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Abstract—Celestial transient radio sources have attracted con-
siderable scientific interest recently, but their investigation is
hampered by the fact that they cannot be effectively detected
by commonly used radio astronomy signal processing techniques.
One significant obstacle to observing radio transients is intermit-
tent terrestrial radio frequency interference, which can appear
as a transient signal. In this paper we present a generalized
likelihood ratio test detector for near field sources, such as
terrestrial interferences, for which no prior knowledge about
the steering vector is assumed. The proposed detector has the
desirable property of a constant false alarm rate. Computer
simulation results suggest that it outperforms the detector used
by the Low Frequency Array (LOFAR) radio telescope, and that
it can also be harnessed for the detection of far-field signals.

I. INTRODUCTION

A short, non-periodic celestial radio signal was detected for
the first time in 2007 [2]. Since then, roughly 100 other such
fast radio bursts (FRB) have been detected [3]. The study of
FRBs and their origin is of considerable scientific interest
because they are considered to be a product of exotic high
energy astronomical events that are not yet understood [4]. It is
likely that only a small fraction of FRBs incidents on Earth are
detected, since current radio telescopes and imaging methods
are not adapted for a large field of view, high sensitivity
to transients, or full time coverage. Enormous efforts are
being made to develop new telescopes, processing hardware
and algorithms that will provide better temporal, spatial and
frequency coverage for the detection and accurate analysis of
transient astronomical signals [5].

Like the detectors in [6] and [7], the detectors developed in
this work are also applicable to cognitive radio, passive radar,
passive acoustic sensors and any other multi-sensor receiving
system that can benefit from detecting short, spatially localized
Gaussian signals that are embedded in colored Gaussian noise.

The sensor (specifically, a radio telescope designed for the
search of astronomical transients) is assumed to generate a
sequence of sample covariance matrices (SCM), where each
SCM corresponds to a distinct set of vector samples collected
during a time frame of constant length [8] [9]. The SCM
integration interval is short enough so that the statistical
properties of all the received signals, except for transients,
can be assumed to remain constant during two consecutive
time frames, and the bandwidth is large enough so that a large
number of vector samples can be collected during each interval
(on the order of 104). The signal of interest is expected to be a
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Gaussian point source that appears and disappears during one
integration interval. We further assume that all the signals,
both static and transient, are zero-mean Gaussian, and that the
occurrence of transients is rare, so that there may be at most
one transient point source in a single covariance matrix.

The model here makes the necessary assumptions regard-
ing the signal: it is rank-1 and Gaussian, and the noise is
Gaussian. The data-structure fed to the detector, formulated
as a sequence of sample covariance matrices, corresponds to
the data-structure streamed in the transient detection pipeline
of ”Low Frequency Array” (LOFAR). The resulting gen-
eralized likelihood ratio test (GLRT) is shown to possess
several desirable properties, such as a constant false alarm
rate (CFAR), sensitivity comparable to detectors that assume
a structured signal, robustness to the number of samples and
array calibration errors, and low computational complexity.

The work presented below focuses on detecting a spatially
correlated Gaussian signal using a given pair of consecutive
SCMs. The problem of detecting spatially correlated signals
using one or more covariance matrices has been addressed
in works on various statistical signal and noise models. In
[10], [11], [6], [7] and [12] it is assumed that the signal
is Gaussian and that the noise is spatially uncorrelated, or
that its spatial covariance is very small compared to the
covariance of the desired signal and that the signal is Gaussian
with an unknown steering vector. In [13], [14], [15] and
[16] GLRT detectors have been developed for the detection
of unknown deterministic signals that are restricted to some
given subspace, and embedded in spatially correlated Gaussian
noise. In [13] the noise covariance matrix is assumed to be
known up to some scaling factor, in [14] the signal is modeled
as a linear combination of signals with known steering vectors
and time signatures, in [15] the signal is a linear combination
of a small set of parametrized functions of time and in [16]
the availability of a secondary dataset that contains only
background signal is assumed. Our approach is a two-dataset
extension of these models to a Gaussian rank-1 signal with
a steering vector that is not restricted to any predetermined
structure. In recent papers [17], [18] detectors of Gaussian
signals with known steering vector have been developed. Like
[16] and this work, they use two sets of observations: a primary
dataset in which the signal is sought and a secondary dataset
containing only noise. Related approaches in which two or
more datasets are used to detect a Gaussian signal can be
found in [19], [20]. In these works the signal is assumed to be
simultaneously collected by different channels, which is often
the case in passive radar or passive sensing of communication
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signals.
All the detection methods above are based on some assumed

knowledge of the signal or noise parameters or their structure.
This dependence on prior knowledge makes them sensitive to
model errors such as interference, multipath, array calibration
errors or signals with unexpected structures. The detector
proposed in this work does not rely on any assumptions related
to the signal or the noise, except that they are Gaussian.
Therefore it is particularly appropriate for detecting radio
astronomical transients - a detection scenario prone to uncer-
tainties relating to the receiving array, the background signals
and noise, and the direction of arrival of the transient signal.
Furthermore, as shown below, the transient detector is also
a GLRT detector corresponding to a model of a deterministic
an unknown signal with unknown unstructured steering vector,
embedded in correlative noise, and can be used in conjunction
with a detector of signals with structured steering vector to
enhance its computability.

The remainder of this paper is organized as follows: Section
II details the notation. The problem of detecting Gaussian
signals in correlated noise and its corresponding detector
and estimators are presented in Section III, along with a
review of related detectors derived in previous works. The
mathematical derivation of the detector and the estimators is
provided in Section IV. Extensions of existing detectors to
models with unknown steering vectors, their computational
complexity and the benefits of combining different types of
detectors are discussed in Section V. Numerical simulations
appear in Section VI.

II. NOTATION

In what follows, vectors are denoted by bold-face lower-
case letters, matrices by bold-face upper-case letters and
matrix pairs by calligraphic upper-case letters. R is the set
of real numbers, and R+ and R++ are the sets of non-
negative and positive numbers, respectively. C is the set of
complex numbers, and Cq is the unit sphere of Cq , restricted
to vectors whose first non-zero element is real and positive
(so that no two linearly dependent vectors are contained
in Cq). The notations |A|, tr(A), vec (A), AT , AH and
A−H denote the determinant, trace, vectorization, transpose,
conjugate transpose and inverse conjugate transpose of a
matrix A, respectively. The (i, j)th element of a matrix A
is denoted by Aij and the ith element of a vector x is
denoted by x(i). The notation A = diag (a1, ..., aq) indicates
that Aij = aiδij where δij = 1 if i = j and δij = 0 if
i 6= j. The q-dimensional identity matrix is denoted by Iq .
The vector in Rq whose elements are all 1 is denoted by 1q .
λmax (A) is the largest eigenvalue of A with corresponding
right eigenvector vmax (A) ∈ Cq . We write x ∼ CN q (µ,Σ)
if x is a q-dimensional complex normal circular vector with
mean µ and covariance Σ. If x1, ...,xn is a sequence of i.i.d.
random vectors with xi ∼ CN q (0,Σ) for i = 1, ..., n and
R = 1

n

∑n
i=1 xix

H
i then R is said to be a q-dimensional

random Wishart matrix with scaling matrix Σ and n degrees of
freedom; this distribution is denoted by Wq(Σ, n). If Σ = Iq
then R is said to be a white Wishart matrix. We define the

following sets of q × q complex matrices: Sq is the set of
Hermitian matrices, Sq+ is the set of positive definite (PD)
matrices, Fq is the set of invertible matrices, Dq

+ is the set of
diagonal PD matrices, Up is the set of unitary matrices, Pq

is the set of permutation matrices, Uq
D is the set of unitary

matrices that are also diagonal. The ith vector of the natural
basis of Cq is denoted by ei. Its elements satisfy ei(j) = δij .
For a real variable x we define (x)+ ≡ max{x, 0}. Defining
the function m : Cq × Sq+ × Sq+ → R++ and h : R→ R+,

m(x,B,A) =
xHB−1AB−1x

xHB−1x
(1)

h(x) =

{
0 x < 1

− log x+ x− 1 x ≥ 1
. (2)

If T1(Y ) and T2(Y ) are two real functions of an observation
set used as test statistics, then the notation T1(Y ) $ T2(Y )
indicates the equivalence of their corresponding detectors,
which occurs when T1(Y ) and T2(Y ) are increasing functions
of each other.

III. PROBLEM FORMULATION AND MAIN RESULTS

This section overviews previous detectors and formulates
the main results of this work and relating them to existing
detectors. III-A briefly presents different signal models related
to the one considered here. The unconditional signal model
and the corresponding maximum likelihood (ML) estimators
and GLRT detector are described in III-B. Detectors derived
for related models are discussed in III-C.

A. Overview of signal models

The following assumption applies to all the models pre-
sented in this section. An array of q antennas receives a dataset
comprised of N q-dimensional complex vectors. Under H0

the vectors consist of zero-mean i.i.d. Gaussian background
signals and noise whose combined covariance matrix will be
referred to as the background covariance matrix (BCM) and
denoted by R∗ ∈ Sq+. Under H1 they contain the signal
of interest in addition to the noise. This dataset is referred
to as the “primary dataset” and is denoted by the matrix
X =

(
x1 · · · xN

)
where each column xi ∈ Cq is a

single sample. Some models assume that a secondary dataset,
comprised of N samples of noise is available. In this case, the
noise in the secondary dataset is zero-mean i.i.d. with the same
covariance as the noise in the primary dataset. The secondary
dataset is denoted by Y =

(
y1 · · · yN

)
. In all models

xi = αia∗ + ni where a∗ ∈ Cq is the signal steering vector
and ni ∼ CN q (0,R∗) is the additive noise. In deterministic
models, α1, ..., αN is a set of deterministic unknown scalars
and in the Gaussian models αi ∼ CN 1

(
0, σ2
∗
)

where σ2
∗ is

the signal power. We define the primary SCM and secondary
SCM by

R̂p = N−1XXH , R̂s = N−1Y Y H . (3)

Denote the observation set by Y = (R̂p, R̂s). In a Gaussian
model, the SCMs R̂s and R̂p are a sufficient statistic for
estimating the unknown parameters, and therefore contain all
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the information that can be used when deriving the estimators
and the test statistic.

