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Since (1 � �)d(k)� � > 0 and 0 < c2 < d(k) < 1, we
know

0 <
(1� �)� �

d(k)

(1� �) + � 1
d (k)

<
(1� �)

(1� �) + � 1
d (k)

< 1� �:

Then, (8a) implies

1

d(k+ 1)
� 1 < (1� �)

1

d(k)
� 1 +O("): (8b)

We now combine the above results (5)–(8) for all four cases. We
obtain that for jd(k+1)�1j > � and some small enough (but finite) "

max d(k+ 1)� 1;
1

d(k+ 1)
� 1 < max(�; 1� �)

�max d(k)� 1;
1

d(k)
� 1 +O("): (9)

Note that as " becomes arbitrarily small, so does �. Sincemax(�; 1�
�) < 1, (9), together with e(1) = 0, implies that

max d(1)� 1;
1

d(1)
� 1 = 0 (10)

i.e., d(1) = 1.

IV. CONCLUSIONS

We have reviewed the NIC algorithm for subspace computation and
provided a complex data version of the algorithm. Despite its excellent
performance as demonstrated by all existing theories and numerical ex-
periments, the NIC algorithm still poses a long standing question about
its convergence property. This question demands a complete proof (or
disproof) of the conjecture that the NIC algorithm (under a weak con-
dition) converges to an orthonormal basis matrix of the desired prin-
cipal subspace. In this correspondence, we have provided a new under-
standing of this conjecture with regard to its orthonormal property at
convergence. A full proof (or disproof) of the conjecture remains open.
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Analysis of the Power Spectral Deviation
of the General Transfer Function GSC

Sharon Gannot, David Burshtein, and Ehud Weinstein

Abstract—In recent work, we considered a microphone array located
in a reverberated room, where general transfer functions (TFs) relate the
source signal and the microphones, for enhancing a speech signal contam-
inated by interference. It was shown that it is sufficient to use the ratio
between the different TFs rather than the TFs themselves in order to im-
plement the suggested algorithm. An unbiased estimate of the TFs ratios
was obtained by exploiting the nonstationarity of the speech signal.

In this correspondence, we present an analysis of a distortion indicator,
namely power spectral density (PSD) deviation, imposed on the desired
signal by our newly suggested transfer function generalized sidelobe
canceller (TF-GSC) algorithm. It is well known that for speech signals,
PSD deviation between the reconstructed signal and the original one is
the main contribution for speech quality degradation. As we are mainly
dealing with speech signals, we analyze the PSD deviation rather than the
regular waveform distortion. The resulting expression depends on the TFs
involved, the noise field, and the quality of estimation of the TF’s ratios.
For the latter dependency, we provide an approximated analysis of esti-
mation procedure that is based on the signal’s nanstationarity and explore
its dependency on the actual speech signal and on the signal-to-noise ratio
(SNR) level. The theoretical expression is then used to establish empirical
evaluation of the PSD deviation for several TFs of interest, various noise
fields, and a wide range of SNR levels. It is shown that only a minor
amount of PSD deviation is imposed on the beamformer output. The
analysis presented in this correspondence is in good agreement with the
actual performance presented in the former TF-GSC paper.

Index Terms—Beamforming, nonstationarity, speech enhancement.

I. INTRODUCTION

Adaptive microphone arrays are widely used for speech enhance-
ment. Most of the methods are based on the generalized sidelobe can-
celler (GSC) proposed by Griffiths and Jim [1]. Since this structure is
usually based on the assumption that the different sensors receive a de-
layed version of the desired signal, we refer to it as the delayed-GSC
(D-GSC). In more complex environments such as the reverberating
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Fig. 1. Block diagram of the TF-GSC.

room, this assumption is not valid and may result in severe degrada-
tion in the performance. To overcome this problem, Affes and Grenier
[2] extended the GSC structure to deal with arbitrary transfer func-
tions (TFs) by employing a subspace tracking procedure. However,
their work assumes some prior knowledge of the TFs. Recently, we
proposed a novel method for the general TF case, based on estimating
TFs ratios by employing the desired signal nonstationarity and without
any prior knowledge. This method is referred to as the transfer function
GSC (TF-GSC) [3].

