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ABSTRACT

Generalized Nash games differ from strategic form games by allowing
the strategy set available for each player to depend on the strategies
selected by the other players. The strong dependence of the strate-
gies of the players make these generalized games harder to analyze.
While convex generalized games are well understood, the case where
the constraint sets and rewards are non-convex is significantly more
complicated. In this paper we analyze a family of monotonic general-
ized games (not necessarily convex). We provide uniqueness and exis-
tence theorems for these games as well as rapidly converging algorithm
for obtaining a Nash equilibrium. We then use the proposed solution to
optimize access probability and energy consumption in ALOHA net-
works, where users have fixed but heterogeneous QoS requirements.

Index Terms— Generalized Nash equilibrium, energy-aware net-
works, distributed optimization.

1. INTRODUCTION

Generalized Nash games form a family of models capturing interac-
tions among multiple players, where each player’s choice of actions
affects not only the outcome of the other players but also their sets
of available actions or even the feasibility of finding an available ac-
tion. As such, they are significantly more complicated to analyze than
classical games. Significant amount of research on generalized convex
games has been done in the context of Quasi-Variational Inequalities
(QVI), see, e.g., [1] for excellent overview of the field. However, to
apply the solution tools in the framework of QVI, the local objective of
a play in the considered game has to satisfy certain theoretical proper-
ties, such as (strong) convexity in its utility function, or more generally,
monotonicity in the game mapping (also known as monotone games
in this case) w.r.t. to the local decision variables over closed convex
constraint [2–4]. However, when generalized games have non-convex
constraints or non-convex utilities, much less is known.

In this paper, we study a category of generalized non-cooperative
game where convexity does not hold. We provide a novel existence
and uniqueness theorem for a category of generalized Nash games
with possibly non-convex constraints and cost functions and provide
a rapidly converging algorithm which terminates either in a GNE o
allows one of the players to inform the others that the problem is infea-
sible, which is very important for implementation.

Random access schemes have been widely used for data transmis-
sion of a large number of users sharing a common channel. Game theo-
retical tools are widely used in wireless networking to analyze sharing
techniques. Works on networking games can be found e.g., in [5–7].
Random access games were studied in [8–17]. Game theoretic tech-
niques were used in [8, 9, 11–13] to analyze single-channel ALOHA
networks. Game theoretic analysis of the multi-channel ALOHA pro-
tocol have been studied, e.g. by [18], [15].
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In [8, 9, 11, 13], distributed optimization algorithms of single-
channel ALOHA networks using game theoretic tools are studied,
where the utility of each user increases with the successful trans-
mission probability. Here, we consider a similar model. Specifically,
in [9,11] energy-efficient Nash equilibria under user-rate demands have
been established. Another related work considered a non-cooperative
power control game in CDMA networks with energy-efficiency per-
spectives [10], where the goal is to maximize the number of reliable
bits transmitted per joule of energy consumed in a distributed fashion.

In this paper we discuss the problem of random access by many
Internet-of-Things (IoT) devices each with heterogeneous but rel-
atively low data rate requirements. For such devices energy con-
sumption is most important, while data rates constraints are not very
demanding. A protocol of choice for such devices is the ALOHA
protocol which is the simplest to implement and requires very little
processing. Moreover, distributed processing to optimize the access
probability is necessary. Therefore, we focus on the case of ALOHA
protocol with fixed rate requirements for the users and aim at mini-
mizing the energy consumption of each device. To achieve that we
introduce channel awareness into the framework of ALOHA (see [19]
for a similar model). In contrast to the symmetric access strategies,
our proposed algorithm enables the IoT devices to exploit the diversity
of their own channels while maintaining a QoS constraint for each
device. We formulate the problem as a generalized Nash game with
non-convex constraints coupling the access probabilities of the indi-
vidual devices. The utility of each device decreases with the consumed
energy. This allows us to apply the proposed distributed access al-
gorithm based on our theoretical findings. Finally, we show in the
numerical simulations that our proposed algorithm is able to achieve
energy efficiency when compared with the traditional slotted ALOHA
mechanism and a group of other channel/rate-aware ALOHA-based
schemes.