We consider two types of signal steering vector search
domains: a known array manifold, denoted by S ⊂ Cq , and
a general vector in Cq . The former is used when working
with a calibrated array and a far field source. The latter is
used when calibration is inaccurate or the sources are in the
near field. These two cases are referred to as “structured” and
“unstructured”, respectively. A detailed analysis of the near
field versus the far field assumption is provided in [21], [22].

Models can be categorized by the assumed type of signal
(Gaussian or deterministic unknown), whether R∗ is known
or not, and the knowledge available on a∗ - known, structured
or unstructured.

A deterministic model is used when there is no prior
knowledge on the distribution of the signal amplitude. Such
is the case, for example, when trying to detect a burst of
communication signal with unknown power and modulation.
It is generally preferable to use a parametric probabilistic
model when possible, since it reduces the number of unknown
parameters and leads to likelihood functions that can model
the mechanism that generated the observations better.

The noise covariance is considered known in the case where
the channel gains are calibrated and there are no external noise
sources, or there are stationary noise sources and the available
noise-only dataset is much larger than the dataset in which
the signal is being sought. This type of scenario occurs in the
context of astronomical transient detection when searching for
signals whose duration is far shorter than the time interval in
which the array phase response to a stationary source in the
sky can be considered constant. This stationarity interval is a
function of the wavelength, the array’s East-West baseline and
the angular velocity of Earth.

The signal steering vector is considered known when search-
ing for a source located in a specific direction and the array
response to that direction is known, or when trying to detect
a source that was detected in the past: e.g., in a search for
repeating fast radio bursts or in radar tracking of a slow-
moving target.

B. Unconditional signal model and main results

In this work we focus on a Gaussian signal model where all
the parameters R∗, a∗ and σ2

∗ are unknown, the signal steering
vector is unstructured and two datasets are provided. This
signal model, which will be referred to as the “unconditional
model”, is summarized by the following distribution laws:

yi ∼ CN q (0,R∗)

xi ∼

{
CN q (0,R∗) H0

CN q

(
0,R∗ + σ2

∗a∗a
H
∗
)

H1

(unconditional) (4)

where i = 1, ..., N . This signal model is applicable, for
example, in the field of radio astronomy, when searching
for celestial transient signals using a cluster of q antenna
arrays tuned to the same frequency band whose beams are
steered at the same direction in the sky. The signals measured
by the beams are collected into a sequence of complex q-
vectors that is streamed to a central processor. The sampled

vectors can be modeled by the standard multiple input multiple
output (MIMO) model, where the input is the set of Gaussian
signals emitted by the stationary and transient sources, the jth
output is the signal measured at the jth beam, and the transfer
matrix comprises the set of complex channel gains between
the sources and the receivers. Normally, the gain and phase
of different beams are not matched, so that the search domain
of the transient steering vector, which is represented by the
corresponding column of the transfer matrix, is unknown and
its search domain cannot be restricted to a subset of Cq . In
this scenario, the background signal, comprised of receiver
noise and stationary celestial sources, is Gaussian with a
varying correlation matrix due to the Earth’s rotation. Another
application of this model is to search for interfering signals in
the near field region or side lobe of a radio telescope, radar
or any sensor utilizing a phased array.

It is assumed that the generalized eigenvalues of Y
are distinct (which occurs with probability 1) and that
λmax

(
R̂pR̂

−1
s

)
> 1 (which is equivalent to (R̂s−R̂p) /∈ Sq+).

The main results of this work are presented in the following
theorem.

Theorem 1. Under the unconditional model given in (4), the
ML estimator of the BCM under H0 is

M̂ ≡ 1

2
(R̂s + R̂p) . (5)

Under H1, the ML estimators of the signal parameters and
the BCM are given by:

â(Y) = vmax

(
R̂pR̂

−1
s

)
(6)

σ̂2(Y) =
λmax

(
R̂pR̂

−1
s

)
− 1

âHR̂
−1
s â

(7)

R̂(Y) =
1

2

(
R̂s + R̂p − σ̂2ââH

)
, (8)

and the GLRT test statistic is equivalent to

T|∅(Y) = λmax

(
R̂pR̂

−1
s

)
. (9)

This theorem is proved in section IV.
Note that this model has an inherent uncertainty since a

complex factor can be exchanged between â and σ̂2. As is
customary in array processing problems, we resolve this by
requiring that â ∈ Cq , i.e. ‖â‖ = 1 and its first non-zero
coordinate is real and positive.

Note that the estimated BCM under H1 (8) is the average
of the two SCMs, after the rank-1 component attributed to
the transient signal, namely σ̂2ââH , is subtracted from R̂p.
Furthermore, R̂(Y) ∈ Sq+ as will be observed in (37), where
it is represented as a diagonal PD matrix multiplied from both
sides by an invertible matrix and its Hermitian conjugate.

Sufficient statistic and CFAR: Let L be the Cholesky
decomposition of R∗, constrained such that R∗ = LLH

and ‖L−1a∗‖−1L−1a∗ = e1. We define the observed SCMs,
whitened w.r.t. the true, unknown R∗ as A ≡ L−1R̂pL

−H ,
B ≡ L−1R̂sL

−H . Under H0, they are statistically indepen-
dent random white Wishart matrices, and under H1 we have
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that A ∼ Wq(Iq + σ̄2
∗e1e

H
1 , N) where σ̄2

∗ denotes the signal
to background ratio (SBR), and is defined as follows:

σ̄2
∗ ≡ σ2

∗a
H
∗ R

−1
∗ a∗ (SBR) . (10)

The unconditional test statistic can be written as T|∅(Y) =
λmax

(
AB−1

)
. Under H0, it is distributed as the largest gener-

alized eigenvalue of two independent white Wishart matrices,
and is hence independent of all the unknown parameters,
a property known as the constant false alarm rate (CFAR).
Under H1, the distribution of T|∅(Y) depends solely on the
SBR; therefore, it is a sufficient statistic for the unconditional
model.

C. Related models

In this section we review GLRT detectors obtained for signal
models similar to the unstructured Gaussian model described
in subsection III-B. We begin this review with two detectors
designed for deterministic unknown signals. In [14] the authors
consider a general signal model that can be specialized to a
model similar to ours, in which two datasets of N observations
are distributed as follows

yi ∼ CN q (0,R∗)

xi ∼

{
CN q (0,R∗) H0

CN q (αia∗,R∗) H1 ,

(deterministic) (11)

where the noise covariance R∗ ∈ Sq+ and scaling factors
α1, ..., αN ∈ C are deterministic unknown, a∗ ∈ Cq is known
and i = 1, ..., N , as is the case for all the distribution laws
in this subsection. The generalized likelihood ratio (GLR) for
this model was presented by Besson et al. [17] as the ratio
of the minimum variance distortionless responses (MVDR)
[23] evaluated at the known source direction using R̂p and
(R̂s + R̂p)

TMVDR
|a∗ (Y) =

aH∗ R̂
−1
s a∗

aH∗

(
R̂s + R̂p

)−1
a∗

. (12)

The matched subspace detector for noncoherent detection
developed in [13] was designed for a single vector sample
which under H0 contains only complex zero mean Gaussian
noise with a known covariance matrix. Under H1 it also
contains a deterministic unknown signal that lies in a known
subspace. It is straightforward to extend this detector to
a multisample model, as given in (11) with both a∗ and
R∗ assumed to be known, which obviates the need for the
secondary dataset. The detector obtained by this extension is
referred to as the “clairvoyant deterministic detector” and its
test statistic is given by

T|R∗,a∗(R̂p) = Nm(a∗,R∗, R̂p) (13)

where m(...) is defined in (1).
In [17] a GLRT detector for zero-mean Gaussian signals

with known a∗ was developed. The detector uses two datasets
distributed according to (4) where R∗ and σ2

∗ are unknown.
The GLR corresponding to this detector, which is referred to
as the “one-step GLRT” and is denoted by T 1-step

|a∗ (Y), is the

product of (12) and another term whose computation involves
optimizing a scalar function of the observed SCMs and a∗.
Since the GLRT in [17] is computationally intensive, Besson
et al. developed a simpler approach, referred to as the “two-
step GLRT”. It is based on a multiple sample extension to
the single sample adaptive matched filter in [24] which relies
on the unrealistic assumption that the SCM of the secondary
dataset is the actual noise covariance matrix (R̂s → R∗). This
leads to the following distributions

yi ∼ CN q (0,R∗)

xi ∼

CN q

(
0, R̂s

)
H0

CN q

(
0, R̂s + σ2

∗a∗a
H
∗

)
H1

(2-step) (14)

Whitening xi w.r.t. R̂s reduces the two-step model to a simple
Gauss-Gauss detection problem, where the signal is Gaussian
witha known steering vector (R̂

−1/2
s a∗) and the noise is

Gaussian with covariance Iq . The GLR test statistic for this
model is

T 2-step
|a∗ (Y) = Nh

(
m(a∗, R̂s, R̂p)

)
(15)

where m(...) and h(x) are defined in (1) and (2), respectively.
It has a computational advantage over the one-step detector
since it does not require an optimization process, at the cost
of reduced pd. It is shown in [17] that for large N the loss of
pd is not significant. A GLRT detector for Gaussian signals
with a known steering vector and a known BCM is obtained
by substituting the known R∗ for R̂s in T 2-step

|a∗ (Y), resulting
in a test statistic equivalent to (13).