The use of actual signals (such as noisy speech recordings in room
environment) demonstrates the ability of the algorithm to reduce the
noise while maintaining the desired signal spectral content. However,
it is also beneficial to perform analytical evaluation of the expected per-
formance, especially for determining the performance limits.While the
D-GSC is widely analyzed in the literature, the more realistic arbitrary
TF’s scenario is only superficially treated. Furthermore, most refer-
ences address the noise reduction (NR) obtained by the algorithm but
do not present any measure of distortion imposed on the desired signal,
even in the simple delay-only TFs.

Nordholm and Leung [4] analyze the limits of the obtainable NR of
the D-GSC in an isotropic noise field. Bitzer et al. address the problem
in [5]–[7]. In [5], the authors derive an expression for the NR as a
function of the noise field and evaluate the degradation as a function
of the reverberation time (T60). The special two-microphone case is
treated in [6]. The additional NR due to the noise canceller branch
of the D-GSC, implemented by a closed-form Wiener filter rather
than the adaptive Widrow-LMS procedure, is presented in [7]. The
frequency-band nested subarrays structure is presented, and its NR is
theoretically analyzed by Marro et al. [8]. A more complex dual GSC
structure employing calibration signals was suggested and analyzed
by Nordholm et al. [9]. Huarng and Yeh [10] address the distortion
issue by evaluating the desired signal leakage into the reference noise
branch of the GSC structure. However, the delay-only TFs assumption
is made, and the expected degradation due to pointing errors alone is
evaluated.

The goal of this contribution is to present a comprehensive expres-
sion for the output of the TF-GSC structure when no restrictions are im-
posed on the TFs relating the source and the sensors. The more detailed
derivation of this expression can be found in [11]. From the general
expression, both noise reduction and PSD deviation evaluation can be
derived. Only the latter is presented in this correspondence. The former
can be found in [11] and [12]. We show that the resulting expression
for the PSD deviation depends on the actual TFs, the noise field, and
the accuracy of the TF’s ratio estimate.

II. SUMMARY OF THE TF-GSC

Consider an array ofM sensors, mounted in a noisy and reverberant
environment, and used for signal enhancement [3]. The received signal
is comprised of two components. The first is some desired nonsta-
tionary (e.g. speech) signal. The second is some stationary interference
(noise) signal. Using short-term frequency analysis, we have in the fre-
quency domain (in vector form)

ZZZ(t; ej!) = AAA(ej!)S(t; ej!) +NNN(t; ej!) (1)

where ZZZT (t; ej!) = [Z1(t; e
j!) Zx2(t; e

j!) � � � ZM (t; ej!)],
NNNT (t; ej!) = [N1(t; e

j!) N2(t; e
j!) � � � NM (t; ej!)], and

AAAT (ej!) = [A1(e
j!) A2(e

j!) � � � AM (ej!)]. Zm(t; ej!) and
Nm(t; ej!) are the short time Fourier transforms (STFT) of the noisy
and noise signals, respectively, S(t; ej!) is the STFT of the desired
signal, and Am(ej!) is the frequency response of the TF relating the
source and the mth sensor, which is assumed to be time invariant
during the analysis period.
The signal enhancement approach based on the desired signal

nonstationarity and implemented by a generalized sidelobe canceller
(GSC) structure is shown in Fig. 1. The structure is comprised of
three components: a matched filter beamformer (MFBF), which
aligns the desired signal; a blocking matrix (BM), which blocks
the desired signal and constructs the reference noise signals
UUU(t; ej!) = H

y(ej!)ZZZ(t; ej!); and a noise canceller (NC), whose
role is to reduce the noise level at the output. It is implemented
by a closed-form multichannel Wiener filter rather than the adap-
tive LMS-like solution in the actual algorithm (e.g. [7], [13]):
GGG(t; ej!) = ��1

UUUUUU (t; e
j!)�UUUY (t; e

j!). It is shown in [3] that the
M � (M � 1) matrix H(ej!)

H(ej!) =

�
A (e )

A (e )
�
A (e )

A (e )
. . . �

A (e )

A (e )

1 0 . . . 0

0 1 . . . 0

. . .
. . .