Throughout this paper, bold-faced letters (e.g., θ and U) and light-
faced letters (e.g., θ) are used to denote vectors and scalar quantities,
respectively. Calligraphic letters (e.g., N ) or upper-case bold-faced
Greek letters (e.g., Θ) are used to denote sets or spaces. The rest of the
paper is organized as follows: Section 2 provides a theoretical frame-
work of distributed strategy searching for a family of monotonic gen-
eralized Nash games. Section 3 applies this framework of distributed
strategy searching to the scenario of channel-aware slotted ALOHA for
IoT networks. With numerical simulations, Section 4 demonstrates the
convergence property of the strategy searching scheme, as indicated
by our theoretical studies in Section 3. The efficiency of the proposed
algorithm is demonstrated through performance comparison with stan-
dard ALOHA and a reference channel-aware ALOHA algorithm. Sec-
tion 5 concludes the paper.

2. MONOTONIC GENERALIZED NASH GAMES

In this section we define a family of monotonic generalized Nash
games and prove existence and convergence of a specific dynamics to



a generalized Nash equilibrium.

Definition 1. A game in strategic form is a 3-tuple G = (N ,Θ,U),
where N = {1, . . . , N} is a set of players. Θ =

∏N
n=1 Θn is the set

of strategy profiles and U = (u1, ..., uN ) : Θ −→ RN is a vector of
utility functions of the players.

A generalized game is a 3-tuple G = (N ,Θ,U)) where the set
of strategies has further constraints Θ ⊆

∏N
n=1 Θn, i.e., not every

strategy profile θ is possible. We denote θ = (θn, θ−n) to emphasize
the n’th coordinate.

Define the locally feasible strategies for player n given a strategy
profile θ−n of the other players by:

Θn(θ−n) = {θ : (θ, θ−n) ∈ Θ} . (1)

A generalized Nash Equilibrium (GNE) in a (generalized) non-
cooperative game G is a strategy profile θ∗ = (θ∗n, θ

∗
−n) when

∀n ∈ N , θ∗n is the solution to the

θ∗n = arg max
θ
un(θ, θ∗−n) (2)

According to [20], to ensure the existence of a GNE, we typi-
cally need that the local feasible strategy sets Θn(θ−n) are non-empty,
closed and convex, and the utility functions un(θn, θ−n) are quasi-
convex w.r.t. θn on Θn(θ−n), ∀n ∈ N . However, this condition may
not necessarily be satisfied for the category of problems (see the ex-
ample in [21]) we are considering with the model in (16). As a result,
the standard KKT condition-based methods [1, Chapter 10] for GNE
solutions may not apply, and we need to find an alternative approach
for the analysis and search of the GNE points.

In this paper we are interested in the following family of general-
ized games where the feasible sets are defined by monotonic and con-
tinuous functions:

Definition 2. A generalized Nash game G = (N ,Θ,U) is monotonic
if the following condition holds:

• Strategies are real numbers and

Θ ⊆
N∏
n=1

[θn, θ̄n]. (3)

• For each player n, un(θn, θ−n) is continuous and monotoni-
cally decreasing in θn.

• For each player n and θ−n, the locally feasible set Θn(θ−n) is
defined by

Θn(θ−n) = {θ : qn(θ, θ−n) ≥ q̄n} (4)

where qn is a continuous function. qn(θ, θ−n) is monotonically
increasing in θ and monotonically decreasing in each coordi-
nate of θ−n.

A vector θ is feasible iff for all n ∈ N

qn(θn, θ−n) ≥ q̄n.

Note that since Θ is bounded and qn(θn, θ−n) for each n are con-
tinuous Θ is compact. Our main theorem asserts that if a monotonic
generalized Nash game has a feasible point, then a GNE exists. The
theorem is constructive and allows us to obtain the GNE iteratively.
Furthermore, by monotonicity of un we will obtain that all un are max-
imized by the GNE.

Theorem 1 (Existence). Assume that G = (N ,Θ,U) is a monotonic
generalized Nash game. and θ is a feasible strategy profile. Then, the
game G has a GNE.

Proof. The proof is composed of two parts. We first construct a con-
vergent sequence of feasible strategy profiles starting from a feasible
profile θ. Then, we show that the limit of the convergent sequence is a
GNE.

