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The Dependence of the Output Stokes Parameters
on the State of an Arbitrarily Located Polarization

Controller in PMD Mitigation Schemes
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Abstract—The dependence of the instantaneous Stokes pa-
rameters, at the output of a transmission system, on the state of
a polarization controller (PC) located anywhere in the system is
analytically derived. Based on the analytical formalism, a novel
characterization technique is introduced and used for finding
the PC state that yields a maximum degree of polarization and
optimal bit-error rate.

Index Terms—Optical communications, polarization-mode-dis-
persion (PMD) mitigation, polarization control, polarization-mode
dispersion (PMD), Stokes parameters.

I. INTRODUCTION

THE effects of polarization-mode dispersion (PMD) are
known as a serious limiting factor on the capacity of

optical communications systems. To overcome PMD-induced
impairments and to enable transmission of 10 Gb/s over
embedded legacy fiber and 40 Gb/s over modern low-PMD
fibers, various PMD mitigation techniques have been proposed.
In many optical PMD mitigation approaches, polarization
controllers (PCs) of various types, placed at different locations
in the system, provide the degrees of freedom needed for
dynamical control over the mitigation system. In fact, some
of the most simple and promising mitigation approaches are
based on a single PC. If the PC is located at the input of the
system, it provides control over the input state of polarization
(SOP) and enables launching of the light at a principal state
[1]. If the PC is located at the system’s output and is followed
by a fixed differential group delay (DGD), it can achieve
significant compensation of the system’s first-order PMD
[1]. In high-order or broad-band PMD compensation, PCs
are typically placed between sections of DGD [2]. Another
interesting approach, which utilizes inline PCs, is distributed
PMD compensation [3]. According to this approach, first-order
PMD compensators, which include one or more PCs, are
placed inline, along the transmission medium. Clearly, PCs
have a significant role in optical transmission systems, and
characterization of the dependence of the system output Stokes
vector on the state of an inline PC is of
great importance. Knowledge of this dependence can be used
to obtain bounds on the system performance and determine the
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optimal state of the PC without feedback in both simulations
and actual systems.

In principle, one can numerically calculate the time-depen-
dent output Stokes vector through frequency-domain analysis
in either Jones or Stokes spaces. However, application of
these formalisms requires knowledge of the frequency-varying
Jones or Mueller matrices of the transmission medium over a
continuous spectral range, which might prove to be impractical.
Alternatively, we propose a way of correlating the state of the
system output signal to that of the PC placed anywhere in the
system using a time-varying matrix, of which the elements
are modulation-dependent functions. For a given modulation,
this formalism is advantageous since it can fully characterize
and optimize various system parameters through a small set of
measurements.

In a similar previous study, a small-signal model, which re-
lates the output intensity to inline polarization transformations,
has been proposed [2]. An exact formalism for the complete
output Stokes vector was developed in [4]. However, it was re-
stricted to relating the output Stokes vector to the input SOP, or
equivalently to the state of a PC located at the system input. In
this paper, the formalism described in [4] is further generalized
to describe a system with the PC positioned at an arbitrary loca-
tion along the link. In contrast to [4], the SOP coming into the
PC may be frequency dependent, and the SOP following the PC
is no longer uniquely determined by the PC state. To alleviate
this difficulty, we have decomposed the Jones matrix of the PC
into Pauli matrices [5] and represented the state of the PC as
the resulting four-element state vector. Based on the proposed
formalism, we have developed a procedure for a complete char-
acterization of the dependence of various system output param-
eters on the state of the PC. Situations in which the PC is located
at either the beginning or the end of the link may be treated as
specific cases of the formalism and the associated characteriza-
tion procedure.

