecting them in which all the nodes along the path are labeled as
connected. The exponential number of such constraints can be implemented
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using the cutting plane method [16]. The efficient ILP optimization algorithm is
summarized in Algorithm-Box 1.

The success of applying the graph partitioning approach described above to
image segmentation depends on the existence of image parts that can be sep-
arated from the rest of the image. Figures 1 and 3 demonstrates that this is
indeed a common situation (implementation details are described in Section 4).
In these images we show the positively connected components and the final
segmentation that is obtained by solving an ILP problem for each component
separately. Therefore, the obtained segmentation is a refinement of the positively
connected components partition. We dub the proposed segmentation algorithm
“Graph Decomposition ILP Segmentation” (GDIS). The GDIS algorithm was
implemented in C. We used the Gurobi software (www.gurobi.com) to solve the
ILP optimization sub-problems. Applying the GDIS algorithm on a an image
where the size of the largest positively connected component is 1000 takes few
seconds.

4 Experimental Results

We present visual and quantitative results of our algorithm for the Weizmann
Two-Objects dataset [1] and for the Berkeley BSDS500 dataset [7]. We also show
the effect of the efficient ILP algorithm on the segmentation procedure.

4.1 Extracting Superpixels and Local Weights

We used a state-of-the-art superpixel map suggested by Arbelaez et al. [7]. The
first step is shifting from pixels to superpixels. The Oriented Watershed Trans-
form (OWT) [7] is used to produce an over-segmentation of the image into a few
hundred superpixels. It was observed in [5] that on the average it is enough to
represent an image with few hundred superpixels to obtain almost full boundary
recall for low enough thresholds.

For each pair of spatially adjacent superpixels we need to obtain (based on
the image content) the probability that they are part of the same segment.
Arbelaez et al. [7] proposed a similarity measure that combines multiple local
cues into a globalization framework based on spectral clustering. The similarity
measure takes the form of a logistic-regression that is optimized using an an-
notated training set. The outcome of this approach is an OWT superpixel map
in which each arc pixel (a pixel separating two neighboring superpixels) has a
score of being a boundary pixel (a pixel separating two neighboring segments).
They refer to this score as the ‘globalized probability of boundary’ (gPb-owt) [6].
This pixel-level score can be converted into a score between adjacent superpixels
by averaging all the scores of the pixels on the corresponding arc. The values
of the gPb-owt score increase monotonically with the probability of existing a
segmentation boundary but they are not probabilities in the strict sense. Mono-
tonicity is enough for agglomerative clustering that iteratively merges the most
similar regions [7]. However, for our approach which avoids agglomerative clus-
tering and is based instead on a global optimization, we need the score to have
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Fig. 2. True segment boundary probabilities vs. the gPb-owt scores

a strict probabilistic interpretation. To convert the gPb-owt score of an arc into
a probability to be on a segment boundary, we apply the following procedure.
For each arc pixel, using a ground-truth annotation, we can check whether it
is on a segment boundary or not. Next, for each value of the gPb-owt score we
compute the relative number of arc pixels that have that gPb-owt score and are
part of a segmentation boundary. The result of this analysis, performed using
the training part of Weizmann database [1]. is shown in Fig. 2. As can be seen,
the gPb-owt score indeed increases monotonically but it does not coincide with
the exact boundary probability. The graph in Fig. 2 can be used to convert the
gPb-owt score into meaningful probability values. Using Eq. (5), the probabili-
ties are converted to weights that are used for the ILP optimization (1) to obtain
the final image segmentation.

It is not the focus of our work but there are many other features [10,5,2] and
learning methods [17,14] to compute a similarity measure between two neigh-
boring superpixels. Our efficient ILP optimization procedure is also relevant for
all these cases.

4.2 Segmentations Results on Weizmann Two-Objects Dataset

The Weizmann Segmentation Dataset consists of 200 images; 100 images with
a single object and 100 images with two objects [1]. We used the single object
images as our training set for learning the true probability mapping as explained
above. The two object images were used as the testing set. The testing proce-
dure we describe next was similar to the one mentioned in [2] using their publicly
available testing code [1]. The segmentation results were assessed by their con-
sistency with ground truth segmentation using the F-measure [19]. As in [2]
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image components segmentation segmentation

Fig. 3. Examples of positively connected components and final segmentations from the
BSDS500 dataset

we selected for each segmentation algorithm the final score that gave the best
performance on the Two-Objects Dataset.

In the segmentation experiment, in each run, for each object (of the two
objects of each image) we selected separately the best segment that best fit the
foreground. The averaged results for both objects are reported in Table 1. As can
be seen, the GDIS algorithm scored the highest. Note that the only differences
between the implementation of our optimization approach and the UCM [7] are
the similarity weight scaling (Figure 2) and the global ILP optimization that we
apply instead of the greedy superpixel merging procedure that is done in [7].

4.3 Segmentations Results on BSDS500

Before applying our method on the test portion of the BSDS500 dataset, we
converted the gPb-owt scores [7] to probabilities based on the train set of the
BSDS500 as explained in section 4.1. We used several standard methods for
objective segmentation evaluation: the probabilistic Rand index (PRI) [23], the
variation of information (VOI) [20] ,the boundary-based F-measure [19] and the
Covering score.

