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Abstract—The polarization properties of the optical RF spec-
trum at the output of linear systems are studied both theoret-
ically and experimentally. An analytical expression for the RF
spectra of the Stokes parameters for sources of general statistics
is derived. Specific formulas are calculated for broadband sources
of Gaussian statistics and laser sources with predominant phase
noise. In addition, a novel technique for characterizing the polari-
metric dependence of the RF spectra is introduced. The technique
is especially suitable for use in deployed links since it can use the
communication signal, no prior knowledge of the signal statistics
is necessary, and no access to the transmitting end is required.
Using the formalism, estimation of the output principal states of
polarization from RF measurements is demonstrated.

Index Terms—Optical noise, phase noise, polarization mea-
surements, polarization mode dispersion (PMD), RF spectrum,
statistical optics.

I. INTRODUCTION

THE SPECTRAL properties of the instantaneous intensity
of light and how they are affected by propagation have

been the subject of many studies [1]–[5]. Typically, the spec-
tral range of interest extends up to several tens of gigahertz.
Accordingly, the power spectral density (PSD) of instantaneous
optical intensity is often referred to as the “RF spectrum” of
light. The characteristics of the RF spectrum depend mainly
on the type of the optical source, the optical modulation
being used, and the transfer properties of the medium. The
motivation for characterizing the optical RF spectrum depends
on the specific application. In many applications, the random
fluctuations in the source amplitude and phase are translated
into significant noise in the detected signal. Using optical RF
spectrum analysis, it is possible to characterize this source-
induced noise, to estimate SNRs, and to investigate propagation
effects. Another important application of optical RF spectrum
analysis is in optical communications, where the spectrum
depends predominantly on the modulation format. The analysis
allows comparing the spectral efficiencies of different formats,
aiding the design of the electrical part of the receiver, and
studying and monitoring propagation effects, among others.
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Most previous studies of the spectral properties of optical
intensity were based on a scalar approximation. Recently, there
has been a growing interest in the spectral properties of de-
tected signals in polarimetric measurements [6]–[13]. In many
of these applications, the measured quantities are the Stokes
parameters, and the RF spectrum of such parameters represents
measurement noise. It is therefore useful to characterize the RF
spectrum of the entire Stokes vectors rather than the intensity
alone. In our previous studies, we derived formulations for the
RF spectrum of the Stokes parameters at the output of a linear
time-invariant optical medium for sources of Gaussian statistics
[14] and general known statistics [15]. The two formalisms
were expressed in different terms. Here, we show how the
results obtained for the Gaussian sources can be derived from
the more general case. For completeness, we present again
experimental demonstrations of these formalisms [15], [16].

In optical communications, the effects of polarization mode
dispersion (PMD) on the RF spectrum have drawn significant
attention due to the potential of using them for providing a
feedback signal to PMD mitigation systems [17]–[23]. Many
mitigation schemes rely on the knowledge of the principal states
of polarization (PSPs) at the medium output. Hence, a method
for extracting the PSPs from RF spectra measurements can be
very useful. Here, we develop and demonstrate such a method.
The method has several advantages, which make it especially
suitable for deployed operating links: It can be performed at
the receiver end of the medium with no need to access the
transmitter end, and it can use the communication signal itself.
No restrictions are imposed on the signal format.

This paper is organized in two main parts. In Section II,
the analytical formulation that expresses the RF spectra of
the Stokes parameters at the output of an optical medium is
presented. The formalism accounts for the statistical properties
of the source, as well as the transfer matrix of the optical
medium. The derivation is provided for a source of general
statistics, with specific results for Gaussian sources and phase-
noise-dominated laser sources. Section II is concluded with
experimental demonstrations. In Section III, the experimental
procedure for PSP estimation using RF spectrum measurements
is described. The procedure is based on placing a variable ellip-
tical polarizer (analyzer) at the output of the optical medium.
Following a set of required calibration measurements, the RF
spectrum of the detected intensity can be predicted for an
arbitrary state of the analyzer. This prediction does not require
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any prior knowledge of the signal properties, transfer function
of the optical medium, or input state of polarization (SOP). An
experimental demonstration of this RF spectrum prediction is
provided for 10-Gb/s nonreturn to zero (NRZ) pseudorandom
bit sequence (PRBS) signal. If the RF spectrum of the data
signal is known for back-to-back operation, the state of the
analyzer can be optimized to best reproduce that spectrum. It
is shown through numerical simulation that these states of the
analyzer provide an estimate of the output PSP of a high-order
PMD medium. A brief discussion is given in Section IV.