A model in which two datasets are collected by separate
channels which receive a common zero-mean Gaussian signal
under H1, is considered in [19] for rank-1 signals and in [25]
for subspace signals. Let xs[n] and xr[n] be the q-vectors
sampled by two channels, and R be the covariance of the two
vectors stacked into x[n] =

(
xs[n]T xs[n]T

)T ∈ C2q . The
two hypotheses can be formulated through the structure of R
as follows

R =



(
Σss 0

0 Σrr +HrH
H
r

)
H0(

Σss +HsH
H
s HsH

H
r

HrH
H
s Σrr +HrH

H
r

)
H1

(16)

where Σss,Σrr ∈ Sq+ are the noise covariance matrices which
are unknown unstructured PD matrices under the most general
model considered, and Hs,Hr ∈ CM×q represent the M × q
channels from the transmitters to the two receiving arrays. In
contrast to our model, in [25] it is assumed that the correlation
between samples from different datasets (given by HsH

H
r ) is

non-zero, which enables detection of a common signal without
any prior knowledge of the noise or signal statistics. Under our
assumptions the detector of [25] completely fails, since it has
no reference signal available (Hr = 0).

A GLRT detector for the case where the signal is Gaussian
with an unknown steering vector a∗ and a power σ2

∗, using a
single dataset, was developed in [26] and in [12], under the
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assumption that the noise is uncorrelated with the constant
unknown power σ2

n. Formally

xi ∼

{
CN q

(
0, σ2

nIq
)

H0

CN q

(
0, σ2

nIq + σ2
∗a∗a

H
∗
)

H1

(17)

The test statistic of the detector corresponding to (17) is

T|R∗∝I(R̂p) =
λmax(R̂p)

tr(R̂p)
. (18)

It can be used to detect near-field interference in radio
telescopes when the elements of the array are calibrated (at
least w.r.t. gain) and the static celestial and terrestrial signal
sources are much weaker than the thermal noise, whose power
is unknown. In [11] the GLRT was derived for an arbitrary
unknown diagonal covariance matrix.

Finally we present the detector implemented in the main
stage of the LOFAR transient detection pipeline [27], which
is based on subtracting consecutive dirty images. A dirty
image is generated from a given SCM R̂ as follows: Let
a(φ) ∈ S be the steering vector that corresponds to direction
φ. The brightness of the dirty image in direction φ is given by
a(φ)HR̂a(φ). The test statistic of the dirty image subtraction
detector is

TDI
|S (Y) ≡ max

a∈S
aH(R̂p − R̂s)a . (19)

The actual processing pipeline of LOFAR is more complicated
than the simple detection formula that was presented here, but
the other processing stages that were omitted are not related
to the topic discussed in this paper.

IV. PROOF OF THE MAIN THEOREM

In this section we derive the results presented in Theorem 1.
We begin by introducing the generalized eigen-decomposition
of matrix pairs in IV-A. In IV-B the log-likelihood functions
are developed and maximized under the assumption that the
BCM is given, obtaining ML estimators of the source steering
vector and power that depend on the BCM. In subsection IV-C
we derive the BCM ML estimators under the two hypotheses.
The BCM estimator under H1 is then used in IV-D to obtain
ML estimators of the transient parameters; i.e., we estimate
â(R) and then σ̂2(â(R),R). Then we substitute â(R) and
σ̂2(â(R),R) into the log-likelihood and optimize over R to
compute R̂(Y). This is used to derive the GLRT in IV-E.

The derivation of the detector is relatively complicated,
since the maximization of the likelihood function under H1

should be performed w.r.t. three parameters simultaneously,
where the first is a matrix (BCM), the second is a vector
(steering vector) and the third is a scalar (power). Moreover,
the likelihood as a function of the BCM is not concave, which
significantly complicates the derivation and proofs.

A. Generalized eigen-decomposition

For a given ordered pair of PD matrices P = (A,B) ∈
Sq+ × Sq+, there exists a triple of matrices (V P ,UP ∈
Fq, ΛP ∈ Dq

+) which satisfies the following set of equations:

B = V PV
H
P (20)

A = V PΛPV
H
P (21)

UP = V −HP . (22)

The matrices UP , V P and ΛP are referred to as the gener-
alized eigen-matrix, the inverse generalized eigen-matrix, and
the joint eigen-matrix of P respectively. The columns of UP
and V P denoted by {uP,1, ...,uP,q} and {vP,1, ...,vP,q}, are
the generalized eigenvectors and inverse generalized eigenvec-
tors, respectively, and the joint eigenvalue that is associated
with uP,i and vP,i is the ith diagonal entry of ΛP , which
is denoted by λP,i. It follows from (22) that UH

P vP,i =
V H
P uP,i = ei for all i = 1, ..., q , hence vHP,iuP,j = δij

and

AuP,i = λP,iBuP,i = λP,ivP,i (23)

A−1vP,i = λ−1P,iB
−1vP,i = λ−1P,iuP,i . (24)

The largest joint eigenvalue of P , its associated generalized
eigenvector and inverse eigenvector are denoted by λ̄P , ūP
and v̄P , respectively. Multiplying (24) by A or by v̄HP we
obtain the following identities

vmax

(
AB−1

)
=

v̄P
‖v̄P‖

(25)

λmax

(
AB−1

)
= λ̄P (26)

v̄PB
−1v̄HP = 1 . (27)

The set (V P ,UP ,ΛP) corresponding to a given pair of
PD matrices P = (A,B) can be obtained as follows. Use the
Cholesky decomposition to write B = CCH with C ∈ Fq as
a consequence of B ∈ Sq+. Let T be a q-dimensional unitary
matrix whose columns are the eigenvectors of the matrix D ≡
(C−1AC−H) ∈ Sq+ and Λ a diagonal matrix whose diagonal
elements are the eigenvalues ofD ordered to correspond to the
eigenvector ordering in T , so that D = TΛTH . The matrices
V P and ΛP can be identified as CT and Λ, respectively.
For UP we use (22). It is shown that the generalized eigen-
decomposition presented in (20) and (21) exists for any pair
of PD matrices.

B. Maximization of the log-likelihood functions for a given R

We now derive the log-likelihood functions of the unknown
parameters under the two hypotheses for the measured R̂s and
R̂p. It is useful to recall that the log-probability-density of a
measured SCM Ĉ computed from N i.i.d realizations of a
q-dimensional zero mean complex normal random vector with
covariance C, is

log p(Ĉ;C) = −N
(
q log π + log |C|+ tr

(
C−1Ĉ

))
.

(28)
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In what follows, we omit the constant terms N and q log π
from the log-likelihood expressions, since they play no role in
their maximizations or in the log-likelihood ratio.

Because the two sets of observations are statistically inde-
pendent under both hypotheses, the two log-likelihood func-
tions can be separated into the sum of the two parts, each
corresponding to the log-likelihood of a single observed SCM.
Under H0, R is the covariance of all the samples in R̂s and
R̂p; hence, from (28) we have that the H0 log-likelihood is

`0(Y;R) = −2 log |R| − tr
(
R−1

(
R̂s + R̂p

))
. (29)

For the log-likelihood function under H1 we subtract the log-
likelihood of R̂s given by

(
log |R|+ tr

(
R−1R̂s

))
from the

log of the H1 likelihood that was derived in Appendix B of
[17]

`1(Y;R,a, σ2) =− log |R| − log
(
1 + σ2aHR−1a

)
− tr

(
R−1R̂p

)
+
σ2aHR−1R̂pR

−1a

1 + σ2aHR−1a

−
(

log |R|+ tr
(
R−1R̂s

))
= `0(Y;R)− log

(
1 + σ̄2

)
+
σ̄2m(a,R, R̂p)

1 + σ̄2
(30)

where we define σ̄2 ≡ σ2aHR−1a and m(...) is defined in
(1).

Next, we derive estimators of the signal parameters and the
maximal H1 log-likelihood as functions of the BCM. The log-
likelihood maximized w.r.t. σ2, as obtained in [17], is

max
σ2≥0

`1(Y;R,a, σ2) = `0(Y;R) + h
(
m(a,R, R̂p)

)
(31)

where h(x) is defined in (2). Using the derivation of the
maximum of m(a,R, R̂p) from appendix A and the fact that
h(x) is an increasing function we have that the log-likelihood
maximized w.r.t. a is

`∗1(Y;R) ≡ max
a∈Cq

max
σ2≥0

`1(Y;R,a, σ2) = `0(Y;R) + h
(
λ̄W
)

(32)
where we define the matrix pairW ≡ (R̂p,R). This maximum
is attained at the estimator of the steering vector, which at
this stage is expressed as a function of another still unknown
estimator R

â(Y,R) = arg max
a∈Cq

{
max
σ2≥0

`1(Y;R,a, σ2)

}
=

v̄W
‖v̄W‖

.

(33)

The power estimator as a function of R is obtained by
plugging â(Y,R) back into the log-likelihood (30) and max-
imizing the result w.r.t. σ2

σ̂2(Y,R) = arg max
σ2≥0

`1(Y;R, â(Y,R), σ2)

= arg max
σ2≥0

{
σ2λ̄W

‖v̄W‖2 + σ2
− log

(
1 +

σ2

‖v̄W‖2

)}
= ‖v̄W‖2

(
λ̄W − 1

)+
. (34)

where we used â(Y,R)HR−1â(Y,R) = ‖v̄W‖−2 which
follows from (27).

