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ABSTRACT
We present a novel filter approach to unsupervised feature selection based on the mutual information estimation between features.
Our feature selection approach does not impose a parametric model
on the data and no clustering structure is estimated. Instead, to
measure the statistical dependence between features, we employ a
mutual information criterion, which is computed by using a nonparametric method, and remove uncorrelated features. Numerical
experiments on synthetic and real world tasks show that the performance of our algorithm is comparable to previously suggested stateof-the-art methods.
Index Terms— feature selection, mutual information
1. INTRODUCTION
Feature selection aims at selecting the most relevant feature subset
for more efficient training and improved accuracy. Feature selection
methods can be classified into supervised and unsupervised methods
based on whether label information is available or not. Supervised
feature selection methods usually evaluate the importance of a feature in terms of its statistical dependence with the class label. There
is usually no shortage of unlabeled data but labels are expensive.
Hence, it is of great significance to develop unsupervised feature selection algorithms that can make use of unlabeled data points. In
this paper, we consider the problem of selecting features in unsupervised learning scenarios, which is a much harder problem due to the
absence of class labels that can guide the search for relevant information.
Recently, there have been several attempts to devise models to
deal with feature selection in unsupervised learning tasks, most of
them are wrapper methods that combine the feature selection task
with clustering, e.g., [1, 2, 3, 4, 5, 6]. The Laplacian score (LS) approach [7, 8, 9] is a filter based approach which is based on the observation that in many real world classification problems, data from
the same class are often close to each other in the feature space. The
importance of a feature is evaluated by its power of locality preservation. The Multi-Cluster Feature Selection (MCFS) [10] selects features that best preserve the multi-cluster structure of the data. The
corresponding optimization problem can be efficiently solved since
it only involves a sparse eigen-problem and an L1 -regularized least
squares problem. The Q-α [11] algorithm optimizes over a leastsquares criterion function which measures the clusterability of the
input data points projected onto the selected coordinates.
In this paper we propose a novel mutual information-based approach for the task of unsupervised feature selection. Our method
is based on the observation that informative features that are related
to the learning task, are expected to be highly correlated with the
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rest of the features whereas non-informative features are less correlated. In the supervised case, given the labels, a feature might be
independent on the other features and still contribute important information. Actually, the Naive Bayes classifier is explicitly based
on the assumption of conditional feature independence. When the
labels are given, this independence assumption is naive but makes
sense and can be adapted to obtain a simple supervised algorithm. In
the unsupervised case, this assumption is unrealistic since all the relevant features are correlated with the unknown data labels and hence
correlated with each other. This distinction between unsupervised
and supervised setups is closely related to the difference between the
information theory concepts of mutual information and conditional
mutual information [12] (conditioned on the labels). Our feature selection approach does not impose a parametric model on the data and
no clustering structure is assumed. Instead, to measure the statistical dependence between features, we employ a mutual information
criterion which is computed by using a non-parametric method.
The rest of paper is organized as follows. In Section 2 we formally defined the unsupervised feature selection problem and Section 3 describes the proposed method. In Section 4 we provide extensive experiments on real world data that validate our assumption
that relevant features are indeed statistically dependent.
2. UNSUPERVISED FEATURE SELECTION
The general form of unsupervised feature selection is the following.
Given a set of points {x1 , x2 , ..., xn }, xi ∈ Rm , find a feature subset with size d < m which contains the most informative features.
In other words, in the data matrix X of size m × n we would like
to select d rows to obtain a submatrix F of size d × n. We use the
notation fi ∈ Rn to denote the i-th feature vector. fi is the i-th row
of data matrix X, i.e.,


f1


X = (x1 , . . . , xn ) =  ... 
fm
Abusing notation, we also use fi to denote the scalar random variable associated with the i-th feature data.
In this study we concentrate on information theoretic formulation of the feature selection problem. In supervised learning we are
given a label ci for each data point xi . Such labels form a new
discrete random variable C. Considering data points and labels as
samples from a joint distribution p(x, c), we can define the mutual
information between data set X and label set C:
I(C; X) =

XX
c

x

p(x, c) log(

p(x|c)
)
p(x)

In case the features are discrete, we can estimate he joint distribution
from the data:
p(x, c) =

1
|{i|x = xi , c = ci }|
n

In this study we concentrate on the more frequent case where the
features are continuous. In this case it is not obvious how to estimate
the mutual information I(C; X) from the data.
Utilizing the mutual information criterion, we can define a supervised feature selection method that chooses feature subset such
that the data points represented by those features have the maximal
mutual information with the labels [13]:
F ∗ = arg max I(C; F )
F