II. RF SPECTRA OF STOKES PARAMETERS FOR SOURCES

WITH KNOWN STATISTICAL PROPERTIES

A. Arbitrary Source Statistics

Let �Ein(t) denote a Jones column vector that describes the
instantaneous optical field at the input of a linear time-invariant
optical medium. The components of �Ein(t) are assumed to be
ergodic complex random processes. Throughout this section,
it is required that the second-order and fourth-order moments
of �Ein(t) are known or may be approximated by an analytical
model. Let h(t) denote the impulse response matrix of the
optical medium. The instantaneous Jones vector of the optical
field �Eout(t) at the medium output is given by

�Eout(t) = h(t) ∗ �Ein(t) =

∞∫
−∞

h(t− ξ) �Ein(ξ)dξ (1)

where ∗ denotes convolution. In the following, a formulation
is presented for the autocovariance functions of the Stokes
parameters corresponding to �Eout(t). These autocovariance
functions depend on the statistical properties of the input field,
as well as the transfer properties of the medium.

We define the instantaneous coherency matrices of �Ein(t)
and �Eout(t) as follows [2], [14]:

Jin(t1, t2) ≡ �Ein(t2) �E
†
in(t1) (2a)

Jout(t1, t2) ≡ �Eout(t2) �E
†
out(t1). (2b)

With this definition, the coherency matrices are dependent on
two temporal parameters. For t2 = t1, these matrices reduce
to the commonly used coherence matrix of a single parameter
[24]. Using (1), we can relate Jout(t1, t2) to Jin(t1, t2) accord-
ing to the transfer properties of the optical medium [2]

Jout(t1, t2) =

∞∫
−∞

∞∫
−∞

h(t2 − ξ) �Ein(ξ) �E†
in(η)h†(t1 − η)dξdη

=

∞∫
−∞

∞∫
−∞

h(t2 − ξ)Jin(η, ξ)h†(t1 − η)dξdη. (3)

Equation (3) describes therefore the propagation of the instanta-
neous coherency matrix through a linear time-invariant optical
medium.

The instantaneous output Stokes parameters Sk(t) may be
extracted from the output coherency matrix as follows:

Sk(t) = tr [Jout(t, t)σk] , k = 0, . . . , 3 (4)

where σ0 = I and {σk, k = 1, . . . , 3} are the Pauli spin matri-
ces, which are defined as

σ1 =
[

1 0
0 −1

]
, σ2 =

[
0 1
1 0

]
, σ3 =

[
0 −j
j 0

]
. (5)

Combining (3) and (4), we obtain

Sk(t) = tr




∞∫
−∞

∞∫
−∞

h(t− ξ)Jin(η, ξ)h†(t− η)dξdησk




=

∞∫
−∞

∞∫
−∞

tr
[
h†(t− η)σkh(t− ξ)Jin(η, ξ)

]
dξ dη

=

∞∫
−∞

∞∫
−∞

tr [Mk(t− η, t− ξ)Jin(η, ξ)] dξ dη. (6)

Here, Mk(t1, t2) ≡ h†(t1)σkh(t2) is representing a second-
order transfer function of the optical medium.

The autocovariance functions Ck(τ) of the Stokes parame-
ters can be expressed as [2]

Ck(τ) = 〈Sk(τ)Sk(0)〉 − 〈Sk(τ)〉 〈Sk(0)〉 (7)

with 〈 〉 denoting the ensemble average. Substituting (6) into
(7), we obtain

Ck(τ)=

∞∫
−∞

∞∫
−∞

∞∫
−∞

∞∫
−∞

〈tr [Mk(τ − η, τ − ξ)Jin(η, ξ)]

· tr[Mk(−µ,−ν)Jin(µ, ν)]〉 dηdξdµdν

−
∞∫

−∞

∞∫
−∞

∞∫
−∞

∞∫
−∞

tr [Mk(τ − η, τ − ξ) 〈Jin(η, ξ)〉]

· tr[Mk(−µ,−ν)〈Jin(µ, ν)〉]dηdξdµdν.
(8)

This result can be further simplified to separate the effects of
the input field statistics and the medium transfer function. To
that end, we use the identity

tr(AB) · tr(CD) = tr [(A ⊗ C)(B ⊗ D)] (9)

where ⊗ denotes the Kronecker product and A, B, C, and D
are square matrices of equal dimensions. We obtain

Ck(τ) =

∞∫
−∞

∞∫
−∞

∞∫
−∞

∞∫
−∞

tr {[Mk(τ−η, τ−ξ) ⊗ Mk(−µ,−ν)]

· [〈Jin(η, ξ) ⊗ Jin(µ, ν)〉
− 〈Jin(η, ξ)〉 ⊗ 〈Jin(µ, ν)〉]}

× dη dξ dµ dν.

(10)



4140 JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 24, NO. 11, NOVEMBER 2006

For a given optical medium, the first term in the integrand is
entirely deterministic, representing its transfer properties. The
second stochastic term contains second-order and fourth-order
moments of �Ein(t). With the knowledge of these moments and
the medium transfer function, the autocovariance functions of
the output Stokes parameters may be evaluated analytically. The
RF spectrum of the Stokes parameters can then be obtained
by a Fourier transform of (10). In the following subsections,
the autocovariance functions are derived for two important
specific statistical models of the input optical field, namely
1) the broadband thermal source and 2) the laser source.