C. BCM Estimators

We observe that `0(Y;R), given in (29), is the standard log-
likelihood of a set of observed zero-mean Gaussian vectors
whose SCM is M̂ . Anderson [28] proved that this function is
maximized w.r.t the covariance matrix by the observed SCM;
hence, as stated by Theorem 1, M̂ is the ML estimator of the
BCM under H0, and the maximal log-likelihood is

`∗0(Y) ≡`0(Y;M̂) = −2 log |M̂ | − 2q . (35)

We now prove that R̂(Y) given in (8) is indeed the ML
estimator of the BCM under H1 for the full unstructured
model.

Proof Outline: In the following proof we first introduce
a new function s : Sq+ → R which attains its maximum at
the inverse of the maximum of `∗1(Y;R), and is simpler to
maximize. By diagonalizing its arguments and analyzing its
local behavior on an arbitrary straight line passing through Sq+
we show that local maximum points of s can only be found
in a subset of Sq+ given by a linear map of the set of PD
diagonal matrices (which has considerably fewer dimensions
than Sq+). The next step is to further narrow down the set of
candidates for maximum points of s into a set that contains a
single matrix. Finally, by showing that s must have a maximum
point, it is established that the only candidate left is indeed
the ML estimator of the BCM.

The detailed proof is deferred to Appendix B.

D. Signal Parameter Estimators

In this subsection we prove that the steering vector and
power estimators given in Theorem 1 are obtained by substi-
tuting R̂(Y) into the dependent estimators given in (33) and
(34). First, we use (25) and (27) to rewrite the estimators given
in (6) and (7) as follows

σ̂2(Y) = ‖v̄Y‖2
(
λ̄Y − 1

)
, â(Y) =

v̄Y
‖v̄Y‖

(36)

Using these expressions, v̄Y = V Ye1 and the generalized
eigen-decomposition of (R̂p, R̂s), we write (8) as

R̂(Y) = V YΛR̂V
H
Y = V ŴV

H
Ŵ (37)

where Ŵ ≡ (R̂p, R̂(Y)) and

ΛR̂ =
1

2

(
Iq + ΛY −

(
λ̄Y − 1

)
e1e

H
1

)
= diag

(
1,
λY,2 + 1

2
, ...,

λY,q + 1

2

)
. (38)

It follows from (37) that V Ŵ = V YΛ
1
2

R̂
(where ΛR̂ ∈ Dq

+).
Combining this with the decomposition R̂p = V YΛYV

H
Y =

V ŴΛŴV
H
Ŵ we obtain

ΛŴ = Λ−1
R̂

ΛY = diag
(
λ̄Y ,

2λY,2
1 + λY,2

, ...,
2λY,q

1 + λY,q

)
.

(39)

Because λ̄Y > 1 and λ̄Y ≥ λY,i for any i, it is easy to show
that the largest joint eigenvalue of Ŵ is

λ̄Ŵ = λŴ,1 = λ̄Y , (40)
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and hence v̄Ŵ = v̄Y . These results, when substituted into
the general expressions (33) and (34), yield the estimators in
(36) which are equal to the estimators given in Theorem 1
(using the fact that λ̄Y > 1 to omit the (·)+ from the power
estimator).

E. Test Statistic

For the test statistic, we first develop the trace and log-
determinant terms of (29) with R̂(Y) → R, by substituting
(37), (69) and M̂ = 1

2V Y(Iq + ΛY)V H
Y and using the

properties of the trace and determinant

tr
(
R̂(Y)−1

(
R̂s + R̂p

))
= tr

(
Λ−1
R̂

(Iq + ΛY)
)

= λ̄Y + 2q − 1

log
∣∣∣R̂(Y)

∣∣∣ = log
∣∣∣M̂ ∣∣∣− log

∣∣∣∣12(Iq + ΛY)Λ−1
R̂

∣∣∣∣
= log

∣∣∣M̂ ∣∣∣+ log
2

1 + λ̄Y
.

These results are now used to express the difference between
the H0 log-likelihood function (29) evaluated at R̂(Y) and its
maximal value (35)

`0(Y; R̂(Y))− `∗0(Y) = −2 log
2

1 + λ̄Y
− λ̄Y + 1 (41)

It follows from (32) (with W = Ŵ) together with (41) and
(40) that the GLR corresponding to the unconditional model
is

`∗1(Y; R̂(Y))− `∗0(Y) =
(
`0(Y; R̂(Y)) + h(λ̄Ŵ)

)
− `∗0(Y)

= −2 log
2

1 + λ̄Y
− λ̄Y + 1 + h(λ̄Y) = 2 log

1 + λ̄Y

2
√
λ̄Y

. (42)

When λ̄Y ≥ 1 the GLR is a strictly increasing function of λ̄Y ,
which is equal to the test statistic of the unconditional model
given in (9), as shown in (26); thus, the proof of Theorem 1
is complete.

V. EXTENSION OF EXISTING DETECTORS TO AN
UNKNOWN STEERING VECTOR

We now discuss the applicability of the detectors in [11],
[17], [14] to our problem. Since these detectors were derived
for a known steering vector, the generalization of these de-
tectors relies on optimization over the complete field of view,
whether it is the array manifold S or Cq .

All the detectors presented here that assume knowledge of
a∗ can also be used to detect signals whose steering vector
is unknown by using the maximum of the GLR over the
domain in which the steering vector is expected to be as the
new test statistic. Extensions of a detector assuming known
steering vector, say T|a(·), to a model with a structured and
unstructured unknown steering vector, which are denoted by
T|S(·) and T (·), respectively, are computed as follows

T|S(·) ≡ max
a∈S

T|a(·) (structured) (43)

T (·) ≡ max
a∈Cq

T|a(·) (unstructured) . (44)

Note that the extension of the one-step model to the un-
structured steering vector settings results in the unconditional
model, which implies that T|∅(Y) = maxa∈Cq T 1-step

|a (Y).
However, it is simpler to derive (9) using our model as in
Section IV.

Combining the test statistic from Theorem 1 and the
equivalences proved in Appendix A we conclude that if no
parameter is given, then T|∅(Y) = λ̄Y serves as a GLRT
test statistic for the Gaussian (4), simplified Gaussian (14)
and deterministic (11) signal models. This is a surprising and
important observation. While knowledge of the array manifold
differentiates the various models in the literature. Not knowing
the directional vector, which is realistic in many cases, makes
all these detectors equivalent in the unstructured case. In
contrast, using the structural array data results in different
detectors.

Thus below, we propose a general two step approach
which is instrumental in the rapid removal of terrestrial radio-
frequency interference (RFI) from FRB searches.

Similarly, the extension of the detectors that assume knowl-
edge of R∗ (13) to the unstructured case is given by
T|R∗(R̂p) = λmax

(
R̂pR

−1
∗

)
.

Table I lists the relationships between detectors in the cases
of a known and unknown steering vector.

A. Computational Complexity

The computation of the largest joint eigenvalue of the
pair (R̂p, R̂s), required for the unconditional detector, can be
performed by whitening R̂p w.r.t R̂s and the finding the largest
eigenvalue of the resulting Hermitian matrix using standard
eigenvalue methods [29]. This scheme involves the follow-
ing steps: (1) compute the SCMs R̂s, R̂p (2) compute the
Cholesky decomposition J of R̂s, (3) invert J , (4) compute
R̃p = J−1R̂pJ

−H and (5) compute the largest eigenvalue of
R̃p . The computation of the standard largest eigenvalue test
statistic only requires steps (1) (for a single SCM) and (5),
and its computational complexity is q2(2N −1)+O(q3) [12].
To these we add the computation of another SCM (q2(2N−1)
operations), the computation of J (O(q3) operations), inver-
sion of J (O(q2) operations) and two matrix multiplication for
J−1R̂pJ

−H (O(q3) operations). In total, the computational
complexity of the unstructured Gaussian detector is:

complexity
(
T|∅(Y)

)
= 2q2(2N − 1) +O(q3) . (45)

Next, we derive the computational complexity of the 2-step
structured detector, since it is the simpler of the two Gaussian
structured detectors T 2-step

|S (Y) and T 1-step
|S (Y). Suppose we

define a grid of L directions that spans the area of interest
and corresponds to a set of steering vectors {a1, ...,aL} ⊂ S.
The detector computes T 2-step

|ai
(Y) from (15) for i = 1, ..., L

and then uses the maximal value as the test statistic. Three
computations are performed once and used by all the sampled
directions: (1) computation of R̂s and R̂p (2) inversion of
R̂s and (3) the matrix multiplication R̂

−1
s R̂pR̂

−1
s . These

computations sum to 2q2(2N−1)+O(q3) operations. Then for
every ai we compute (aHi R̂

−1
s R̂pR̂

−1
s ai) and divide the result



8

deterministic
clairvoyant

Gaussian
clairvoyant unconditional MVDR

ratio one-step two-step white
noise

reference extension of [13] [17] Theorem 1 [14] [17] [17] [26]
signal type

(G=Gaussian
D=deterministic)

D G G D G G G

uses secondary dataset X X V V V V X
BCM assumption known R∗ R∗ ∈ Sq

+ R∗ ∝ Iq

test statistic for known a∗ (13) — (12) eq. (4) in [17] (15) —

test statistic for a∗ ∈ Cq T|R∗ (R̂p) = λmax

(
R̂pR

−1
∗

)
T|∅(Y) = λmax

(
R̂pR̂

−1
s

)
(18)

TABLE I
SUMMARY OF GLRT DETECTORS

by (aHi R̂
−1
s ai) to obtain m(ai, R̂s, R̂p). The computation of

each of the terms requires (q2 + q) operations. By summing
them all, we have that the computational complexity of the
structured two-step detector is

complexity
(
T 2-step
|S (Y)

)
=L

(
q2 + q + 1

)
+ 2q2(2N − 1) +O(q3) . (46)

If L is large compared to N , which is typically the case when
covering the sky with narrow beams, the structured detector
is more computationally expensive than the unstructured de-
tector.