(1)

where the maximization is done over all the subsets F of d features.
Even in this relatively simple case it is not straightforward how to
compute I(C; F ) and how to carry out the optimization. In our case
of unsupervised learning no labels are available. They could be estimated in a pre-processing step of clustering that yields an estimated
label-set Ĉ. We can also combine clustering with feature selection
and for each feature subset choose the best clustering that can be
obtained using only this feature subset, i.e.,
F ∗ = arg max max I(C; F )
F

C

(2)

where C goes over all the possible data clusterings. However, this
approach would lead to a wrapper method for feature selection. In
wrapper techniques the feature selection is performed by utilizing
a specific clustering algorithm that optimizes its target function for
a possible selection of features. The drawbacks of wrapper methods are lack of generality due to dependency on a specific clustering
algorithm and also their high computational complexity.
In this paper we focus on a filter approach for unsupervised feature selection. In filter methods feature selection is done by optimization of a numerical criterion based on the input data which thus
avoids the need for a step of explicitly applying a clustering algorithm. This means that we cannot utilize the mutual information
between features and data labels, as in (1), because we neither have
the original labels of data points nor their estimated values.
We would like to keep only the most informative features to improve performance and efficiency. In real world tasks the least informative features usually emerge due to inevitable noise in the feature
computation. We expect that the best features describe the actual
problem whereas the worst features are due to numerous noise factors. Hence, in the unsupervised case, we expect the good features
to be related to the task and therefore to be statistically dependent.
As a consequence a good feature is expected to be dependent on the
rest of features. By contrast, a bad feature is a description of a noise
factor; hence its dependency on the rest of features is small. These
considerations lead to a feature selection approach based on dependency evaluation between features.
To motivate our assumption that non-important features are less
dependent on the rest of the features we formally validate it for the
following simple model corresponding to the naive Bayes classifier. Let an unobserved label c be a binary random variable and let
S = {f1 , ..., fm } be a set of conditionally independent binary variables such that p(fi = c) = pi ∈ [0.5, 1]. The probabilistic model,
therefore, is:
log p(S|c) =

m
X
i=1

(log(pi )1{fi=c} + log(1−pi )1{fi6=c} ).

Denote the variable set S excluding fi by f\i and the variables set f
excluding fi , fj by f\ij .
If pi > pj , then I(fi ; c) > I(fj ; c) and therefore the feature
fi is more informative than fj . In the supervised case the features
are independent, i.e. I(fi ; fj |c) = 0. We prove next that in the
unsupervised case if pi > pj then fi is more correlated to the rest of
the features than fj , i.e. I(fi ; f\i ) > I(fj ; f\j ). The chain rule for
mutual information [12] yields:
I(fi ; f\i )

=
=

I(fi ; fj ) + I(fi ; f\ij |fj )
I(fi ; fj ) + H(f\ij |fj ) − H(f\ij |fi , fj )

and similarly
I(fj ; f\j ) = I(fi ; fj ) + H(f\ij |fi ) − H(f\ij |fi , fj )
Hence,
I(fi ; f\i ) − I(fj ; f\j ) = H(f\ij |fj ) − H(f\ij |fi )

(3)

We can simulate the creation of the feature fj given the label
c as a two step process. In the first step we sample a binary r.v. z
such that p(z = c) = pi . In the second step fj |z is sampled such
p +p −1
that p(fj = z) = pii +pji −1 . It can be easily verified that we obtain
exactly the same model and p(fj = c) = pj .
The two Markov chains fi → c → f\ij and z → c → f\ij have
the same joint distribution, therefore
H(f\ij |z) = H(f\ij |fi ).

(4)

Applying the Data Processing Lemma [12] to the Markov chain
fj → z → c → f\ij , we obtain that
H(f\ij |fj ) > H(f\ij |z).