0 0 . . . 1

(2)

is a proper blocking matrix, i.e., fulfills the identityHy(ej!)AAA(ej!) =
0 and thus guarantees that no leakage of the desired signal into the
reference noise signals will occur. It is evident that both the MFBF
and the BM branches can be implemented by using the TF’s ratios
HHH(ej!) = (AAA(ej!)=A1(e

j!)). The main formulas of the proposed
algorithm are summarized in Fig. 2.
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Fig. 2. Summary of the TF-GSC main formulas.

The relation between the input signals and the reference noise signals
is given by

Zm(t; e
j!) = Hm(e

j!)Z1(t; e
j!) + Um(t; e

j!)

m = 2; . . . ;M: (3)

Exploiting the desired signal nonstationarity, the noise stationarity, and
the TF’s time-invariance, a frame-wise set of equations can be stated:

�̂(k)
z z (ej!) = �̂(k)

z z (ej!)Hm(e
j!) + �u z (ej!) + "(k)m (ej!)

k = 1; . . . ; K (4)

where k is the frame index out ofK used.�(k)
z z (ej!) is the cross-PSD

between zi and zj during the kth frame (k = 1; . . . ; K). �̂(k)
z z (ej!)

are their corresponding estimates. A separate set of equations is
constructed for each pair of microphones m = 2; . . . ;M . All
equations include the same two unknowns: the TF’s ratios Hm(e

j!)
and �u z (ej!) and the cross-PSD between um and z1, which is a
nuisance parameter independent of the frame index. Thus, forK � 2,
an unbiased estimate of Hm(e

j!) is obtained by applying the least
squares (LS) criterion. Note that conventional LS match between zm
and z1, i.e., Ĥm(e

j!) = (�̂z z (ej!)=�̂z z (ej!)), would yield, in
this case, a biased estimate.

III. DESIRED SIGNAL PSD DEVIATION

In this section, we first present the general expression for the output
PSD. Then, an expression for the PSD deviation imposed by the al-
gorithm is derived. We use the PSD deviation as a distortion measure

rather than the regular waveform deviation, since it is well known that
for speech signals, PSD deviation between the reconstructed signal and
the original one is the main contribution for speech quality degradation.
Speech signal in reverberant environment is the main concern of this
work.
Using the output signal Y (t; ej!) = YFBF(t; e

j!) � GGGy(t; ej!)
UUU(t; ej!), the multichannel Wiener filter GGG(t; ej!) = ��1UUUUUU (t; e

j!)
�UUUY (t; e

j!) and UUU(t; ej!) = Hy(ej!)NNN(t; ej!), which are all cal-
culated using estimated quantities, we obtain a theoretical expression
for the output PSD �yy(t; e

j!) = EfY (t; ej!)Y �(t; ej!)g given by
(5), shown at the bottom of the page. This expression depends on sev-
eral quantities. First, we have the input signal PSD�ZZZZZZ(t; e

j!), which
depends on the desired signal TFs. Second, we have the noise PSD
�NNNNNN(t; e

j!), which is used to calculate the optimal filters GGG(t; ej!).
Note that as voice activity detector (VAD) is practically used, the noise
PSD�NNNNNN(t; e

j!), rather than the actual input signal PSD�ZZZZZZ(t; e
j!)

itself, appears in the equation in this context. Third, we have the TF’s
ratio estimate HHH(ej!), which is used both explicitly and implicitly
through the blocking matrix H(ej!).
The PSD deviation imposed by the algorithm can now be calcu-

lated. Using the linearity of the system, we can separately calculate
the contribution of the desired signal and noise signals. To calculate
the PSD deviation, only the desired signal contribution is required. De-
note the output due to a directional input signal with PSD given by
�ZZZZZZ(t; e

j!) = �ss(t; e
j!)AAA(ej!)AAAy(ej!) as

�s
yy(t; e

j!) = �yy(t; e
j!)j� = �ssAAAAAA

y:

�yy(t; e
j!) =

1

HHH(ej!)
4

� HHH
y
(ej!)�ZZZZZZ(t; e

j!)HHH(ej!)�HHH
y
(ej!)�NNNNNN (t; e

j!)H(ej!)