B. Cascade detector

A structured and an unstructured detector for Gaussian
signals with an unknown steering vector were introduced in
subsection III-A. The structured detectors provide directional
selectivity at the cost of higher computational complexity,
compared to the unstructured detector, as shown in the subsec-
tion above and demonstrated by simulation in VI-E. Applying
a structured detector in cascade with an unstructured one com-
bines the advantages of the two types. In this detection scheme,
the unconditional detector T|∅(Y) is applied first in order to
detect any suspicious signal, and then uses the steering vector
estimation to only pass signals that might come from a celestial
source to the next stage. In the second stage, the structured
detector (T 1-step

|S (Y) or T 2-step
|S (Y)) is used to confirm or reject

the first stage detections. This way, terrestrial interferences are
filtered out from the detection process, and the computational
demands are relaxed compared to a detection scheme that
passes all the data to the structured detector.

We provide a qualitative discussion of the performance of
the cascade detector. Let Ti(Y), Ci, γi for i = 1, 2, denote the
test statistic, computational complexity and detection threshold
of the two detection stages, where i = 1 is associated with
the unstructured stage and i = 2 with the structured stage.
Assuming that H1 is a rare event, the complexity of the
cascade compared to a single stage structured detector is given
by

C12

C2
=
C1

C2
+ p

(1)
fa (γ1) . (47)

The test statistics T1(Y) and T2(Y) satisfy (43) and (44) for
some test statistic T|a(Y) and array manifold S ⊂ Cq; hence
T1(Y) ≥ T2(Y) for any Y . Assume γ2 is calibrated to a value

at which the structured detector provides satisfactory perfor-
mance as a single stage detector. In this case the pfa, pd and
complexity of the two stage detector depend on γ1. If γ1 = γ2,
the cascade detector has the same detection performance as
the structured detector, and reduced complexity if p(1)fa (γ2) <
1 − C1/C2. By raising γ1 above γ2 the complexity can be
further reduced at the expense of lower performance. The
simulation shows that computation speed can be significantly
improved without considerable performance degradation.

VI. SIMULATIONS

We now present a full sky simulation of the proposed
detector T|∅(Y) and the detectors presented in Subsection III-C
or their extensions as given in Section V. For that purpose we
used the 3C catalog of sources [30] as a model for the sky. We
generated a transient with varying power and direction whose
incoming signal is superimposed on the signal received from
the stationary sources and the receiver noise.

The key simulation parameters are as follows. We simulated
the signals received by an array with q = 12 elements arranged
in a non-uniform (to avoid directional ambiguity) 3× 4 grid,
with East-West span of 16 meter and South-North span of 19
meters. The center frequency was 50MHz. The BCM used for
the simulation is given by

R∗ = Iq +

50∑
m=1

σ2
mamaHm (48)

where a1, ....,a50 are the steering vectors corresponding to the
50 brightest sources that appeared at 6AM on December 12th
2013 in the sky above the LOFAR, computed for the simulated
array at a frequency of 50MHz. Their corresponding intensities
are given by σ2

1 , ..., σ
2
50, normalized such that maxm σ

2
m = 20,

which is a typical SNR (13dB) for a bright source at this
frequency. For the structured detectors, the array manifold
covers a square patch in the sky, sampled at 50 × 50 points.
The simulated transient SBR, defined in (10), ranges from -
15dB to 22dB. Performance was evaluated for two locations
of the transient: one in a quiet area of the sky, and the other
near a strong stationary source. These locations are referred
to as the “dark” and “bright” points, respectively. If one
transient is placed at the bright point and another at the dark
point, the bright point transient must be 6dB brighter than
the dark point transient (in terms of absolute power σ2

∗) to
have the same SBR. Using the model given in (4), a set of
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5,000 pairs of sample matrices X =
(
x1 · · · xN

)
and

Y =
(
y1 · · · yN

)
were generated to simulate H0 and a

set of 1,000 datasets were generated to simulate every SBR
value under H1.

The extension of the one-step detector to the structured
model was not included in the simulation because its com-
putation was too demanding for the machine that was used.
Its performance when a∗ is known can be found in [17].

A. Full sky simulation

The probabilities of detection of the simulated detectors as
a function of SBR are shown in Figure 1 for N = 104 and
in Figure 2 for N = 30. Once the SBR is fixed, the location
of the transient only affects the detectors that assume white
noise, namely TR∗∝I(R̂p) and TDI

|S (Y), given in (18) and
(19). For the tested scenario with large datasets (N = 104),
the unstructured clairvoyant T|R∗(R̂p) and two structured
detectors T 2-step

|S (Y) and TMVDR
|S (Y) performed identically, The

unconditional detector was about 1dB less sensitive and the
dirty image detector was less sensitive than the structured
detectors by 8-15dB, depending on the position of the transient
relative to the background sources. The detector TR∗∝I(R̂p)
that assumed white noise was far worse than all the rest and
its performance also depended on the position of the transient.

Figure 2 plots the simulation results when the number of
samples in each dataset was reduced to 30. The sensitivity gap
between the unconditional detector and the structured detectors
remained about the same as it was in the scenario where
N = 104. The clairvoyant unstructured detector, that is not
sensitive to BCM estimation errors outperformed the rest of
the simulated detectors.

These simulation findings call for two comments. The first
is that the simulated transient steering vector was contained
in the array manifold. Normally, there is some mismatch due
to array calibration errors which can significantly reduce the
probability of detection of structured detectors, as shown in
[17] for detectors that assume knowledge of a∗. This mismatch
does not affect the unconditional detector since it assumed
no array manifold. Second, the detection threshold was set
to achieve pfa = 10−2 by all the detectors in the simulated
scenario. In practice, the threshold of non-CFAR detectors is
set such that the desired pfa is obtained in a worst case scenario
so that the pfa in all other scenarios is lower. This lower
value is what would be used in a more realistic simulation,
that computes the threshold based on the worst case scenario.
Lower pd values for non-CFAR detectors are expected to result
from this type of simulation. As in the case of steering vector
mismatch, CFAR detectors such as the unconditional detector
are not affected by this consideration.

B. Dependence on the number of samples

The dependence on the number of samples in each dataset
was evaluated for three detectors: the unconditional (9), the
unstructured detector that knows R∗ whose test statistic is
computed as T 2-step(Y) with R̂s substituted by R∗ (15), and
the structured MVDR ratio detector (12) whose performance
is somewhere between the 2-step and the 1-step detectors.

Fig. 1. Probability of detection as a function of the SBR. q = 12, N =
10, 000, pfa = 10−2. With 10,000 samples the output SNR was roughly 40
dB higher than the input SNR .

Fig. 2. Probability of detection as a function of SBR. q = 12, N = 30,
pfa = 10−2.

We simulated a range of scenarios where the total number
of samples (denoted by M in Figure 3) was constant and the
partition of the samples between the primary and secondary
datasets varied. Except for the number of samples, the simu-
lated scenario was the same as described in Subsection VI-A.

Figure 3 shows that the performance of the detectors based
on two datasets, namely T|∅(Y) and TMVDR

|S (Y) performed
worse when given a small secondary dataset (the right side
of the graph), than with a small primary dataset. The optimal
point was when the secondary dataset was slightly larger than
the primary dataset. The unstructured and structured detectors
performed about the same when the unstructured detector was
given 1.5 times more samples. This factor cannot be taken
as an inherent property of the detectors, since it depends on
the scenario parameters. The clairvoyant unstructured detector
improved as the size of the primary dataset increased, as
expected (since it makes no use of the secondary dataset).
It should be noted that the unconditional detector was derived
for a model of equally sized datasets. By further derivation it
could be adapted to a scenario as simulated here.
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Fig. 3. Probability of detection as a function of the size of the primary
dataset when the total number of samples is constant. q = 12, SBR=5dB,
pfa = 10−3.

C. Cascade detector

We evaluated the effects of using the cascade detection
scheme described in Subsection V-B, compared to a single
stage structured detector. For the first stage we used the
unconditional detector T|∅(Y), and the MVDR ratio detector
TMVDR
|S (Y) for the second stage. The scenario corresponded

to the one described in the beginning of this section. The
computational complexity reduction was linear to the proba-
bility of false alarm in the first stage, denoted by p(1)fa in (47),
where the detection performance degradation was expressed
as the difference between the pd of the structured detector
and the pd of the cascade detector. The simulation results are
shown in Figure 4 for N = 1, 000 and a probability of false
alarm in the second stage of p(2)fa = 10−3. The upper graph
depicts the pd curves for the second stage when used alone,
and the pd for the cascade detector for two values of pfa in
the first stage, as denoted by p(1)fa . The differences between the
probabilities of detection of the single stage and the cascade
detectors are shown in the lower graph. By taking a smaller
N , the curves shifted to the right but the probabilities did not
change. It is evident from Figure 4 that if the computation
of T|∅(Y) is faster than the structured detector, which was
the case in this simulation, the use of the cascade detector
can significantly improve computation speed at the tolerable
cost of losing a detection with a probability of 4% or 15%
at a small range of SBRs, for the p

(1)
fa values used in the

simulation (0.1 and 0.025). The maximum loss is incurred
when pd = 0.7 in the structured stage. The reduction in the
probability of detection can be significant for certain SBR
values. Its importance depends on prior knowledge of the
FRB’s. However since these are rare events, losing 15% of
them can be very significant. If this is the case, it is preferable
to set the threshold of the first stage such that p(1)fa > 0.025.
The choice of p(1)fa only affects computation speed and not the
overall probability of false alarm (which mainly depends on
p
(2)
fa ).