Our characterization procedure is based on positioning the
PC in ten different states and measuring the output Stokes pa-
rameters (or other related quantities) for each state. After the
characterization process, with an arbitrary state of the PC, the
instantaneous output Stokes parameters and the outcomes of op-
erations on them, such as the degree of polarization (DOP), the

th-order moment of a pulse, the eye diagram, the radio-fre-
quency (RF) spectrum, etc., can be predicted. This formalism
can be utilized for efficient search of optimal PC states. As an
example, this paper describes hereafter how to find the PC state
that maximizes the DOP and consequently reduces the effect
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of PMD. The procedure for maximizing the DOP is demon-
strated both in simulation (Section IV) and experiments where
the PMD-induced power penalty in a 10 Gb/s digital optical link
is improved significantly (Section V).

II. THEORY

Let describe the Jones matrix of a PC, located anywhere
in the light path. Typically, may be approximated as unitary
and frequency independent. Let and describe the
Jones matrices of the system sections that precede and follow the
PC, respectively (Fig. 1). The transmission system as a whole is
described by . We now define the state vector
of the PC, , as the expansion coefficients of in the basis of
Pauli spin matrices [5]

(1)

Since is unitary, is a real 4 1 vector of unit norm. De-
noting the carrier frequency as , the Fourier transform of the
modulation signal as , the input SOP as , and the total
modulation bandwidth as , we can describe the time-depen-
dent output field as

(2)
With (1), can be written as a linear superposition of
time-dependent vectors with the components of as weights as
follows

(3)

where

The time-dependent Stokes parameters at the system output are
given by ( 0,1,2,3), and
using (3), we find

(4)

Fig. 1. General model of a system with an inline PC.

Finally, defining the 4 10 time-dependent matrix ,
whose rows are the vectors ( 0,1,2,3) (see the first
equation shown at the bottom of the page) and the column
vector (shown as the last equation at the bottom of the page),
the dependence of the output instantaneous Stokes parameters
on the PC state is concisely expressed by

(5)

This expression can be regarded as a generalization of the matrix
formulation in [4] which related the output instantaneous Stokes
parameters to the constant input Stokes parameters. The ma-
trix formulation described in [4] has been used to characterize
the dependence of various system parameters on the input SOP,
such as the complex amplitude of sinusoidally modulated light
in unitary and nonunitary systems [4], maximum and minimum
eye opening [6], and RF spectrum [7]. In a similar manner, (5)
can be used for characterizing the dependence of various system
parameters on the state of an inline PC.

III. CHARACTERIZATION PROCEDURE

A typical characterization procedure would require to posi-
tion the PC at ten different states and to measure the output (or
the outcome of some operation on the output) for each state.
Once completed, it will enable predicting the output (or, again,
the outcome of some operation on it) corresponding to an arbi-
trary state of the PC. An equivalent procedure that is more effi-
cient and potentially suitable for generalization to more than one
PC is to sinusoidally modulate the components of the PC state
vector at low frequencies with respect to the bandwidth of
the signal and to characterize the dependence of various system
parameters on the state of the PC from spectral analysis of the
output. To demonstrate this approach, we show hereafter how to
fully characterize the dependence of the time-averaged output
Stokes parameters and the corresponding degree of polarization
(DOP) on the state of the PC. Averaging (5) over a time much
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longer than but much shorter than the PC modulation pe-
riod yields

(6)

From this point onward, the details of the characterization pro-
cedure depend on the specific implementation of the PC. One
common implementation of the PC consists of a cascade of a

plate (Q1), a plate (H2), and a plate (Q3). Ro-
tating Q1 at a rate of , H2 at , and Q3 at yields
a time-varying state vector shown in the first equation at the
bottom of the page. The rotation frequencies were chosen judi-
ciously so as to obtain which contains exactly ten different
spectral components. A Fourier transform of (6) then yields a
nonsingular set of linear equations that can be solved for .
Once is obtained, the time-averaged Stokes parameters at
the system output, as well as the corresponding DOP, can be
found for any other arbitrary PC state.