� Hy(ej!)�NNNNNN(t; e
j!)H(ej!)

�1

Hy(ej!)�ZZZZZZ(t; e
j!)HHH(ej!)

�HHH
y
(ej!)�ZZZZZZ(t; e

j!)H(ej!) Hy(ej!)�NNNNNN(t; e
j!)H(ej!)

�1

�Hy(ej!)�NNNNNN (t; e
j!)HHH(ej!) +HHH

y

(ej!)�NNNNNN(t; e
j!)H(ej!)

� Hy(ej!)�NNNNNN(t; e
j!)H(ej!)

�1

Hy(ej!)�ZZZZZZ(t; e
j!)H(ej!)

� Hy(ej!)�NNNNNN(t; e
j!)H(ej!)

�1

Hy(ej!)�NNNNNN (t; e
j!)HHH(ej!) (5)
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Assume first that we have exact knowledge of the TF’s ratioHHH(ej!),
i.e.,HHH(ej!) = HHH(ej!) = (AAA(ej!)=A1(e

j!)). Then, using the iden-
tity Hy(ej!)AAA(ej!) = 0, (5) reduces to

�s
yy(t; e

j!)j
HHH=HHH

=�ss(t; e
j!)

1

kHHH(ej!)k4
HHHy(ej!)

�AAA(ej!)AAAy(ej!)HHH(ej!)

=�ss(t; e
j!) A1(e

j!)
2

: (6)

The filter A1(e
j!) is the TF relating the signal source and the first

(reference) sensor. It cannot be eliminated by the algorithm. Actually,
it imposes on the output signal the same amount of PSD deviation im-
posed on the arbitrary reference sensor. We therefore define the total
PSD deviation of the algorithm for any TF’s ratio estimate by normal-
izing the output

PSD dev(t; ej!) =
�s
yy(t; e

j!)

�s
yy(t; ej!)jHHH=HHH

=
�s
yy(t; e

j!)

jA1(ej!)j
2 �ss(t; ej!)

: (7)

Note that the value PSD dev(t; ej!)j
HHH=HHH

= 1 indicates a distor-
tionless output in the prespecified measure. This value is obtained
whenever an exact knowledge of the TF’s ratios is available. However,
in actual scenarios, the filters,HHH(ej!) are not known in advance, i.e.,
HHH(ej!) = HHH(ej!) + EEE(ej!) 6= HHH(ej!). This estimation error has
two-fold influence. First, the fixed beamformer branch is not accurate,
causing a possible degradation of the alignment of the input signal,
yielding an incoherent addition. Second, the blocking matrix, whose
terms depend on the HHH(ej!) estimate, would not block the desired
signal completely, causing the desired signal leakage, which manifests
itself by the self-cancellation phenomenon. Higher deviation of
ĤHH(ej!) from its nominal value would yield higher PSD deviation.

The error variance depends on the estimation method used. Analysis
of the estimation error EEE(ej!) using the Blackman–Tukey approach
for PSD estimation is given by (8) (for details, see [11] and [14]).

Mean Em(ej!) = 0

Var Em(ej!) =
1

BT

1

SNRmave(ej!)
�(ej!): (8)

T is the total number of samples used for estimation, and
B = (1=

�
w2(� )) is related to the window bandwidth used

for the PSD estimation method. The averaged signal to noise ratio is
defined by

SNRmave(e
j!) =

�z z (t; ej!)

�u u (t; ej!)

where for a given set of K values �(k)(ej!), the average oper-
ator is defined by h�(ej!)i

�
= (1=K) K

k=1 �
(k)(ej!). Using

(3), Zm(t; ej!) = Hm(e
j!)Z1(t; e

j!) + Um(t; ej!), the term
SNRmave(e

j!) can be interpreted as the SNR between z1, the input
signal to the filter hm, and the disturbance um.