Fig. 4. Probabilities of detection in a single stage and a cascade detectors
(top), probability differences (bottom). q = 12, N = 1, 000, p(2)fa = 10−3.

D. Non-stationary background

All the non-clairvoynat detectors are based on the assump-
tion that the noise statistics remain unchanged between the
secondary and primary sampling intervals. The robustness of
the unconditional detector and the two structured detectors
to violations of this assumption was examined in the next
simulation. We generated R̂s and R̂p based on the static source
position at two time instances separated by a few seconds,
during which the entries of the steering vectors associated
with the sources shifted by up to 0.1[radian] (depending on
the time difference, East-West baseline and wavelength). We
measured the sensitivity of the simulated detectors to a set
of time differences between the first and second intervals,
ranging from 0 to 10 minutes. Sensitivity was defined as the
minimal SBR required to obtain pd = 0.9 with pfa = 0.01. To
make the results more general, below we plot the sensitivity
curves as a function of the phase shift measured between the
farthest elements on the East-West axis for a source positioned
directly above the array (for time intervals much shorter than
a day we used the approximation ϕ ≈ ωδtD/λ, where ϕ is
the phase shift, ω is the angular velocity of Earth, δt is the
time difference, D is the maximal East-West baseline and λ
is the wavelength). Figure 5 shows that the sensitivity of the
unconditional and structured MVDR ratio detectors degraded
similarly as the time difference became larger. It is also evident
that the dirty image detector was worse even in the most
favorable conditions.

These results illustrate the considerations involved in de-
signing transient detectors. On one hand it is desirable to use as
many noise samples as possible to reduce the estimation error.
On the other, if the noise collecting interval is too long, the
covariance of the noise in the primary sampling interval drifts
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Fig. 5. Minimal detectable SBR vs. the phase shift between the farthest
elements accumulated between the sampling intervals. q = 12, N = 1, 000,
pfa = 10−2, pd = 0.9.

away from the noise covariance measured in the secondary
interval, which increases the probability of false detection.

E. Runtime

The following runtimes were measured using a standard
i7 PC running MATLAB R2019b. Note that they do not
include the computation time of R̂s and R̂p, since they
are common to all the detectors. The computation for the
unstructured detectors: T|∅(Y), T|R∗(R̂p) and T|R∝I(R̂p),
took 180 − 220µs for a single dataset with q = 12. The
computation time for the structured detectors over a grid of
50×50 = 2, 500 steering vectors with q = 12 was as follows:
T 2-step
|S (Y) ≈ 4ms, TMVDR

|S (Y) ≈ 4.1ms, T|R∗,S(Y) ≈ 2.6ms,
T 1-step
|S (Y) ≈ 636ms, where for T 1-step

|S (Y) we used a grid of 20
points to achieve the optimization required for the computation
of each pixel. Computation of a detector that knows a∗ would
take as long as the computation of a single pixel with the
corresponding structured detector.

This shows that the computation of the structured detectors
can be significantly longer than the unstructured detectors,
which makes the cascade detector an attractive solution.

VII. CONCLUSION

We developed a closed form GLRT detector for radio
transient detection in radio astronomical arrays that can be
utilized in several detection schemes. It was also proven
to be a GLRT detector for deterministic unknown signals
from unknown directions in correlated Gaussian noise with
unknown statistics. We showed that it naturally extends various
known steering vector techniques and that all these techniques
yield the same GLRT when we include optimization over
the unknown directional vector. This makes it possible to
generalize state of the art detectors to a general two step
detector. The simulation results demonstrated the superiority of
the proposed detectors over standard radio transient detectors
used in existing radio telescopes. These simulations also
showed that if array calibration is assumed, the two-step and

MVDR ratio structured detectors perform equally well with
better sensitivity compared to the unconditional detector, as
could be expected. We expect these results to have an impact
on the design of future fast radio burst detectors in radio
telescopes such as the Square Kilometer Array.

APPENDIX A
EQUIVALENCE OF DETECTORS

We prove that the test statistics (12) and (15), when max-
imized w.r.t. a over Cq become equivalent to the largest
generalized eigenvalue λ̄Y of the pair Y = (R̂p, R̂s).

First, we find the maximum of m(a,B,A) for a matrix pair
P = (A,B) ∈ Sq+×Sq+, using the identities B−1 = UPU

H
P

and ΛP = UH
PAUP that were introduced in subsection IV-A

max
a∈Cq

m(a,B,A) = max
a∈Cq

(
UH
P a
)H

UH
PAUP

(
UH
P a
)

(
UH
P a
)H (

UH
P a
)

= λmax

(
UH
PAUP

)
= λmax (ΛP ) = λ̄P , (49)

Hence it is proved that

T 2-step(Y) ≡ max
a∈Cq

T 2-step
|a (Y) $ λ̄Y . (50)

We also note that the maximum of m(a,B,A) is attained at
a = v̄P/‖v̄P‖, since

m

(
v̄P
‖v̄P‖

,B,A

)
=

v̄HPB
−1AB−1v̄P

v̄HPB
−1v̄P

=
ūHPAūP
v̄HP ūP

= λ̄P . (51)

Next, we derive the test statistic of the MVDR ratio detector
for the case where the signal steering vector is unknown

TMVDR(Y) ≡ max
a∈Cq

TMVDR
|a (Y)

= max
a∈Cq

(
UH
Y a
)H (

UH
Y a
)

(
UH
Y a
)H

(Iq + ΛY)
−1
(
UH
Y a
)

=
1

mina∈Cq aH (Iq + ΛY)
−1

a
= 1 + λ̄Y (52)

hence TMVDR(Y) $ λ̄Y .

APPENDIX B
DERIVATION OF THE ML ESTIMATOR OF THE BCM

For the following derivation let s : Sq+ → R be defined by:

s(Z) ≡ `∗1(Y;Z−1)

= 2 log |Z| − 2tr
(
ZM̂

)
+ h

(
λmax(Z, R̂

−1
2 )
)

(53)

where `∗1(·) is defined in (32) and h(·) is defined in (2). s(·)
has a maximum point at the inverse of the ML estimator of
the BCM

R̂(Y) = arg max
R∈Sq

+

`∗1(Y;R) =

(
arg max

Z∈Sq
+

s(Z)

)−1
(54)
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By searching for local maximum points, we examine the
local behavior of s(Z + εX) around ε ≈ 0, where Z ∈ Sq+ is
the tested matrix and X ∈ Sq is the direction of perturbation.

To simplify the parameterization of the problem, we define

AY ≡ UYΛ
− 1

2

Y (55)

Let Γ ∈ Dq
+ and T ∈ Uq . Define

Z(Γ,T ) = AYTΓTHAH
Y (56)

Using the same representation with Γ replaced by a non-
diagonal matrix ∆ ∈ Sq , define

X(∆,T ) = AYT∆THAH
Y (57)

Note that any pair Z ∈ Sq+, X ∈ Sq can be represented as
Z(Γ,T ),X(∆,T ). Perturbing s(·) at Z(Γ,T ) by εX(∆.T ),
we obtain a representation of s(·) restricted to a line passing
through Sq+, as a function of a single real variable ε, which
has ∆, Γ and T as parameters

s0(ε; ∆,Γ,T ) ≡ s(Z(Γ,T ) + εX(∆,T ))

=2 log |Γ + ε∆| − 2 log
∣∣∣R̂p

∣∣∣+ h (λmax (Γ + ε∆))

− tr
(
T (Γ + ε∆)TH

(
Iq + Λ−1Y

))
(58)

Note that we only consider the open interval of ε where
(Z(Γ,T ) + εX(∆,T )) ∈ Sq+.

Lemma 2. The function s0(ε; ∆,Γ,T ) defined in (58) is right
differentiable w.r.t. ε over its domain for any (∆,Γ,T ).

The proof of this lemma is deferred to Appendix C.
Given the fact that s0(ε; ∆,Γ,T ) is always right-

differentiable w.r.t. ε, a sufficient condition for Z(Γ,T ) to
be a local maximum point of s(Z) is that for any ∆ ∈ Sq:

∂+s0(∆,Γ,T ) ≡ lim
ε→0+

s0(ε)− s0(0)

ε
≤ 0 (59)

implying that s(Z(Γ,T )) decreases when adding to Z(Γ,T )
any incremental matrix of the form εX . We denote the set of
points satisfying this condition by A:

A ≡
{
Z(Γ,T ) : ∂+s0(∆,Γ,T ) ≤ 0 ∀∆ ∈ Sq

}
⊆ Sq+

(60)

Define a subset of unitary matrices

Uq
∗ = {PΦ : P ∈ Pq,Φ ∈ Uq

D} (61)

In the following lemma we prove that every Z ∈ A, when
represented as Z(Γ,T ), has T ∈ Uq

∗.

Lemma 3. Let s0(ε; ∆,Γ,T ) and ∂+s0(∆,Γ,T ) be defined
by (58) and (59). If T ∈ Up\Up

∗ and the joint eigenvalues
of Y are distinct, then there exists some ∆ ∈ Sq such that
∂+s0(∆,Γ,T ) > 0.

The proof of this lemma is deferred to Appendix D. We
conclude that if the joint eigenvalues of Y are distinct then

A ⊆ Ā ≡ {Z(Γ,T ) : Γ ∈ Dq
+,T ∈ Uq

∗} (62)

By definition of Uq
∗,

Ā = {Z(Γ,PΦ) : Γ ∈ Dq
+,P ∈ Pq,Φ ∈ Uq

D}

=
{
AYPΓPHAH

Y : Γ ∈ Dq
+,P ∈ Pq

}
=
{
Z(Γ, Iq) : Γ ∈ Dq

+

}
(63)

where for the first transition we used ΦΓΦH = Γ , for
the second transition we used the fact that PΓPH is Γ
whose diagonal entries are permuted according to P ; hence
{PΓPH : Γ ∈ Dq

+,P ∈ Pq} = Dq
+.