Let θn(0) = θn for all n ∈ N . Assume that we defined a feasible
point θn(t) for each n. If for all n qn(θn(t), θ−n(t)) = q̄n, then we
achieved a GNE, since no player can reduce θn(t) and by monotonicity
θn(t) must be decreased in order to increase the utility of player n.
Otherwise, for each n define:

θn(t+ 1) = min {θ : θn ≤ θ, q(θ, θ−n(t)) ≥ q̄n} . (5)

As discussed above, if the process terminates in finite time we achieved
a GNE. Otherwise, we obtained an infinite decreasing sequence
θ(t), t = 0, 1, . . .. By compactness of Θ

θ∞ = lim
t→∞

θ(t) ∈ Θ. (6)

By construction, θ(t) is feasible for all t, i.e for all n and for all t:

qn(θn(t), θ−n(t)) ≥ q̄n, (7)

and therefore by continuity of qn, θ∞ is also feasible. Assume that for
some n

qn(θ∞n , θ
∞
−n) > q̄n. (8)

By monotonicity for all t

qn(θ∞n , θ
∞
−n) > qn(θ∞n , θ−n(t)) (9)

By continuity of qn there is a sufficiently large t0 such that

qn(θ∞n , θ−n(t0)) > q̄n. (10)

This is a contradiction since this implies by construction that θ∞n >
θn(t+ 1).

With the finding obtained in Theorem 1, we further show in The-
orem 2 that the feasibility of any instance of a monotonic generalized
Nash game can be identified following asynchronous best response.
Furthermore, asynchronous best response is guaranteed to converge if
the set of GNE in game is non-empty.

Theorem 2 (Convergence). Assume that G = (N ,Θ,U) is a mono-
tonic generalized Nash game. Then the asynchronous best response
algorithm initialized with θ = (θ1, ..., θn) either converges to a GNE
or it identifies that there is no feasible solution.

Due to the page limit, the proof of this theorem will be given in
the full version of this paper. We note that the proof for Theorem 2
uses a similar argument to the proof for Theorem 1, by constructing
a sequence of strategies beginning with the lowest value θn and then
iteratively increasing it by solving a best response dynamics. The proof
relies on monotonicity and continuity and does not require any property
of differentiability or convexity. Finally, we note that if one of the
players needs a strategy value higher than θn for its local best response,
it notifies all the other players that the problem is infeasible.

When the utility of each player is independent of the actions of the
other players the following holds:

Corollary 1. Assume that ∀n ∈ N , un(θn, θ−n) is independent of the
adversaries strategies θ−n. Then, if θ is a GNE, it is socially optimal.



Proof. Assume that θ is a Nash equilibrium. Assume that θ =
(θ1, . . . , θN ) is not the social optimum. and θ′ = (θ′1, . . . , θ

′
N ) is a

feasible point with

N∑
n=1

un(θn) <

N∑
n=1

un(θ′n). (11)

Therefore, there is some n for which

un(θn) < un(θ′n). (12)

By the decreasing monotonicity of un(θ) we know that θ′n < θn.
Therefore, by the monotonicity properties of qm(θm, θ−m) we easily
observe that (θ′n, θ−n) is also feasible and un(θ′n, θ−n) > un(θn, θ−n)
contradicting the fact that θ is a Nash equilibrium.

Remark 1. It is worth noting that the convergence property of conven-
tional potential games (e.g., based on best replies), cannot be directly
applied to the generalized NE problem here. It is known that even if
game G (with a generalized payoff function) is a generalized ordinal
potential game, simultaneous best response may not lead to a GNE
from an arbitrary feasible point [22].

3. DISTRIBUTED OPTIMIZATION OF ALOHA NETWORKS

Consider a network where N synchronized IoT devices attempt to
transmit to the Access Point (AP) over a shared wireless channel using
time-slotted ALOHA. We assume that the devices are backlogged and
always have packets to transmit. The uplink channel is block-fading
and each IoT device experiences a fixed channel gain within one time
slot (e.g., during the transmission of one block). For the n-th IoT de-
vice, the received signal at the AP when no collision occurs is

yn(t) = hn(t)xn(t) + η(t), (13)

where hn(t) is the complex channel coefficient at time t for device
n, xn(t) is the transmitted signal and η(t) is the additive white Gaus-
sian noise. We assume channel reciprocity in Time Division Duplexing
(TDD), and each IoT device is able to perfectly estimate the channel at
the beginning of each time slot, using the beacon signals broadcasted
by the AP. We adopt the transmission strategy in [21] such that each IoT
device only transmits when the channel condition is sufficiently good,
namely, with a channel gain threshold ‖h(t)‖2 ≥ αn. Then, for a gen-
eralized channel gain distribution f(|hn|2), the probability for device
n to transmit with threshold αn at a given time slot is determined by