The relative efficiency is defined by

�(ej!) =
�z z (t; ej!) 1

� (t;e )

h�z z (t; ej!)i 1
� (t;e )

� 1
: (9)

It is shown in [11] and [14] that the variance of the regular input–
output least squares match, i.e., Ĥm(e

j!) = (�̂z z (t; ej!)=
�̂z z (t; ej!)), which is a biased estimate, is given by (1=BT )
(1=SNRmave(e

j!)). Thus, �(ej!) is the ratio between the variance
obtained by the proposed estimation method and the regular one.
As it is easily shown that the relative efficiency always fulfills

�(ej!) > 1, there is always a variance degradation due to the use of
nonstationarity. Nevertheless, the fact that the estimate is unbiased is
the main advantage of the method. Note that 1 < �(ej!) < 1. The
more the signal is nonstationary, �(ej!) tends to 1. The estimation
error variance is increasing as the input signal z1 becomes more
stationary and as the averaged SNR decreases. Note that if the first
sensor noise signal n1 is very large, both z1 and um become large,
and the averaged SNR tends to 1. The degradation in the TF’s estimate
is then due to the term �(ej!). When the (presumably stationary)
noise signal becomes dominant, the signal z1 gets more stationary,
resulting in �(ej!) ! 1. This phenomenon may be interpreted in
the following manner. As the signals approach stationarity, all the
equations in the overdetermined set (4) become similar, yielding an
ill-conditioned problem.

IV. EVALUATION OF THE PSD DEVIATION

In this section, we evaluate the theoretical expression depicted in (5)
and (7) for several representative cases.
We begin by analyzing the simple steering case, where only delays

relate the source and the sensors. Thus, the direction of arrival (DoA)
of the source completely determines the TFs. In this case, steering the
array away from the desired signal direction enables analytical evalua-
tion of the performance degradation.
However, for the more interesting case, when general TFs relate the

source and the microphone, analytical evaluation is not as simple. The
PSD deviation depends on the actual TFs used and their estimation pro-
cedure. Therefore, we use, as an example, acoustic TFs (ATFs), which
are recorded in real room. HHH(ej!) is then used instead of the correct
HHH(ej!) by adding a Gaussian-distributed error with statistics given by
(8) to the real ATF. We show that the larger the error variance is, the
higher the PSD deviation becomes.
For both cases, several noise fields are used, and the amount of the

resulting PSD deviation is predicted.

A. Signal’s TFs: Pure Delay

Assume free space propagation, i.e., only pure delay relates the de-
sired signal source and the sensors. For this case, we use a linear array
of five microphones with interelement spacing of [5, 7, 9, 11] cm, re-
spectively. Assume, in addition, that the desired signal is white (i.e.
�ss(t; e

j!) = 1) and that it impinges the array from � = 90�. ThePSD
deviation imposed by the algorithm is evaluated by steering the array
around the desired signal DoA (i.e., changing HHH(ej!) in the range
� 2 [85�; 95�]). The array is then optimized for several noise fields,
namely, directional noise source impinging the array from � = 40�,
diffused noise field, and incoherent noise field. By optimization of the
array, we refer to the designing of the optimal Wiener filter in the noise
cancellation branch. In Fig. 3, we present the amplitude PSD devia-
tion of the output signal of the array as a function of the frequency
and the steering angle for both directional, diffused, and incoherent
noise fields. By steering the array away from the desired signal direc-
tion � = 90�, at the prespecified angles, no more than 4 dB attenuation
is encountered.

B. Signal’s TFs: Real Room

In spite of having a closed-form formula for evaluating the PSD de-
viation, which uses the TF’s ratio estimate, the calculation for the case
of arbitrary TFs is a complex task, since the performance depends on
the actual TFs used. For this purpose, we use the ATFs obtained by
real room recordings. We use again the same linear array as in the
delay-only case, but this time, the array is mounted in a small confer-
ence room. The test scenario and typical ATFs are given in Fig. 4. The
estimation procedure used is given by (4), and its error variance is given
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Fig. 3. PSD deviation as a function of the frequency and direction of arrival. Desired signal direction � = 90 .M = 5 sensors. (Left) Directional noise field
(� = 40 ). (Middle) Diffused noise field. (Right) Incoherent noise field.

Fig. 4. Five-microphones array in a noisy conference room. (Left) Test scenario. (Right) Typical ATF.