B. Broadband Thermal Source

Sources with very short temporal coherence are used
in many applications, such as low-coherence reflectometry
[25], [26], low-coherence tomography [27], and coherence
multiplexing of optical sensors [28] and communication chan-
nels [29], [30]. In numerous works, the performance and
functionality of a system based on a low-coherence source
are enhanced through polarization-related observables. Exam-
ples include polarization-sensitive low-coherence reflectometry
[8], [10] and polarization-sensitive low-coherence tomography
for medical applications [7], [9], [11], [13]. In addition, the
capacity of optical code-division multiple-access (OCDMA)
architectures can be enhanced through the use of differ-
ential detection [12], which is mathematically equivalent
to the measurement of the instantaneous Stokes parameter
S1(t) [14].

The optical noise induced by the low-coherence source at
the output of an optical medium could become a limiting
factor in system performance. The source-induced noise was
shown to limit the number of users in coherence-multiplexing
OCDMA architectures [30]–[32] and reduce the sensitivity of
low-coherence reflectometry [33], [34]. The characterization of
the autocovariance of the Stokes parameters at the output of a
medium that is driven by a low-coherence source is, therefore,
of practical consequence.

The analytic signals that describe the optical fields of
low-coherence sources, such as super-luminescent light emit-
ting diodes (SLEDs) or amplified spontaneous emission,
are well modeled by circular Gaussian random processes
[24]. The fourth-order statistics of such random processes
can be expressed in terms of their second-order moments,
considerably reducing the complexity of the autocovariance
evaluation.

The derivation in our previous work [14] started in stating
the autocovariance functions of the Stokes parameters in terms
of the corresponding instantaneous Jones vector. The derivation
for sources of general statistics (Section II-A) was based on the
generalized coherency matrix. Here, we show that the approach
can reproduce the results for Gaussian statistics.

Substituting (4) into (7) and using the identity (9), we obtain

Ck(τ) = tr {[〈J(τ, τ) ⊗ J(0, 0)〉
− 〈J(τ, τ)〉 ⊗ 〈J(0, 0)〉] (σk ⊗ σk)} (11)

Using the high-order moment theorem for sources of Gaussian
statistics, (11) can be written as

Ck(τ) = tr {〈A(τ, 0)〉 〈B(0, τ)〉 (σk ⊗ σk)} (12)

where

A(τ, 0) ≡



Jxx(τ, 0) 0 Jxy(τ, 0) 0
Jyx(τ, 0) 0 Jyy(τ, 0) 0

0 Jxy(τ, 0) 0 Jxx(τ, 0)
0 Jyy(τ, 0) 0 Jyx(τ, 0)




(13)

and

B(0, τ) ≡



Jxx(0, τ) Jxy(0, τ) 0 0

0 0 Jyx(0, τ) Jyy(0, τ)
0 0 Jxx(0, τ) Jxy(0, τ)

Jyx(0, τ) Jyy(0, τ) 0 0


 .

(14)

In (13) and (14), Jij(t1, t2) i, j = x, y denotes the elements
of the instantaneous coherency matrix defined in (2). Next, we
define the four-element Stokes correlation vector �Scorr(τ) as

�Scorr(τ) ≡ tr [〈Jin(0, τ)〉 · �σ] (15)

where �σ is a vector of the identity matrix and the Pauli
spin matrices, as in (5). The Stokes correlation vector is the
inverse Fourier transform of the frequency-dependent Stokes
vector �S(ω) and serves as a vector generalization of the scalar
autocorrelation function of the intensity.

Having defined �Scorr(τ), the matrices 〈A(τ, 0)〉 and
〈B(0, τ)〉 can be decomposed as follows:

〈A(τ, 0)〉 =
1
2
�L · �S∗

corr(τ)

〈B(0, τ)〉 =
1
2
�S Tcorr(τ) · �K (16)

where �L and �K are vectors of four 4 × 4 matrices of constants,
which are given explicitly in the Appendix. Substituting (16)
into (12) yields

Ck(τ) =
1
4
tr
{
�S Tcorr(τ) · �K(σk ⊗ σk)�L · �S∗

corr(τ)
}

=
1
2
�S†
corr(τ)Nk

�Scorr(τ) (17)

where Nk are the 4 × 4 diagonal matrices of constant elements,
which are given in the Appendix. The autocovariance functions
of the Stokes parameters are therefore expressed in terms of
second-order moments of the optical field. The Stokes correla-
tion vector propagates through the optical medium, according
to [14], as

�Scorr,out(τ) = T(τ) ∗ �Scorr,in(τ) (18)
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with T(τ) denoting a 4 × 4 matrix whose elements repre-
sent the correlations of the impulse response matrix of the
medium, i.e.,

Tkj(τ) ≡ 1
2
tr






∞∫
−∞

h(η)σjh†(η − τ)dη


σk


 . (19)

The matrix T(τ) is the Fourier transform pair of the fre-
quency domain Muller matrix of the optical medium. Substi-
tuting (18) into (17), we obtain

Ck(τ) =
1
2

[
�S†
corr,in(τ) ∗ T†(τ)

]
Nk

[
T(τ) ∗ �Scorr,in(τ)

]
.