If the domain of s(·) is restricted to Ā then (53) can
be rewritten as the following function of Γ (the following
expression can also be obtained by substituting ε = 0 and
T = Iq into (58))

s̃(Γ) ≡ s(Z(Γ, Iq))

=2 log
∣∣∣ΓR̂−12

∣∣∣− tr
(
Γ(Λ−1Y + Iq)

)
+ h

(
max
i

Γii

)
(64)

Lemma 4. For any Y ∈ Sq+×Sq+ with distinct joint eigenval-
ues and λY,1 = maxi λY,i ≥ 1, the function s̃(·) : Dq

+ → R,
defined in (64) has a unique maximum point at:

Γ∗ ≡ diag
(
λ̄Y ,

2λY,2
1 + λY,2

, ...,
2λY,q

1 + λY,q

)
(65)

This lemma is proved in Appendix E. We see that when its
domain is restricted to Ā, s(Z) has a single maximum point at
Z(Γ∗, Iq). This result eliminates all the other members of Ā
from being maximum points of s(Z). If s(Z) has a maximum
point, it must be attained at Z(Γ∗, Iq) and only there, since it
is the only candidate left. To prove that s(Z) has a maximum
point, we present a sufficient condition for its existence in
Lemma 5 and show in Lemma 6 that this condition is satisfied
by s(Z). These lemmas are proven in Appendices F and G,
respectively.

Lemma 5. Define the function g : Sq+ → R by

g(Z) = max{λmax(Z), λ−1min(Z)} (66)

and define a “divergent matrix sequence” as a sequence of
PD matrices {Zi} such that g(Zi)→∞. If f : Sq+ → R is a
continuous function such that f(Zi)→ (−∞) for every {Zi}
that is a divergent matrix sequence, then f has a maximum
point.

Lemma 6. Let s, g : Sq+ → R be defined by (53) and (66),
respectively. If {Zi ∈ Sq+} is a sequence of matrices such that
g(Zi)→∞ then s(Zi)→ (−∞).

We see from (54) that R̂(Y) is the inverse of Z(Γ∗, Iq),
which is now proved to be the maximizer of s(Z). Using (56)
with Γ = Γ∗ and T = Iq together with (55) and (22) we have

R̂(Y) = Z(Γ∗, Iq)
−1 = V YΛYΓ∗

−1
V H
Y (67)

Inverting Γ∗ from (65) and multiplying the result by ΛY (both
multipliers are diagonal)

ΛYΓ∗−1 =
1

2
(ΛY + Iq)−

1

2
(λ̄Y − 1)e1e

H
1 (68)



13

From the generalized eigen-decomposition of (R̂p, R̂s) we
have

R̂s + R̂p = V Y(Iq + ΛY)V H
Y (69)

Using the identities (25)-(27) the steering vector and power es-
timators from (6) and (7) can be expressed as â = ‖v̄Y‖−1v̄Y
and σ̂2 = ‖v̄Y‖2

(
λ̄Y − 1

)
. Combining these representations

with the identity v̄Y = V Ye1 we have

σ̂2ââH =
(
λ̄Y − 1

)
V Ye1e

H
1 V

H
Y (70)

The expression in (8) is obtained by plugging (68), (69) and
(70) into (67).

APPENDIX C
PROOF OF LEMMA 2

To prove Lemma 2 we note that the function s0(ε; ∆,Γ,T ),
given in (58), depends on ε through the sum of three terms:
log | · · · |, h(λmax(· · · )) and tr(· · · ) which are identified as the
log-determinant, largest eigenvalue and trace terms. We show
that each is right differentiable w.r.t. ε:

1) Substituting X = Γ + ε∆ and ∂X = (dε)∆ into
equation (43) from [31], we obtain

d log |Γ + ε∆|
dε

= tr
(

(Γ + ε∆)
−1

∆
)

(71)

This derivative is well-defined over the set of ε for which
(Γ + ε∆) is invertible.

2) For a given Γ ∈ Sq+, ∆ ∈ Sq and x ∈ Cq , define the
open interval E =

{
ε : Γ + ε∆ ∈ Sq+

}
, the function

fx(ε) ≡ xH (Γ + ε∆) x which is differentiable w.r.t.
ε and f(ε) ≡ λmax (Γ + ε∆). It can easily be shown
that since f(ε) = maxx∈Cq fx(ε) for every ε ∈ E, then
|∂+f(ε)| ≤ maxx∈Cq |dfx(ε)/dε|; hence f(ε) is right-
differentiable at any ε ∈ E.

3) The term εtr
(
T∆TH

(
Iq + Λ−1Y

))
is linear w.r.t. ε,

and hence differentiable.

APPENDIX D
PROOF OF LEMMA 3

To prove Lemma 3 we need the following lemma, which
will be proved in subsection D-A:

Lemma 7. Let T ∈ Uq \Uq
∗. Define the sets of vectors T ≡

{ti,j ∈ Cp : ti,j(k) = T ∗kiT kj , i, j ∈ {1, ..., q}} and T̃ ≡
T \{ti,i, i ∈ {1, ..., q}}. If x ∈ Cq has q distinct entries then
there exists at least one member of T̃ that is not orthogonal
to x.

We now use Lemma 7 to prove Lemma 3. The function
s0(ε; ∆,Γ,T ) is expressed below as the sum of a differ-
entiable part and a second term which is possibly non-
differentiable at ε = 0 (but right-differentiable there), which

are denoted by s̃0(ε; ∆,Γ,T ) and š0(ε; ∆,Γ,T ) respectively,
and defined as follows

s̃0(ε; ∆,Γ,T ) = 2 log |Γ + ε∆| − 2 log
∣∣∣R̂p

∣∣∣
− tr

(
T (Γ + ε∆)TH

(
Iq + Λ−1Y

))
(72)

š0(ε; ∆,Γ,T ) = h (λmax (Γ + ε∆)) (73)
s0(ε; ∆,Γ,T ) = s̃0(ε; ∆,Γ,T ) + š0(ε; ∆,Γ,T ) (74)

Suppose we choose ∆ whose entries are given by

∆ij = zδi,i0δj,j0 + z∗δi,j0δj,i0 (75)

where z 6= 0 and i0 < j0. It will be shown that for any ∆
of this form, the right-derivative of š0(ε; ∆,Γ,T ) at ε = 0 is
non-negative, and that there must exist a choice of (i0, j0) and
z such that the right derivative of s̃0(ε; ∆,Γ,T ) is positive.

For the derivation of ∂+š0(∆,Γ,T ), we consider the be-
havior of the eigenvalues of (Γ + ε∆), which are continuous
functions of ε, that are denoted by γ1(ε), ..., γq(ε) and ordered
such that γi(0) = γi ≡ Γii for all i. Due to the diagonality of
Γ and the sparse structure of ∆, when i /∈ {io, j0}, γi(ε) = γi
for all ε. The two remaining eigenvalues, γi0(ε) and γj0(ε)
can be identified as the solutions of the following determinant
equation∣∣∣∣(γi0 0

0 γj0

)
+ ε

(
0 z
z∗ 0

)
− γi0,j0(ε)I2

∣∣∣∣ = 0 (76)

Assuming that the larger of the two solutions of (76) is
assigned to γi0(ε), then

γi0(ε) =
1

2

(
γi0 + γj0 +

√
(γi0 − γj0)2 + 4ε2 |z|2

)
(77)

The right derivative of γi0(ε) at ε = 0, denoted by ∂+γi0(0),
is |z| if γj0 = γi0 and zero otherwise. The right-derivative
of the largest eigenvalue of (Γ + ε∆) at ε = 0 is ∂+γi0(0)
when γi0(0) = γi0 = maxi γi and zero otherwise (since then,
when ε is in the vicinity of zero the maximum eigenvalue of
(Λ+ε∆) is independent of ε); hence it is always non-negative.
Given this non-negativity and because h(·) is a non-decreasing
function, for any Γ and any choice of i0, j0 and z:

∂+š0(∆,Γ,T ) ≥ 0 (78)

According to (71), the derivative of the log-determinant term
of s̃0(ε; ∆,Γ,T ) is zero at ε = 0 since the diagonal of ∆ is
zero. The right-derivative of s̃0(ε; ∆,Γ,T ) at ε = 0 is

∂+s̃0(∆,Γ,T ) =
ds̃0(ε; ∆,Γ,T )

dε

= tr
(
T∆TH

(
Iq + Λ−1Y

))
= 2<

{
ztHi0,j0cY

}
(79)

where cY(k) = 1 + λ−1Y,k and ti,j is the (i, j)th member
of the set T , as defined in Lemma 7; i.e., its kth entry is
ti,j(k) = T ∗kiTkj . It is given that T ∈ Up\Uq

∗ and that
the q joint eigenvalues of Y are distinct, which implies that
cY has distinct entries; hence according to Lemma 7, there
must exist an index pair (i∗, j∗) such that tHi∗,j∗cY 6= 0 and
i∗ < j∗. Setting ∆ according to (75) with (i0, j0) = (i∗, j∗)
and z = cHY ti∗,j∗ we obtain from (79) that

∂+s̃0(∆,Γ,T ) = 2
∣∣tHi0,j0cY ∣∣2 > 0 (80)
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Adding the inequalities (78) and (80) we have from (74) that
for any Γ ∈ Dq

+ and T ∈ Uq\Uq
∗ there must exist ∆ ∈ Sq

for which ∂g+(∆,Γ,T ) > 0.