Another common implementation of a PC is a cascade of two
quarter-wave plates, Q1 and Q2. In a manner similar to the pre-
vious implementation, rotating Q1 at and Q2 at yields a
time-varying state vector shown in the last equation at the bottom
of thepage.Oncemore, thechoiceof rotationfrequenciesensures
that consists of ten nondegenerate frequency components, and

may be solved from a Fourier transform of (6).

IV. SIMULATION

To test the characterization procedure, a numerical simula-
tion was performed. The transmission medium was modeled
as a concatenation of 100 randomly oriented waveplates with
random birefringence. The mean DGD was 25 ps, and the bit
rate was 10 Gb/s. A - - PC was placed at the center of
the transmission medium, and a nonreturn-to-zero (NRZ) 128-b
pseudorandom sequence was transmitted through the system.
The waveplates of the PC were rotated as described in the pre-
vious section, and the Stokes parameters at the medium output

and the corresponding DOP were directly calculated
from the output. The averaging time window was 12.8 ns long. A
typical outcome is plotted in Fig. 2. Next, was spectrally
analyzed, and the resulting 4 10 Fourier coefficients matrix
was used to obtain . With to be known, the time-aver-
aged Stokes parameters and the DOP, which corresponded to an
arbitrary state of the PC, could be predicted from (6) (Fig. 3).
Finally, the analytical expression for the DOP as a function of
was used to find the PC states of maximum and minimum DOP
by implementing an extrema search program (Fig. 3).

Fig. 2. Simulation results of an example of the output normalized
time-averaged Stokes parameters and the DOP as a function of time for one
fundamental PC modulation period (T = 2�=! = 1.28 �s).

Fig. 3. Simulation results of the DOP calculated using the proposed
characterization procedure versus the “measured” DOP. The maximum and
minimum DOP obtained from (6) using an optimization procedure are denoted
by “x.”

V. EXPERIMENT

Next, we tested the characterization and control method in
two different experimental setups. The first setup comprised
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Fig. 4. Experimental setup for the characterization of maximum DOP for a system having a PC in between polarization-dispersive segments.

Fig. 5. Experimentally measured time-averaged Stokes parameters and DOP as a function of time for one fundamental PC modulation period.

a broad-band polarized superluminescent light-emitting diode
(SLED) centered at 1550 nm, followed by a 0.3-nm manually
tunable filter. The corresponding signal bandwidth was approx-
imately 37 GHz. The source was followed by two polarization-
dispersive segments, each comprised of two Hi–Bi fibers, each
of which had a DGD of 7 ps, connected together by a nonpolar-
ization-maintaining fiber that introduced an arbitrary polariza-
tion transformation. A PC of two quarter-wave plates ( - )
was placed in between the two segments. Although a three-
waveplate PC is the most general implementation, such a device
was not available in this experiment. The procedure, however,
is effective for any type of a PC and yields complete characteri-
zation of the specific PC used. The time-varying Stokes param-
eters and the DOP of the output were measured using a polar-
ization analyzer. The experimental setup is shown in Fig. 4.

In the first part of the experiment, the PC state parameters
were modulated through periodic rotation of the waveplates
in discrete angular increments. The polarization analyzer
was operated in synchronization with the PC and recorded
a measurement after each variation of the PC state. The
basic rotation period was approximately 3.5 min. Due to the
controlled laboratory conditions, the device under test was
stable over many rotation periods and allowed this mode of
operation. We emphasize that this rather long measurement
cycle can be shortened by several orders of magnitude with
faster equipment and asynchronous implementation of the

technique. The time-dependent Stokes parameters and DOP
are shown in Fig. 5, for one period of the normalized basic
rotation frequency. The Fourier transform of was used

to obtain the 4 10 matrix . In the second part of the
experiment, the DOP of the output signal was measured for 30
random states of the PC, and the results were compared with
calculations based on the knowledge of . In addition, an
extrema search program was used to predict the PC state of
maximum DOP, and the DOP was measured for that state.