(20)

C. Polarized Laser Source

SOP measurements with a continuous wave (CW) laser
source are performed extensively in PMD evaluation [35],
characterization of the vector properties of optical networks,
etc. The optical field of the laser source is commonly modeled
by a fixed Jones vector ε̂in with fixed intensity Iin, central
optical frequency ω0, and a stochastic instantaneous phase ϕ(t)
[1], [36], i.e.,

�Ein(t) =
√
Iin exp [ jω0t+ jϕ(t)] ε̂in. (21)

Using this description of the optical field, the input coherency
matrix can be separated into a fixed matrix, multiplied by a
scalar phase term

Jin(t1, t2) = IinJ0 exp [ jϕ(t2) − jϕ(t1)] (22)

where J0 ≡ ε̂inε̂
†
in is a constant matrix that represents the input

SOP. The optical phasor is represented by an ergodic process,
whose second-order moment is given by [5], [36]

Γ2(t1, t2) ≡ 〈exp [ jϕ(t2) − jϕ(t1)]〉 = exp (−|t2 − t1|/τc)
(23)

with τc denoting the source coherence time [37]. The fourth-
order moments can be expressed as [5], [36]

Γ4(t1, t2, t3, t4) ≡〈exp [jϕ(t4) − jϕ(t3) + jϕ(t2) − jϕ(t1)]〉
= exp [(−|t2−t1|−|t4−t3|−|t2−t3|

−|t4−t1|+|t4−t2|+|t3−t1|) /τc] .
(24)

Fig. 1. Experimental setup for the measurement of the thermal-source-
induced spectrum of the Stokes parameters at the output of a first-order PMD
medium. The dotted lines denote Hi-Bi fibers, and the solid lines denote regular
fibers.

Substituting (22)–(24) into (10), we obtain an expression for
the autocovariance functions of the Stokes parameters for a CW
laser source, at the output of an optical medium

Ck(τ) = I2
in

∞∫
−∞

∞∫
−∞

∞∫
−∞

∞∫
−∞

tr{[Mk(τ−η, τ−ξ) ⊗ Mk(−µ,−ν)]

· (J0⊗J0)} [Γ4(η, ξ, µ, ν)−Γ2(η, ξ)Γ2(µ, ν)] dη dξ dµ dν.

(25)

D. Experimental Results

The RF spectra of Stokes parameters at the output of an
optical medium were measured experimentally for both ther-
mal and CW laser sources [15], [16]. The experimental setup
of the measurements performed with the thermal source is
shown in Fig. 1. The optical medium under test comprised a
Mach–Zender interferometer (MZI) with a differential delay
τ0 and an uncontrolled differential phase ϕ. The differential
delay was of the order of 20 ns, whereas the fluctuating
differential phase stemmed from micrometer-scale environ-
mentally induced path variations. One input arm of the MZI
was connected to a SLED source, which is characterized by
its scalar autocorrelation function of the optical field Γin(τ).
This device under test (DUT) is the equivalent of a first-order
PMD medium, with the input SOP having equal projections
on both input PSPs [14]. The output arms of the MZI were
mapped into the principal axes of a high-birefringence (Hi-Bi)
fiber through polarization controllers and a polarization beam
combiner (PBC). These mapping transformations introduced
a second arbitrary differential phase ψ. The differential delay
accumulated from the output arms of the MZI onward was
balanced in order for it to be negligible with respect to τ0.

The matrix h(t) describing the DUT as in (26), shown at the
bottom of the page. The input Stokes correlation vector for the
SLED is determined using (11), i.e.,

�Scorr,in(τ) ≡ [Γin(τ) Γin(τ) 0 0]T . (27)

h(t) =
1
2

{
e−j(ψ/2)

[
e−j(ϕ/2)δ

(
t− τ0

2

)− ej(ϕ/2)δ
(
t+ τ0

2

)]
e−j(ψ/2)

[
je−j(ϕ/2)δ

(
t− τ0

2

)
+ jej(ϕ/2)δ

(
t+ τ0

2

)]
ej(ψ/2)

[
je−j(ϕ/2)δ

(
t− τ0

2

)
+ jej(ϕ/2)δ

(
t+ τ0

2

)]
ej(ψ/2)

[−e−j(ϕ/2)δ (t− τ0
2

)
+ ej(ϕ/2)δ

(
t+ τ0

2

)]
}

(26)
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Fig. 2. Experimental (solid line) and theoretical (dashed line) RF spectra for the Stokes parameters at the output of a first-order PMD medium for the thermal
source inputs (a) P0(ω), (b) P1(ω), and (c) P2(ω).