Fig. 5. Typical nonstationarity function for speech signal. (Left) Clean. (Right) Noisy with SNR = �5 dB.

by (8). Note that in order to calculate the error variance, we need the
reference noise signals um;m = 1; . . . ;M . These signals themselves
depend on the blocking matrix, whose terms depend on the estimated
TFs. Thus, the problem of predicting the PSD deviation becomes diffi-
cult to solve. Furthermore, as each TF estimation depends on the same
signal z1, this results in a correlation between the estimation errors of
each filter.

Several simplifying assumptions enable a rough estimation of the
expected PSD deviation.

1) The errors in estimating each TF are uncorrelated.
2) The signals um are only slightly changed due to errors in esti-

mating the TFs; therefore, re-estimating the predicted error with

the new noise signals is unnecessary. This assumption states that
we use the exact TFs Hm(ej!) for calculating the PSD of the
reference signals um and then use the resulting PSDs to calcu-
late the imposed error in estimating Hm(e

j!). This assumption
may be referred to as small error assumption.

3) The estimation error is Gaussian distributed with zero mean (un-
biased estimate) and variance given by (8).

The estimation error PSD depends on the signal nonstationarity. A
typical nonstationary function �(ej!) for clean and noisy speech sig-
nals is depicted in Fig. 5. It is clearly shown that except for outliers in
several frequencies, the nonstationary assumption for the clean signal
holds (values range between 1 and 1.5). The noisy signal becomes
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Fig. 6. PSD deviation for real room ATF. Comparison between TF-GSC and D-GSC (with correct DoA).

more stationary, yielding an increased value of �(ej!), as shown in
Fig. 5. Although the error variance is likewise dependent on the noise
field, our experiments show only weak dependence. Thus, we give
only the results for noise field constructed by a point source propa-
gating through ATFs. The desired signal, assumed again to be white,
uses one set of ATFs (originating from left side of the array), and
the noise signal uses another set (originating from right side of the
array). PSD deviation plots are shown in Fig. 6 for various SNR levels.
The plots were obtained by averaging over 50 Monte Carlo experi-
ments. In each trial, a random disturbance of the correct TF’s ratios
HHH(ej!) = HHH(ej!) + EEE(ej!) was used where EEE(ej!) is Gaussian
distributed with statistics given by (8). It is evident that the amount of
PSD deviation imposed is quite low. Even for low input SNR of �10
dB, the predicted PSD deviation is no more than 4 dB in the interesting
frequency band. In the higher SNR levels, the predicted PSD deviation
is significantly low. For comparison, we plotted on the same graphs the
predicted PSD deviation obtained by the D-GSC. As the DoA estima-
tion procedure is beyond the scope of this correspondence, we assume
for this purpose a perfect knowledge of the delay between sensors. Even
so, it is clearly evident that the proposed TF-GSC outperforms the con-
ventional D-GSC for the SNR levels presented.

Although we made some restrictive assumptions, the low PSD devi-
ation predicted by this analysis was also encountered while practically
applying our algorithm to a speech signal, as shown in [3].

V. SUMMARY

We presented a general expression for the output signal PSD.
From this expression, we derived an expression for the expected PSD
deviation imposed on the desired signal. It is shown that the proposed

TF-GSC maintains low PSD deviation and outperforms the basic
D-GSC method in a reverberant environment. The analytical perfor-
mance evaluation presented here supports the previously observed
experimental evidence. This analysis can serve as a framework for
evaluating the expected performance of other GSC structures (like the
one presented in [2]) in reverberant environments with only minor
modifications, mainly concerning the TF’s estimation procedure.
We note that only steady-state evaluation is presented in this cor-

respondence. We expect the performance to degrade in the case of a
nonstationary desired signal (as the speech signal) and transient noise
signal. However, the presented evaluation can serve as a basis for the
analysis in the nonstationary case.
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Least Squares Algorithms for Time-of-Arrival-Based
Mobile Location

K. W. Cheung, H. C. So, W.-K. Ma, and Y. T. Chan

Abstract—Localization of mobile phones is of considerable interest in
wireless communications. In this correspondence, two algorithms are de-
veloped for accurate mobile location using the time-of-arrival measure-
ments of the signal from the mobile station received at three or more base
stations. The first algorithm is an unconstrained least squares (LS) esti-
mator that has implementation simplicity. The second algorithm solves a
nonconvex constrained weighted least squares (CWLS) problem for im-
proving estimation accuracy. It is shown that the CWLS estimator yields
better performance than the LSmethod and achieves both theCramér–Rao
lower bound and the optimal circular error probability at sufficiently high
signal-to-noise ratio conditions.