(5)

Combining (3), (4) and (5), we obtain that the more informative feature fi is more correlated to the rest of the features, i.e., I(fi ; f\i ) >
I(fj ; f\j ).
Note that we do not prove and we do not even claim that always
the most relevant features are also the most statistically dependent
on the other features. Counterexamples can be easily made by constructing features that will not help learning. We argue, however,
that in many situations this is indeed the case. Here we suggest an
intuitive feature selection criterion that can be efficiently computed
and is shown to be useful in many cases.
3. NON-PARAMETRIC MUTUAL INFORMATION
Utilizing our assumption that less informative and noisy features are
less correlated with the rest of the features, we propose an algorithm
that selects the most important features. We measure the importance of feature f by directly evaluating the dependency between
it and the rest of the features. The only question that needs to be answered to fully specify the algorithm is how to measure dependency
between features. Mutual information [12] is a natural measure of
dependency between random variables. Mutual information is always nonnegative and equals to zero if and only if the variables are
independent and it is scale invariant. Moreover, mutual information
can be measured between variables of different dimensions, one of
them or both may be continuous, discrete or categorical.
Denote the set of all features by S = {f1 , ..., fm }. We also use
S to denote the multivariate random variable that was used to sample
the data points. For a given feature fi , denote the set S\{fi } by f\i .
There are several ways to compute the mutual information I(fi ; f\i )

between a feature fi and the rest of the features f\i . If the feature-set
joint probability density is known then the mutual information can
be computed through the information theoretic identity:
I(fi ; f\i ) = h(fi ) + h(f\i ) − h(S)

(6)

Z

For example if all features are jointly multivariate Gaussian such that
var(S) = Σ and var(f\i ) = Σi then [12]:
µ

|Σ|
var(fi )|Σi |

¶

.

(7)

Denote the variance of the optimal linear estimator of fi given f\i
by var(fi |f\i ) [14]. If fi is a deterministic linear function of f\i
then var(fi |f\i ) = 0. In the general case:
0≤

Method:

• Choose the d features that achieve the highest score.

g(x) log g(x)dx

1
I(fi ; f\i ) = − log
2

Output: Selected features {f1∗ , f2∗ , ..., fd∗ }
• For each feature i = 1, ..., m compute the score function scoreM I (fi ) between the feature fi and the rest
of the features using (11).

where h(·) is the differential entropy [12]:
h(g(x)) = −

Input: Data vectors {x1 , x2 , ..., xn } ⊂ Rm , required number of features d < m.

the samples x1 , ..., xn ∈ Rm , which are all variants of the following
nearest-neighbor based estimator [16]:
H1 =

n
mX
min(log kxi − xj k) + ψ(n) − ψ(1) + log(cm ) (9)
n i=1 j6=i

where ψ(·) is the digamma function (the logarithmic derivative of
the gamma function) and cm is the volume of the m-dimensional
unit ball. A more general version is based on k-th nearest neighbors:

var(fi ) − var(fi |f\i )
≤1
var(fi )

This quotient (which is the square of the correlation coefficient between fi and f\i ), is a measure of how well fi is linearly approximated by f\i . It indicates how much of the uncertainty in fi is
linearly explained by f\i . Applying the block-matrix determinant
formula, it can be easily verified that:
|Σf |var(fi |f\i )
var(fi |f\i )
|Σ|
=
=
.
var(fi )|Σi |
var(fi )|Σi |
var(fi )

Fig. 1. Unsupervised Feature Selection based on the Mutual Information algorithm (UFSMI).

(8)

Substituting (8) in (7), we obtain that in the Gaussian case I(fi ; f\i )
measures the linear correlation between fi and the rest of the features, e.g., if fi is a linear function of f\i then I(fi ; f\i ) = ∞.
However, assuming that the data distribution is Gaussian is not always a good choice since by utilizing a Gaussian distribution to describe the density we implicitly assume a unimodal blob type shape
which is not always the case. Also, even if fi and f\i are dependent,
this dependency is not necessarily linear.
In a more general case where the joint distribution of features is
not known the mutual information should be estimated numerically.
Classical methods for estimating the mutual information I(fi ; f\i )
require the estimation of the joint probability density function of
(fi , f\i ). This estimation must be carried out on the given dataset
{x1 , ..., xn }. Histogram- and kernel-based (Parzen windows) pdf
estimations are among the most commonly used methods [13]. Their
use is usually restricted to one- or two-dimensional probability density functions (i.e. pdf of one or two variables). However, for highdimensional variables histogram- and kernel-based estimators suffer
dramatically from the curse of dimensionality; in other words, the
number of samples needed to estimate the pdf grows exponentially
with the number of variables. An additional difficulty in kernel based
estimation lies in the choice of kernel width.
Other methods that are used to estimate the mutual information
are based on k-nearest neighbor statistics (see e.g. [15]). A nice
property of these estimators is that they can be easily utilized for
high dimensional random vectors and no parameters need to be
predefined or separately tuned for each clustering problem (other
than determining the value of k). There are a number of nonparametric techniques for (differential) entropy estimation, based on