Using (18)–(20) and taking the Fourier transform of the
results, the RF spectra for the Stokes parameters Pk(ω) at the
output of the DUT are given by

P0(ω)/Pin(ω) =
1
2

[1 + cos(ωτ0)]

P1(ω)/Pin(ω) =
1
2

P2(ω)/Pin(ω) =
1
2
[
1 − sin2(ψ) cos(ωτ0)

]

P3(ω)/Pin(ω) =
1
2
[
1 − cos2(ψ) cos(ωτ0)

]
(28)

where Pin(ω) ≡ ∫∞−∞ |Γin(τ)|2 exp(jωτ)dτ denotes the power
spectrum of the input source signal, which is constant in the
frequency range of interest (Pin(ω) ≈ Pin(0)). Note that the
differential phase ϕ within the MZI does not affect the output
spectra. For the specific DUT implemented, P0(ω), P2(ω), and
P3(ω) are spectrally modulated, whereas P1(ω) is constant.
The modulation depth for P2(ω) and P3(ω) depends on the
differential phase ψ. Since ψ varies randomly at a 0.1-s time
scale, whereas the measurement duration was 10 s, the expected
spectra are obtained by averaging over ψ

〈P2,3(ω)〉ψ =
1
2
Pin(0)
[
1 − 1

2
cos(ωτ0)

]
. (29)

Measurements of P0(ω), P1(ω), and P2(ω) were performed
at the DUT output. The spectra were characterized over a
bandwidth of several hundreds of megahertz, prohibiting the
use of a conventional polarization analyzer. Instead, we have
constructed a broadband polarization analyzer using a differ-
ential detector and a polarization beam splitter (PBS). For the
measurement of P0(ω), the output of the DUT was detected
by a photodiode, and the outcome was connected to an RF
spectrum analyzer. For the measurement of P1(ω), the DUT
output was connected to the PBS, followed by the differ-
ential detector. The detector output signal, which represents
S1(t) = |Ex(t)|2 − |Ey(t)|2, was fed into the RF spectrum
analyzer. In the measurement of P2(ω), the Hi-Bi fibers of the
DUT output and the PBS input were connected at an angle
of 45◦, resulting in a detected signal that represents S2(t) =
(1/2)|Ex(t) + Ey(t)|2 − (1/2)|Ex(t) − Ey(t)|2. The experi-
mental spectra are shown in Fig. 2. Good agreement with the
predictions of (28) and (29) is evident.

A similar measurement was performed for a CW laser
source. The test optical medium consisted of a PBS and a PBC,

Fig. 3. Experimental setup for the measurement of the laser-source-induced
spectrum of the Stokes parameter S2 at the output of a first-order PMD medium.
All fibers are PM.

which are connected by two sections of Hi-Bi fibers of different
lengths. In a similar manner to the previous experiment, we
denote the differential delay of the medium and its uncontrolled
differential phase as τ0 and ϕ, respectively. The input light from
a CW distributed feedback laser source was linearly polarized
at θ = 45◦ with respect to the principal axes of the PBS. A
measurement of S2(t) was performed at the PBC output, using
the previously described broadband polarimeter and an RF
spectrum analyzer. The experimental setup is shown in Fig. 3.

The impulse response matrix of the test optical medium in
the laser experiment was given by

h(t)=
[

exp
(− j

2∆ϕ
)
δ
(
t− 1

2τ0
)

0
0 exp

(
j
2∆ϕ
)
δ
(
t+ 1

2τ0
)
]
.

(30)

In addition, the input SOP was

ε̂in =
1√
2
[1 1]T . (31)

Using (22)–(25), we obtained the autocovariance functions of
the Stokes parameters at the output of the first-order PMD
medium, i.e.,

C0(τ) =C1(τ) = 0

C2(τ) =
1
2
I2
in exp
(
−2τ0
τc

)[
eα − 1 + cos(2∆φ)(e−α − 1)

]

C3(τ) =
1
2
I2
in exp
(
−2τ0
τc

)[
eα − 1 − cos(2∆φ)(e−α − 1)

]

(32)
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Fig. 4. Experimental (solid line) and theoretical (dashed line) RF power
spectrum P2(ω) at the output of a first-order PMD medium for a CW laser
source. The DGD is 15 (top) and 30 ns (bottom).

where α ≡ (−2|τ | + |τ + τ0| + |τ − τ0|)/τc. Once again,
since ϕ varied randomly within the measurement duration, the
results of (28) are averaged with respect to ϕ, i.e.,

〈C2(τ)〉ϕ = 〈C3(τ)〉ϕ =
1
2
I2
in exp(−2τ0/τc) [exp(α) − 1] .

(33)

Fig. 4 shows the measured P2(ω), as well as the Fourier
transform of (33), for two values of DGD: 15 (top) and 30 ns
(bottom). Close agreement between theory and experiment is
evident. The fitted coherence time of the laser source was found
to be 61 ns.