Using the training set we chose the parameters set that scored the highest
F-measure for each algorithm. Using the same parameter set, all four measures
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Table 1. Average single segment coverage test results on the Weizmann Two-Objects
Data Set. Higher is better.

Algorithm Average F-measure

GDIS 0.76

UCM [7] 0.72

Alp [2] 0.68

SWA V1 [15] 0.66

SWA V2 [15] 0.61

Mean Shift [11] 0.61

N-Cuts [18] 0.58

Table 2. Comparison of our method and the UCM segmentations on the BSDS500
test set using four measures: F, PRI, VI(lower is better) and Covering(higher is better)

Algorithm F PRI VI Covering

GDIS 0.73 0.83 1.95 0.59

UCM [7] 0.73 0.83 1.97 0.58

PlanarCC [25] 0.72 - - -

Kim [17] 0.70 - - -

mentioned above were recorded for the testing set. The results for our algorithm
and the UCM [7] are shown in Table 2. Table 2 shows that the GDIS also
outperforms two other recently introduced approximated graph optimization
methods [25,17]. Compared to the UCM, the GDIS scores similar results on F
and PRI and only slightly better results with respect to VI and Covering.

To alleviate any confusion, when comparing the UCM results to the ones
mentioned in [7], in [7] the different measures mentioned were recorded while
optimizing for each measure separately using different results sets. Sample results
for the BSDS500 test set are shown in Fig. 3. The fact that the GDIS results
are very close to those of the UCM on the BSDS500 is because we use the same
superpixels maps and the same underlying similarity score that was tuned on the
BSDS500 dataset. It should be emphasized that in contradiction to the UCM
which is based on greedy iterative merging, we find the exact global maximum,
although it seems as though the UCM even though based on local mergin decision
satisfies a global solution.

4.4 Efficiency Analysis of the ILP Algorithm

In this study we present an efficient method for solving the ILP problem (1) by
breaking it into small sub-problems. Next, we demonstrate the efficiency contri-
bution of these two elements when applied to an image segmentation task. The
complexity of our ILP algorithms depends on the size of the largest component
in the decomposition. We computed the following statistics. Next we constructed
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image segmentation segmentation segmentation

Fig. 4. From left to right: original image followed by three intermediate valid segmen-
tations created as a result of adding more cutting plane constraints (moving to the
right). The intermediate segmentations become more refined as we add constraints.
Example images were taken from the BSDS500.

the positively connected components and measured the size of the largest com-
ponent. Fig. 5 shows a histogram of the size of the largest component for the
BSDS500. As can be seen, the average size of the largest component is smaller
than the number of superpixels in the images. The average size of the super-
pixel graph for the for BSDS500 is 1160 while the average size of the largest
component is 830.

To validate the effect of the cutting plane method we ran it on the BSDS500
dataset and for each instance of applying the (Gurobi) ILP software we measured
the number of constraints at the last iteration. Fig. 6a shows the average number
of constraints used by the cutting plane method as a function of the number of
superpixels in the ILP problem. Note that the total number of constraints is
exponential of the problem size. Fig. 6b shows the runtime statistics (measured
on Intel Duo-Core, 2.5GHz, 4GB RAM) of the ILP Gurobi software combined
with the cutting-plane method applied to positively connected components taken
from the BSDS500 images.

4.5 Cutting Plane Intermediate Segmentation Results

The cutting plane algorithm produces an intermediate non-consistent solution.
Figure 4 demonstrates on two examples from the BSDS500 the valid segmen-
tations produced by computing the connected components of the intermediate
solution. Each intermediate solution is less than the score of the optimal solution
which is obtained at the end of the optimization process when the cutting plane
method validates that no transitivity constraint is overruled. The intermediate
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Fig. 5. Histogram of the ILP problem size. Statistics for the BSDS500 test part.

(a) (b)

Fig. 6. (a) Number of constraints used in the cutting-plane method as a function
of number of graph nodes. (b) Run time of the ILP solver (Gurobi) combined with
the cutting-plane method as a function of number of graph nodes. Statistics for the
BSDS500 test part.

segmentations usually become more refined at each iteration and as such can be
considered as a hierarchical map of segmentations.

To conclude, we have presented a probabilistic modeling for image segmen-
tation based on correlation clustering and an efficient algorithm for the ILP
optimization problem. We showed that, given local scores on a map of several
hundred superpixels, finding the global segmentation that is most consistent with
the local evidence, is still tractable. We then applied the method to a dataset
with manually segmented images and compared its performance to several recent
algorithms obtaining favorable results. In recent years there was a lot of effort
towards extracting better region based features between neighbor superpixels
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and developing novel machine learning methods to extract better informative
similarity weights from those feature. In this study we focused on the global
optimization aspect of image segmentation, based on a given superpixel map
and local similarly scores between adjacent superpixels. In our implementation
we used the probabilistic information score extracted from the gPb-owt score.
Exploiting additional content based features from the superpixels as shown in
[10,5,2], can be beneficial. The ideas presented in this study can be combined
with recent approaches (e.g. [17,10,5]) to further improve segmentation and
object detection results.
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