θn(αn) =

∫ ∞
αn

f(|hn|2)d|hn|2, (14)

which is a monotonically decreasing function of αn. With (14), we
have the probability of successful transmission for device n as follows:

qn(θn, θ−n) = θn(αn)
∏
i6=n

(1− θi(αi)), (15)

which monotonically decreases w.r.t. αn and increases w.r.t. α−n.
We consider that each user adopts a constant transmit power Pn at

the AP. Then, the average power consumed by each device for packet
transmission can be expressed as Pnθn(αn). Our goal of the decen-
tralized access protocol design is to ensure that each device maintains
a minimum expected transmit power while guaranteeing the success-
ful transmission probability to be above a certain threshold qn. Then,

Algorithm 1 Asynchronous best response-based search of GNE for the
channel access game (n ∈ N )
Require: ∀n ∈ N : Select θn = θn, select χ > 0

1: repeat
2: for all n = 1, . . . , N , asynchronously do
3: θ′n ← θn
4: Given θ−n, compute

θn ← arg max
θn
−cn(θn, θ−n) s.t. θn∈Θn(θ−n) (17)

5: end for
6: until ∀n ∈ N : ‖θ′n − θn‖ ≤ χ or ∃n ∈ N : θn is an infeasible

solution to (17)

from a device-centric perspective, we can formulate the following local
power minimization problem for device n = 1, . . . , N :

α∗n = arg min
αn

cn(α) = Pnθn(αn) (16)

s.t. qn(α1, . . . , αN ) = θn(αn)
∏
i 6=N

(1− θi(αi)) ≥ qn,

(16a)

αn ≤ αn ≤ αn, (16b)

From (14), we note that there exists a one-to-one mapping from αn
to θn. Then, we can conveniently transform (16) into an equivalent
optimization problem w.r.t. θ, with θ = [θ1, . . . , θN ]T being the vec-
tor of joint strategies of all the IoT devices. Then, (15) becomes a
monotonically increasing function of θn and decreasing function w.r.t.
θi (i 6= n). This indicates that the conditions in Definition 2 is sat-
isfied by the local optimization problem (16). Therefore, we obtain
an instantiation of the generalized monotonic Nash game from (16) as
G̃ = (N ,Θ,U = {un(θn) = −c(θn)}n∈N ). Then, we can directly
apply our theoretical findings in Section 2 and derive a decentralized
NE strategy searching scheme for G̃ as in Algorithm 1.

It is worth noting that the solution to (17) is based on the assump-
tion that the channel statistics function θn(αn) is known in advance of
the construction of the game (equivalently, Algorithm 1). However, in
practical scenarios, the channel coefficient of each user may be sam-
pled from an unknown distribution. Then, device n needs to perform
the empirical estimation of θn(αn) based on the beacons of the AP to
establish the one-to-one mapping from αn to θn. Similarly, given the
stationary adversary strategies of IoT device n, θ−n, qn(θn, θ−n) can
also be estimated through some certain strategy-payoff estimation pro-
cess. The estimation can be performed by introducing an additional es-
timation process that is organized in mini-slots at the beginning of each
time slot for channel-access decision making. Due to the page limit,
we refer the readers to [23, Section V.A] for the details of the estima-
tion techniques regarding the derivation of empirical channel statistics
in (14). Meanwhile, since the payoff and constraint functions of the
formulated threshold selection game G̃ as defined in (16) satisfy the
conditions as given by Definition 2 and Corollary 1, the NE of game
G̃, as obtained following Algorithm 1, conveniently provides the global
optimal solution of access probabilities for the considered network as
well.