Hk =

n
mX
log ǫik + ψ(n) − ψ(k) + log(cm )
n i=1

(10)

where ǫik is the Euclidean distance from xi to its k-th nearest neighbor. The Hk entropy estimator is consistent in the sense that both
the bias and the variance vanish as the sample sizes increase. The
consistency of the 1-NN estimator was proven in [16] and the consistency of the general k-NN version was shown in [17].
In the information theoretic identity described in (6), the joint
entropy h(S) corresponds to the entropy of all features together and
therefore does not depend on the specific choice of a feature f . This
implies that the term h(S) can be eliminated from the computation
of the mutual information estimator. Plugging the entropy estimators
of (10) for the one-dimensional random variable f and the (m−1)dimensional random vector f\i into (6) we obtain the score function
of the feature f by the following formula:
scoreM I (f ) =

n
n
1X
m−1 X
log ǫik +
log δik
n i=1
n i=1

(11)

where ǫik is the Euclidean distance from point xi to its k-th nearest
neighbor in the one-dimensional subspace, corresponding to feature
f , and δik is the Euclidean distance from point xi to its k-th nearest
neighbor in the (m−1)-dimensional subspace, induced by features
f\i . After computing the mutual information score scoreM I (f ) for
all the features, we select the d features that obtained the highest
scores.
From the point of view of computational complexity the proposed algorithm involves m estimations of the mutual information
by the score function scoreM I (f ) (11). In each such estimation
the k-th nearest neighbor should be evaluated for each of n data
points. In the naive approach the nearest neighbor computation is
done by estimating all pairwise distances between data points, which
requires O(mn2 ). The overall complexity of the proposed algorithm
is then O(m2 n2 ). As an alternative, approximate nearest neighbor
(ANN) computation techniques can be implemented in the mutual
information estimation, see e.g. [18]. These methods make it possible to reduce the complexity of the nearest neighbor estimation to

O(n(log n + ǫ−m )), where ǫ is the accuracy of the approximation,
see e.g. [19]. Therefore for tasks that includie a moderate number
of dimensions and, possibly, a lot of data points the overall complexity of the proposed feature selection algorithm can be reduced to
O(m2 n log n).
In the proposed method we simultaneously select the d features
with the highest score. Alternatively we could use a backward selection scheme [20] that removes the worst feature at each step until
the required number of remaining features is achieved. Backward
selection is compatible with our method, since in every step we remove the worst feature and keep the relevant features. Hence, it is
more likely that a good feature would be correlated with the remaining features. However, choosing all the features in a single round
of computing mutual-information scores is much faster and we have
found empirically that there is no significant difference between our
method and a backward selection scheme. Note that utilizing forward selection schemes, that pick the best feature at each step and
next finding the best feature from the remaining features does not
make sense in our approach since we avoid using the most relevant
features when computing the mutual-information score to select the
next feature. The algorithm that we dub Unsupervised Feature Selection based on Mutual Information (UFSMI) is summarized in Fig. 1.
4. EXPERIMENTAL RESULTS
4.1. Synthetic data
First we conducted a synthetic data experiment to illustrate the
essence of the proposed method. To demonstrate the UFSMI
method we simulated a three-dimensional two cluster dataset by
uniform sampling vectors f = (f1 , f2 , f3 ) from a 3-D unit cube,
satisfying either f1 + f2 + f3 ≤ 1 or f1 + f2 + f3 ≥ 2. The data is
trivially linearly separated into two disjoint groups. In this example
all features are equivalently relevant and the dataset is perfectly
separable into two clusters. Then we added Gaussian noise to the
first feature, f1 , of each data point . After this noise addition the
dataset was no longer perfectly separable. Note that class labels are
used to create the data (and to measure the feature selection quality)
but are assumed to be unknown in the feature selection process. In
this case an unsupervised feature selection applied to the noisy 3-D
set should remove the first feature and keep the second and the third
ones.
To assess the performance of the algorithm UFSMI we ran it
on the noisy dataset with different noise standard deviations values
(0, 0.02, 0.04, 0.05, 0.1). For each standard deviation we repeated
the experiment 100 times. We measured the values of the UFSMI
score function (5) for each of the three features, i.e., we estimated
the mutual information between each feature and the remaining two
features. The results (mean and std) are shown in Fig. 2(a). As can
be expected, the higher level of noise led to smaller average values
of the score function, because the addition of noise reduces mutual
information between features. In addition, the score of the corrupted
first feature was smaller than the scores of the other two features and
the score difference of f1 monotonically increased with the noise
level. That is a desired property of the feature selection algorithm
UFSMI, which aimed at removing noisy features.
Finally we compared the performance of the UFSMI with two
state-of-the-art unsupervised feature selection methods, Laplacian
Score (LS) [7] and Multi Cluster Feature Selection (MCFS) [10].
The feature selection results for each method were produced by a
publicly available implementations. We measured the probability
of correct feature selection, which was evaluated as the fraction of