III. RF SPECTRA AT THE OUTPUT OF AN ELLIPTICAL

ANALYZER FOR SOURCES WITH GENERAL

STATISTICAL PROPERTIES

In previous studies [38], [39], the dependence of the output
optical RF spectrum on the input SOP was formulated. It was
shown that the RF spectrum of an arbitrary input SOP can be
predicted after measurement of the RF spectra of nine different
input SOPs. One drawback of this characterization procedure
is the need to alter the polarization at the input of the system
and measure the spectrum at the other end. Hence, it is difficult
to apply the method in deployed links. Here, we use a similar
approach to derive a more practical characterization procedure
that requires access to the receiving end only. Moreover, with
the use of a tap coupler, the procedure can be implemented
in active links and used for system monitoring. The technique
is based on placing an elliptical polarizer (an analyzer) at the
output of an optical link and measuring the RF spectrum of the
exiting light for nine different states of the analyzer. After this,
a novel formalism, which expresses the dependence of the RF
spectrum on the state of the analyzer, is used to predict the RF
spectrum corresponding to an arbitrary analyzer position and
to extract the PMD characteristics of the link. In particular, it
is shown that in the case of first-order PMD, it is possible to

apply the method for finding the output PSPs by comparing the
predicted RF spectra with the back-to-back spectrum.

A. Theory

Let the electric field at the input of an optical transmission
medium be defined by

�Ein(t) = f(t) exp(jω0t)ε̂in (34)

where ω0 is the frequency of the optical carrier, f(t) is a slowly
varying complex amplitude that describes the modulation, and
ε̂in is a unit Jones vector that describe the input SOP. Defining
F (ω) as the Fourier transform of f(t), we obtain

�Ein(t) =
1
2π

∞∫
−∞

exp(jωt)F (ω − ω0)ε̂in dω. (35)

After transmission through a general birefringent optical
medium, followed by an elliptical polarization analyzer, the
output field can be expressed as

�Eout(t) =
1
2π

∞∫
−∞

exp(jωt)F (ω − ω0)PT(ω)ε̂in dω (36)

where T(ω) and P are the Jones matrices of the birefringent
medium and polarization analyzer, respectively. Denoting the
principal transmission state of the analyzer by the unit Jones
vector ε̂pol, its Jones matrix can be expressed as P = ε̂pol ◦ ε̂†pol

(where ◦ represents an outer product). It can be easily shown
that P = P† and P = PP. To obtain a simple expression for
the dependence of the RF spectrum of the output light on the
state of the analyzer, we recast (36) in the form

�Eout(t) = PH(t)ε̂in (37)

where H(t) is a convolution of the impulse response matrix
h(t) and the input scalar field. This time-dependent matrix
connects the input polarization and analyzer state with the
electric field at the output of the birefringent medium, whose
magnitude, phase, and polarization vary with time. The instan-
taneous intensity at the output of the analyzer is given by

Iout(t) = �E†
out(t) �Eout(t) = ε̂†inH

†(t)PH(t)ε̂in. (38)

Writing P in terms of the Pauli spin matrices {σk, k =
0, . . . , 3} as defined in (5), we obtain

Iout(t) = �PTU(t)�Sin (39)

where U(t) is a time-dependent 4 × 4 Mueller-like matrix
whose elements are given by [40]

Uik(t) =
1
2
tr
(
H(t)σkH†(t)σi

)
, i, k = 0, . . . , 3 (40)

and �Sin and �P are real column vectors whose elements are given
by Sin,k = ε̂†inσkε̂in and Pk = ε̂†polσkε̂pol, respectively. Note
that Sin,0 = P0 = 1 and [Sin,1 Sin,2 Sin,3]T and [P1 P2 P3]T
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are unit vectors that express the positions of ε̂in and ε̂pol on the
Poincare sphere, respectively.

According to (39), the output intensity has the form Iout(t) =
�PT �Sout(t), where �Sout(t) ≡ U(t)�Sin, and its autocorrelation
function can be expressed in terms of the outer product of
�Sout(t) with its delayed version �Sout(t+ τ), i.e.,

Γ(τ) = 〈Iout(t)Iout(t+ τ)〉
= �PT
〈
�Sout(t) ◦ �STout(t+ τ)

〉
�P

≡ �PTΓ(τ)�P . (41)

It is seen that the autocorrelation of the intensity is a
weighted sum of functions of τ , with the form γkl(τ) ≡
〈Sout,k(t)Sout,l(t+ τ)〉. We define a vector of coefficients

�v ≡ [P1 P2 P3 P 2
1 P 2

2 P 2
3 P1P2 P1P3 P2P3

]T
(42)

and a vector of correlation functions

�ρ(τ) ≡ [γ01 + γ10 γ02 + γ20 γ03 + γ30 γ11 + γ00 γ22 + γ00

γ33 + γ00 γ12 + γ21 γ13 + γ31 γ23 + γ32]T . (43)

Using P 2
1 + P 2

2 + P 2
3 = 1, this sum of 16 terms can be simpli-

fied into a sum of only nine terms as follows:

Γ(τ) =
9∑
j=1

ρj(τ)vj = �ρT (τ)�v. (44)

Using the Wiener–Khinchin theorem, we performed Fourier
transform on both sides of (9) to obtain an expression for the
RF power spectrum of Iout(t), i.e.,

P (ω) =
9∑
j=1

ηj(ω)vj = �ηT (ω)�v (45)

where ηj(ω) is the Fourier transform of ρj(τ). The obtained
spectrum includes the dc term since the autocorrelation function
of the intensity was used in place of its autocovariance.