4. SIMULATION RESULT

In this section we demonstrate in simulations the performance of the
proposed method when applied to a network of IoT devices applying
energy aware ALOHA with distributed optimization based on our gen-
eralized Nash game formulation. Assume that each IoT device expe-
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Fig. 1. Performance evaluation in a network of 10 IoT devices. (a)
Evolution of the average power with Algorithm 1. (b) Evolution of the
average power w.r.t. the QoS threshold q in (16a).
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Fig. 2. Impact of the QoS threshold q on power consumption as the
size of network increases.

riences independent Rayleigh fading over the shared channel. Then,
using the energy-aware performance metric given in (16), we are in-
terested in demonstrating (a) the efficiency in terms of strategy conver-
gence with our proposed Algorithm 1, (b) the impact of system param-
eters (e.g., the network size and the QoS threshold) on the performance
of the devices, and (c) the gain of channel awareness in our proposed
algorithm when compared with the existing schemes in the literature.

In the numerical experiments corresponding to Figure 1, we
demonstrate the convergence tendency of the proposed scheme with
Figure 1(a), where the network size is fixed to 10 devices and the QoS
threshold q is uniformly set to 0.1. As we can read from Figure 1(a), the
proposed algorithm is able to converge quickly within a few (roughly
15) iterations for the considered network. Figure 1(b) demonstrates the
impact of QoS threshold q on the power consumption of the 10-device
network. The decreasing curve in Figure 1(b) indicates that as the
QoS requirement becomes stricter, each IoT device tends to choose a
higher channel coefficient threshold at the NE. This in return leads to a
relatively smaller expected transmit power on average for each device.

In Figure 2, we demonstrate the impact of network size on the per-
formance of the proposed algorithm. We can interpret from the figure
that a lower QoS threshold or a larger network size corresponds to a
higher power consumption. The former case matches our observation
with Figure 1(b), and the latter case indicates that as the network gets
more congested, the expected power of each device decreases since the
probability of channel access decreases at the new NE.

Finally, we compare the performance of our proposed scheme with
that of standard slotted ALOHA (i.e., with homogeneous strategies)
and that of “Channel-Aware ALOHA” as proposed in [21]. The orig-
inal objective function of each player in “Channel-Aware ALOHA” is
adapted to align with (16) for performance comparison. As we can
observe from Figure 3, “Channel-Aware ALOHA” is able to achieve a
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Fig. 3. Performance comparison with standard slotted ALOHA and
Channel-Aware ALOHA [21].

better performance than the standard slotted ALOHA, while our pro-
posed scheme achieves the best performance out of the three algo-
rithms. The reason is that “Channel-Aware ALOHA” searches for a
symmetric strategy that dominates the homogeneous strategies of stan-
dard slotted ALOHA, while our proposed scheme in general converges
to asymmetric strategies, which further improves the network perfor-
mance.

5. CONCLUSION AND DISCUSSION

In this paper, we studied a special category of generalized Nash games,
where each player’s payoff function and constraint functions are mono-
tonic. Instead of relying on convexity by quasi-variational inequality,
we provided a framework of decentralized equilibrium searching based
on asynchronous best response. Our theoretical results show that the
proposed method is able to determine the GNE existence as well as
to guarantee convergence to a GNE when exists. We also provided a
rapidly converging algorithm. The results were applied to the problem
of energy-aware slotted ALOHA, where we find the minimal energy
required to meet given throughput constraints. Numerical simulation
results show that by adopting the proposed scheme, a network is able
to achieve higher energy efficiency when compared with the standard
slotted ALOHA and other channel-aware ALOHA mechanisms.

It is worth noting that the proposed category of monotonic gen-
eralized Nash games is capable of addressing a plethora of practical
allocation problems in wireless networks, beyond the channel-aware
ALOHA game as concerned in this paper. Especially, when the con-
straint of a local user/link is constructed on the basis of the target level
of a certain QoS function that is determined by the mutual interference
among the links (e.g., effective channel capacity or bit-error rate), it
is usually possible to obtain the property of monotonicity as required
by Definition 2. Then, our proposed distributed equilibrium-searching
algorithm can be conveniently applied. Our future research direction
will include the application of the proposed framework of monotonic
generalized Nash games to the scenarios such as power allocation in
multi-input-multi-out communication networks.
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