cases in which an algorithm removed the noisy first feature, see Fig.
2(b). The performance of the proposed algorithm improved with the
growth of the noise in the first feature in contrast to the other two
algorithms that did not manage to select the feature correctly in this
case. Moreover, their performance deteriorated with the increase in
noise energy. The LS method fails because it selects a feature if it
is correlated with the nearest-neighbor graph that is built in a preprocessing step. As the variance of the noise increases, the graph
tends to represent the noise and therefore the noisy feature is most
correlated with the graph. The MCFS is also based on the nearestneighbor graph.
4.2. UCI datasets
We evaluated the performance of the proposed algorithm on standard
real world datasets from the UCI Machine Learning Repository [21].
We used the Abalone, Segmentation, Vowel and Yeast datasets. The
Abalone dataset is composed of 3 classes with total 4177 instances.
Each instance is given by 8 attributes and predicts the age of abalone
from physical measurements. The Segmentation dataset contains 7
classes with total 2310 instances. Each instance is presented by 19
features, it corresponds to a 3 × 3 region of one of 7 outdoor images.
The Yeast dataset contains 10 classes with total 1462 instances. Each
instance is composed of 8 predictive attributes and defines a localization site. The vowel dataset records 640 time series of 12 LPC
coefficients taken from nine male speakers.
In each dataset we randomly picked 90% of the data and performed feature selection with different numbers of selected features.
To assess the quality of the feature selection we performed k-means
clustering, with the best score out of 10 random restarts. For each
dataset we computed the average performance for 10 repetitions in
terms of the Rand index score [22] of the resulting clustering assignment. The Rand score is standard non-parametric measure of
clustering quality. Let C1 and C2 be two clusterings of the same set
(not necessarily with the same number of clusters). Then:
Rand Score(C1 , C2 ) =

2(ndif f + nsame )
n(n−1)

where n is the dataset size, ndif f is the number of pairs of points
that belong to different clusters in both C1 and C2 and nsame is the
number of pairs of points that belong to the same cluster in both C1
and C2 .
We compared our method (UFSMI) with LS [7] and MCFS [10],
see Fig. 3. UFSMI performed as well as or better than these methods.
4.3. Face clustering on the PIE dataset
The face clustering problem constitutes a common test for unsupervised feature selection methods, see e.g. [7]. We used the CMU
PIE face database in this experiment. It contains 68 subjects with
41,368 face images in total. Preprocessing to locate the faces was
applied. The original images were normalized (in scale and orientation) such that the two eyes were aligned in the same position. Then,
the facial areas were cropped to the final images for matching. The
size of each cropped image was 32 × 32 pixels, with 256 grey levels
per pixel. Thus, each image was represented by a 1024-dimensional
vector. No further preprocessing was done. In this experiment, we
fixed the pose and expression. Thus, for each subject, we obtained
24 images under different lighting conditions.
Each time, 10 classes were randomly selected from the face
database. This process was repeated 10 times and the average per-
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Fig. 2. Analysis of feature selection performance on the synthetic 3-D example. (a) UFSMI score function values for feature discrimination
with different levels of noise. (b) Probability of correct feature selection for different levels of noise. Statistics are shown for 100 repetitions.

formance was computed. As above, for each test the three algorithms, LS, MCFS and UFSMI were used to select the features. The
k-means clustering algorithms was then performed in the selected
feature subspace. The k-means was repeated 10 times with different
initializations and the best result in terms of the objective function
of k-means was recorded. The performance was measured using the
Rand score of the resulting clustering assignment. The results are
shown in Fig. 4. In the experiments the proposed method achieved
better performance than the state-of-the-art methods for the case of
the small number of features. As the number of selected features
grew, the UFSMI performed as well as the LS method, both the
methods achieved better results than the MCFS approach.

MCFS
LS
UFSMI

performance of UFSMI with respect to state-of-the-art methods was
demonstrated on synthetic and real world standard datasets. Possible future research can concentrate on utilization of other mutual
information estimators, which may enhance the algorithm performance. In addition, the algorithm is naturally cast as a feature
ranking approach and subsequent applications can be tested as well.
.
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