This result implies that it is possible to determine the depen-
dence of the RF spectrum of Iout(t) on the state of the analyzer
by measuring nine RF spectra of nine different analyzer states,
provided these nine states are chosen in such a way that the nine
resulting vectors {�vn, n = 1, . . . , 9} are linearly independent.
Once ηj(ω) is determined, it is possible to predict the RF
spectrum for any state of the analyzer. In particular, it is possible
to search for the analyzer state whose RF spectrum is the closest
to the back-to-back RF spectrum of the link according to some
nearness criterion. In the case of pure first-order PMD, this
analyzer state corresponds to a PSP. As demonstrated in the
simulation, for a general PMD medium, it is still possible to
find the analyzer state with the RF spectrum closest to the back-
to-back spectrum.

B. Simulation

A transmission medium was modeled first as a pure first-
order PMD system and then as a concatenation of 100 ran-

Fig. 5. Normalized back-to-back RF spectrum (solid). Normalized RF spec-
trum at the output of a pure first-order PMD medium with an optimized analyzer
state (circles). Normalized RF spectrum at the output of a pure first-order PMD
medium, with the analyzer Poincare state vector perpendicular to that of the
optimal state (dotted).

domly oriented waveplates with random birefringence. The
mean DGD was 30 ps, and the bit rate was 10 Gb/s. An NRZ as
well as return-to-zero 128-bit pseudorandom sequences were
transmitted through the system, followed by an analyzer, and
the PSD of the output intensity was calculated for nine different
analyzer states. Using the nine vectors of coefficients {�vn, n =
1, . . . , 9}, the corresponding measured spectra (45) and ηj(ω)s
were determined. With the ηj(ω)s known, the RF spectrum of
any other arbitrary analyzer state could be analytically obtained
from (45).

Next, the analytic expression for the dependence of the RF
spectrum on the analyzer state was used in a least mean square
optimization program to find the analyzer state that yielded the
RF spectrum that was the closest to the back-to-back spectrum.
Figs. 5 and 6 plot the back-to-back RF spectra alongside the
recovered spectra for pure first-order PMD and high-order
fiber realizations, respectively. In addition, the RF spectra of
analyzer states of which the Poincare state vectors are perpen-
dicular to the optimal states are also plotted. As expected, in
the case of pure first-order PMD, the analyzer state was aligned
with one of the output PSPs, and the corresponding RF spectra
was indistinguishable from the back-to-back spectrum. In the
case of the general PMD medium, the closest RF spectrum
was not identical to the back-to-back spectrum. The difference
between the RF spectra depended on the specific realization
of the medium. It was found that the corresponding analyzer
states were not output PSPs, but in many cases, they were
close to them. Large deviations between the estimated PSPs
and the real PSPs were observed in realizations in which the
input SOP was close to a PSP or when the DGD was small.
This is not surprising since in these cases, the effect of the
medium PMD on the RF spectrum was small. In order to
check the technique in scenarios of significant PMD effect,
the input SOP was tuned to “lie” between the input PSPs,
and the instantaneous DGD at midrange was recorded for each
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Fig. 6. Normalized back-to-back RF spectrum (solid). Normalized RF spec-
trum at the output of a general PMD medium with an optimized analyzer state
(circles). Normalized RF spectrum at the output of a general PMD medium,
with the analyzer Poincare state vector perpendicular to that of the optimal state
(dotted).

Fig. 7. Actual PSPs (×) and the estimated PSPs (◦). The sphere was trans-
formed so that all the actual PSPs were mapped to (1, 0, 0).

realization of the medium. Fig. 7 describes the estimated PSPs
compared with the actual PSPs on the Poincare sphere. For
better visualization, the actual and the estimated PSPs for each
realization were transformed together so that the actual PSP
was mapped to the (1, 0, 0) position on the sphere. It can
be seen that the states that correspond to the RF spectrum
of minimum deviation from the back-to-back spectrum are
scattered over a large area around the actual PSP. However,
when we correlated the deviation angle with the instantaneous
DGD, it was found that large deviations from the actual PSPs
mainly occur when the instantaneous DGD is small. In Fig. 8,
only estimated PSPs for which the instantaneous DGD is bigger
than 20 ps are plotted. The decrease in the estimation error
is evident.

Fig. 8. Actual PSPs (×) and the estimated PSPs (◦) for realizations where the
DGD was bigger than 20 ps. The sphere was transformed so that all the actual
PSPs were mapped to (1, 0, 0).

Fig. 9. Experimental setup for measurement of the RF spectrum of a 10-Gb/s
NRZ PRBS at the output of a high-order PMD medium.