Index Terms—Mobile terminals, positioning algorithms, time-of-arrival.

I. INTRODUCTION

Mobile location has received significant interest since the first ruling
of the Federal Communications Commission for detection of emer-
gency calls in the United States in 1996 [1]. In addition to emergency
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management, mobile position information will also be useful in intel-
ligent transport systems, location billing, interactive map consultation,
and monitoring of the mentally impaired [2]–[6].
Wireless location systems usually require two or more base stations

(BSs) to intercept a mobile station (MS) signal. Common location ap-
proaches are based on time-of-arrival (TOA), received signal strength
(RSS), time-difference-of-arrival (TDOA), or angle-of-arrival (AOA)
measurements determined from the MS signals received at the BSs
[6]–[10]. In this correspondence, we focus on mobile positioning using
the TOA information.
In the TOAmethod, the one-way propagation time of the signal trav-

eling between the MS and each of the BSs is measured, and this pro-
vides a circle centered at the BS on which the MS must lie. The TOA
measurements are then converted into a set of circular equations, from
which the MS position can be determined with the knowledge of the
BS geometry. A straightforward approach for determining the MS po-
sition is to solve the nonlinear equations [9] relating these measure-
ments directly, but it is computationally intensive. Apart from the direct
methodology, another common technique [10]–[12] that avoids solving
the nonlinear equations is to linearize them, and then, the solution is
found iteratively. However, this approach requires an initial estimate
and cannot guarantee convergence to the correct solution unless the ini-
tial guess is close to it. To allow real-time implementation and ensure
global optimization, we adopt the idea of the spherical interpolation
(SI) in TDOA-based location [13] that reorganizes the nonlinear hyper-
bolic equations into a set of linear equations by introducing an inter-
mediate variable, which is a function of the source position. However,
the SI estimator solves the linear equations directly via least squares
(LS) without using the known relation between the intermediate vari-
able and the position coordinate. To improve the location accuracy of
the SI approach, Chan and Ho have proposed [14] to use a two-stage
weighted LS to solve for the source position by exploiting this relation
implicitly, whereas [15] incorporates the relation explicitly by mini-
mizing a constrained LS function based on the technique of Lagrange
multipliers. According to [15], these two modified algorithms are re-
ferred to as the quadratic correction least squares (QCLS) and linear
correction least squares (LCLS), respectively.
The rest of the paper is organized as follows. In Section II, the model

for the TOA measurements is described. Two important performance
measures of location accuracy, namely, the Cramér–Rao lower bound
(CRLB) [16] and circular error probability (CEP) [12] are then
reviewed. In Section III, we first derive a simple LS TOA-location
algorithm via the introduction of a range parameter. An improved
algorithm, which weighs the LS function and exploits the relation
between the range variable and position coordinate, is then devised.
Performance of the developed algorithms is analyzed in Section IV.
Simulation results are presented in Section V to evaluate the location
estimation performance of the two methods. Finally, conclusions are
drawn in Section VI.

II. TOA MEASUREMENT MODEL AND PERFORMANCE MEASURES

It is assumed that a reliable non-line-of-sight detection algorithm,
such as [17] or [18], has first been employed to eliminate the measure-
ments with large errors. As a result, all measurements we utilize for
mobile location come from line-of-sight (LOS) propagation. Let [x; y]
be the MS position to be determined and the known coordinate of the
ith BS be [xi; yi]; i = 1; 2; . . . ;M , whereM is the total number of re-
ceiving LOS BSs. The distance between the MS and the ith BS, which
is denoted by di, is given by

di = (x� xi)2 + (y � yi)2; i = 1; 2; . . . ;M: (1)
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