The measured DOP versus the calculated DOP, at random and
maximum DOP PC states, are plotted in Fig. 6. Setting the PC at
the optimized state yielded a measured DOP of 0.98, while the
DOP for all randomly chosen states was between 0.12– 0.7. For
the specific system under test, the two-waveplate PC was suffi-
cient to span nearly the entire possible range of output DOPs.
The results in Fig. 6 indicate that a uniform distribution of the
angles of the PC does not lead to a uniform distribution of the
output DOP. The figure demonstrates the overall validity of the
DOP calculation. In one specific measurement, the estimated
DOP was nearly 1.00; however, the measured DOP was only
0.25, as may be seen in the figure. That measurement was taken
when the PC had randomly reached its maximum-DOP state.
We had repeated the experiment for the maximum-DOP state
many times, with the measured DOP consistently exceeding
0.96. We therefore relate that anomalous data point to an ac-
quisition error.
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Fig. 6. DOP calculated using the proposed characterization procedure versus the experimentally measured DOP at random PC states. The maximum DOP, as
obtained from (6) using an optimization procedure, is denoted by “x.”

Fig. 7. Experimental setup for the characterization of maximum DOP and optimal BER, for a system having a PC in between polarization-dispersive segments.

The second setup (Fig. 7), was used to characterize the de-
pendence of the DOP and the bit-error ratio (BER) on the state
of a PC in a digital transmission optical link. A 10-Gb/s NRZ
pseudorandom bit sequence (PRBS) of length was trans-
mitted through a PMD medium. The PMD medium comprised
sections of Hi–Bi fibers separated by a - PC. A sym-
metric directional coupler at the output of the PMD medium
enabled simultaneous measurement of the DOP and BER. In
a similar manner to the first experiment, the PC state param-
eters were modulated, and the time-dependent Stokes parame-
ters and DOP were measured. The Fourier transform of

was used to obtain the 4 10 matrix . Again, an extrema
search program was used to predict the PC state of maximum
and minimum DOP. When setting the PC at the optimal DOP
state, the measured DOP of the output is 0.98, and there was
no BER penalty. Clearly, a compensator with two degrees of
freedom cannot, in general, be expected to completely eliminate
the PMD-induced penalty. This effective compensation of the
effect of PMD is attributed to our simple PMD emulator. How-
ever, for our purpose, to demonstrate the characterization and
control approach, this simple link was sufficient. Graphs of the

BER versus input power for different states of the PC are plotted
in Fig. 8. Setting the PC at the minimum DOP state, where the
DOP was 0.7, resulted in an error floor of approximately .
The BER measured for two other intermediate PC states is also
plotted. The DOPs at these states were 0.8 and 0.9.

VI. DISCUSSION

The technique described in this paper can be used to initialize
compensation systems and to find bounds on the system’s per-
formance as well as the best and worst PC states in both nu-
merical simulations and actual systems. In its present form, the
proposed procedure is not suitable for real-time control of miti-
gation schemes due to the need to measure periodically. In
addition, the underlying formalism assumes the linearity of the
transmission medium, and it is expected that nonlinear effects,
such as self-phase modulation, would result in degraded perfor-
mance. Hence, the technique cannot be viewed as an alternative
to conventional-feedback-based tracking algorithms. However,
the availability of an analytical expression relating the output to
the state of the PC ((5)) can potentially be useful in performance
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Fig. 8. BER versus input power for a back-to-back measurement (“r”) and for
different states of the PC. The DOPs at the different PC states were 0.98 (“o”),
0.9 (“+”), 0.8 (“x”), and 0.73 (“*”).

analysis and in developing more efficient tracking algorithms
with better immunity against convergence to local minima. In
addition, the technique can be generalized to handle multiple
PCs and allow characterization of mitigation schemes with more
degrees of freedom.

In summary, a novel analytical expression for the dependence
of the output instantaneous Stokes parameters on the state of a
PC located anywhere in the system is derived. Based on the ana-
lytical expression, an efficient characterization and optimization
technique is proposed and demonstrated in both simulation and
experiment.
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