C. Experiment

Next, we have checked our new characterization technique in
a 10-Gb/s link. The experimental setup is described in Fig. 9. A
pseudorandom data sequence of length 231 − 1 in NRZ format
was transmitted over an optical link with three sections of
polarization maintaining (PM) fiber. Each PM section had a
DGD of 15 ps. Each PM-fiber section was followed by a section
of standard single-mode fiber to obtain an arbitrary realization
of high-order PMD. A polarization analyzer, comprising a
cascade of a λ/4 plate, a λ/2 plate, and a linear polarizer, was
inserted at the link output. The exiting signal was detected and
measured by an RF spectrum analyzer with an optical input.
The RF power spectra for nine different analyzer states were
measured, and the results were used to calculate the expected
RF power spectra for several other arbitrary analyzer states.
Then, the actual spectra were measured (see two examples in
Fig. 10). The very good agreement between the experimental
and calculated data is evident.
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Fig. 10. Calculated (dotted line) and measured (solid line) RF power spectra of 10-Gb/s NRZ PRBS, following an arbitrarily aligned elliptical polarizer.

IV. DISCUSSION

In this paper, we have studied polarimetric properties of the
RF spectrum at the output of a linear time-invariant optical
medium. First, we described the RF spectrum of the entire
four-element Stokes vector at the medium output. The spectral
characteristics may be different for each individual parameter,
and they are generally determined by the statistics of the input
optical field and the transfer characteristics of the medium.
The analytical formulation of these spectra was given in terms
of fourth-order moments of an input optical field of arbitrary
statistics. When the optical source is of Gaussian statistics,
the expression can be simplified to consist of second-order
moments only. In this case, the obtained result was shown to
agree with a previous formalism, which was derived using a
different approach. Specific results were also provided for a
laser source whose statistics are dominated by phase noise. The
RF spectra of Stokes parameters at the output of a first-order
PMD medium were measured experimentally for both Gaussian
and laser sources, and good agreement with the analytical
predictions has been achieved.

In the second part of this paper, we have described an exper-
imental procedure for the characterization of the RF spectrum
at the output of an optical medium, followed by an elliptical
analyzer. The procedure is based on a calibration sequence in
which the RF spectrum is measured for nine known states of the
analyzer. Following these calibrations, the RF spectrum may be
predicted for any state of the analyzer. No prior knowledge of
the signal format and statistics, optical medium transfer prop-
erties, or input SOP is necessary for the spectrum prediction.
Accurate spectrum prediction was experimentally demonstrated
for a 10-Gb/s NRZ PRBS.

In particular, this procedure can be suitable for output PSP
estimation in optical communications links, provided that the

RF spectrum for back-to-back operation is known. The state of
the polarization analyzer can be optimized to closely reproduce
the back-to-back spectrum. We have shown through numerical
simulations that, subject to some limiting requirements, these
states of the analyzer are in the vicinity of an output PSP. If
the instantaneous DGD of the medium is too small or the input
SOP is near one of the input PSPs, erroneous estimates of the
output PSP are possible. However, the system impairment of
PMD in these situations is small. The output PSP estimation
may also fail when the higher orders of PMD are significant.
We have been able to show a good estimate of the output
PSPs for a high-order PMD medium with a mean DGD of
30 ps, using a 10-Gb/s NRZ communication signal. The scatter
of the reconstructed analyzer states was of the order of 20◦.
The number of realizations was still limited, and a complete
statistical study of the proposed technique performance is yet
to be undertaken.

APPENDIX

For sources with Gaussian statistics, the autocovariance func-
tions of the Stokes parameters were written as follows:

Ck(τ) = tr {〈A(τ, 0)〉 〈B(0, τ)〉 (σk ⊗ σk)} . (A-1)

The matrices 〈A(τ, 0)〉 and 〈B(0, τ)〉 can be decomposed in
terms of the Stokes correlation vector as

〈A(τ, 0)〉 =
1
2
�L · �S∗

corr(τ)

〈B(0, τ)〉 =
1
2
�STcorr(τ) · �K (A-2)
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where

L0 =




1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0


 , L1 =




1 0 0 0
0 0 −1 0
0 0 0 1
0 −1 0 0




L2 =




0 0 1 0
1 0 0 0
0 1 0 0
0 0 0 1


 , L3 =




0 0 −j 0
j 0 0 0
0 −j 0 0
0 0 0 j


 (A-3)

and

K0 =




1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0


 , K1 =




1 0 0 0
0 0 0 −1
0 0 1 0
0 −1 0 0




K2 =




0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0


 , K3 =




0 −j 0 0
0 0 j 0
0 0 0 −j
j 0 0 0


. (A-4)

The matrices Nk in (17) are defined as

Nk ≡ 1
2
tr
[
�K(σk ⊗ σk)�L

]
(A-5)

and given explicitly by

N0 =




1
1

1
1


 , N1 =




1
1

−1
−1




N2 =




1
−1

1
−1


 , N3 =




1
−1

−1
1


 .

(A-6)
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