A. Proof of Lemma 7

To prove Lemma 7 we need the following lemma which
will be proved in subsection D-B:

Lemma 8. If T ∈ Uq\Uq
∗, x = (x1, ..., xq)

T ∈ Rq is a vector
with distinct entries (xi 6= xj for any i 6= j) and A is such
that Aij = |T ij |2 for all i, j = 1, ..., q then ‖Ax‖ < ‖x‖.

We now use Lemma 8 to prove Lemma 7. Define the
following scalar function of the given unitary matrix T and
a vector x: σ(T ,x) ≡

∑q
i=1

∑
j 6=i x

Hti,jt
H
i,jx. A statement

equivalent to Lemma 7 is that for all T ∈ Uq \Uq
∗ and x with

distinct entries, σ(T ,x) 6= 0.
We begin by representing σ(T ,x) using a simple quadratic

form. Based on T , we define a set of q vectors {ti ∈
Cq : ti(j) = T ji}, a matrix A ≡

(
t1,1 · · · tq,q

)
and

two sets of q matrices {Y (i) = diag (T 1i, ...,T qi)} and
{S(i) ∈ Cq×(q−1)} where the ith matrix of this set is given
by

S(i) ≡
(
ti,1 · · · ti,i−1 ti,i+1 · · · ti,q

)
(81)

Using the following identities

q∑
i=1

q∑
j=1

ti,j︸︷︷︸
Y H
(i)

tj

tHi,j =

q∑
i=1

Y H
(i)

 q∑
j=1

tjt
H
j


︸ ︷︷ ︸

I

Y (i) = Iq (82)

q∑
i=1

S(i)S
H
(i) =

q∑
i=1

 q∑
j=1

ti,jt
H
i,j

− ti,it
H
i,i


= Iq−AAH (83)

we express σ(T ,x) as

σ(T ,x) =

q∑
i=1

xHS(i)S
H
(i)x = xH

(
Iq −AAH

)
x (84)

According to Lemma 8, since Aij = |T ij |2 for all i, j, if
T /∈ Uq

∗ then the right-hand expression in (84), which is equal
to σ(T ,x) cannot be zero for x with distinct entries.

B. Proof of Lemma 8

Assume that x = (x1, ..., xq)
T ∈ Cq is a vector with distinct

entries. The lemma is proved by contradiction, we show that
‖Ax‖ = ‖x‖ implies T ∈ Uq

∗.
By the definition of A: Aij ≥ 0 and A1q = AT1q = 1q ,

hence A is a doubly stochastic matrix, and by ATA1q =
AT1q = 1q it is proved that B ≡ ATA is a symmetric
doubly stochastic matrix. Given the fact that A is stochastic,
it follows from the Gershgorin circle theorem [32, p. 320]
that ρ(A) ≤ 1 where ρ(A) ≡ maxi{|λ1(A)|, ..., |λq(A)|}
is the spectral radius of A. Because A1q = 1q , we have
that λmax(A) = ρ(A) = 1. The same is true for B; i.e.
λmax(B) = ρ(B) = 1.

We now prove by induction that Bx = x implies B = Iq .
In the nth step of the proof, it is shown that the nth column
and row of B are en and eTn , respectively. It is assumed,
without loss of generality that x1 > · · · > xq .

Base case: For the first element of Bx we can write

eH1 Bx =

q∑
j=1

B1jxj = x1 = max
i
xi (85)

This equation represents x1 as a convex combination of all
the elements of x, which is bounded by the extreme values of
x. Equation (85) is satisfied only if B1j = δ1j . Since B is
symmetric, the first column is also described by Bj1 = δ1j
and the induction statement is proved for n = 1.

Inductive step: Suppose that for some n ≥ 1, Bn+1,1 =
· · · = Bn+1,n = 0. The (n + 1)th element of Bx can be
written as

eHn+1Bx =

q∑
j=1

Bn+1,jxj =

q∑
j=n+1

Bn+1,jxj

= xn+1 = max{xn+1, ..., xq} (86)

Following the same logic that was used for the base case,
we conclude that Bn+1,j = δn+1,j , and thus we prove that if
Bx = x then for any n, Bn,j = δn,j or simply B = Iq .

It is implied by B = ATA = Iq that A is an orthogonal
matrix, hence for every i:

∑q
j=1(Aij)

2 =
∑q
j=1(Aji)

2 =∑q
j=1Aji = 1, which is satisfied if and only if A ∈ Pq

(recalling that the entries of A are non-negative by definition).
A can be a permutation matrix if and only if T = AΦ where
Φ ∈ Uq

D; hence by definition of Uq
∗: ‖Ax‖ = ‖x‖ ⇒ Bx =

x⇒ B = Iq ⇒ A ∈ Pq ⇒ T ∈ Uq
∗, so that T ∈ Uq\Uq

∗ ⇒
‖Ax‖ < ‖x‖.

APPENDIX E
PROOF OF LEMMA 4

We define a set of functions {f (i) : Dq
+ → R, i = 1, ..., q}

f (i)(Γ) = 2 log |Γ| − tr
(
Γ(Iq + Λ−1Y )

)
+ h (γi) i = 1, ..., q

(87)
where we denote γi ≡ Γii, and discard the dependence on
Y , to conform with the notation used in subsection IV-C. It
follows from the fact that h(·) is a non-decreasing function
that h(maxi γi) = maxi h(γi) so that s̃(Γ) from (64) can be
written as: s̃(Γ) = maxi f

(i)(Γ) − 2 log
∣∣∣R̂p

∣∣∣. If Γ(i)
∗ is the

unique maximum of f (i)(Γ) and the set of maximal values
{f (i)(Γ(i)

∗ ), i = 1, ..., q} has a unique maximum whose index
is denoted by î, then Γ(̂i)

∗ is the unique maximum of s̃(Γ).
We decompose each f (i)(Γ) into the sum of q functions, each
depending on a single diagonal element of Γ and a single λY,i

f (i)(Γ) =

q∑
j=1

f (i,j)(γj ;λY,j) (88)

f (i,j)(γ;λ) ≡

{
log γ − γλ−1 − 1 (j = i) ∧ (γ ≥ 1)

2 log γ − γ(1 + λ−1) (j 6= i) ∨ (0 < γ < 1)
(89)

where ∧ and ∨ denotes the logic “and” and “or”, respectively.
Using straightforward algebra, we derive the unique maximum



15

point of each f (i,j)(γ;λY,j) w.r.t. γ (using the fact that λY,j >
0):

γ
(i)
j∗ ≡ arg max

γ>0
f (i,j)(γ;λY,j)

=

{
λY,j (i = j) ∧ (λY,j ≥ 1)
2λY,j

1+λY,j
(i 6= j) ∨ (λY,j < 1)

(90)

with the maximal value of f (i,j)(γ, λY,j) given by

f
(i,j)
∗ =

{
log λY,i − 2 (i = j) ∧ (λY,j ≥ 1)

2 log
2λY,j

1+λY,j
− 2 (i 6= j) ∨ (λY,j < 1)

(91)

The sum in (88) is maximized when each of the summands
is maximized; hence the jth diagonal element of the unique
maximizer of f (i)(Γ) is

(
Γ(i)
∗

)
jj

= γ
(i)
j∗ . The corresponding

maximal value is

f
(i)
∗ ≡ max

Γ∈Dq
+

f (i)(Γ) =

q∑
j=1

f
(i,j)
∗

=

{
2
∑q
j=1 log

2λY,j

1+λY,j
+ log

(1+λY,i)
2

4λY,i
− 2q λY,i ≥ 1

2
∑q
j=1 log

2λY,j

1+λY,j
− 2q λY,i < 1

(92)

It follows from the fact that the additional term in (92)
that depends on λY,i is an increasing function and strictly
increasing when λY,i > 1 and from λY,1 = maxi λY,i > 1

that f (1)∗ > f
(j)
∗ for all j > 1; hence î = 1 which implies

Γ∗ = Γ(1)
∗ . The jth diagonal element of Γ∗ as given in (65)

is obtained by plugging i = î = 1 into γ(i)j∗ from (90).

APPENDIX F
PROOF OF LEMMA 5

Let f : Sq+ → R be continuous with f(Zi) → (−∞) for
any divergent matrix sequence {Zi}. Define a sequence of
closed bounded sets of PD matrices Gi = {Z ∈ Sq+ : i−1 ≤
g(Z) ≤ i} for i = 1, 2, ...,∞. According to the extreme value
theorem, because f is continuous, for every i there exists a
matrix Zi ∈ Gi such that fi ≡ f(Zi) = maxZ∈Gi

f(Z). By
definition of Gi, Zi is a divergent matrix sequence; hence by
definition of f , fi → (−∞) and therefore the sequence {fi}
has a maximal value f∗ = maxi fi = maxi maxZ∈Gi f(Z).
Because the infinite union of Gi is Sq+, f∗ is the global
maximum of f .

APPENDIX G
PROOF OF LEMMA 6

The following lemma is essential for the proof of lemma 6:

Lemma 9. Let {Zi ∈ Sq+}, {Γi ∈ Dq
+}, {T i ∈ Uq} and

Y ∈ Sq+ × Sq+ be such that for every i, Zi = Z(Γi,T i),
where the representation Z(·, ·) is given in (56). A sufficient
and necessary condition for g(Zi)→∞ is that g(Γi)→∞.

Proof: Using the inequalities λmax(ABAH) ≤
λmax(B)λmax(AAH) and λmin(ABAH) ≥
λmin(B)λmin(AAH) which hold for any B ∈ Sq+ and
A ∈ Fq , the ratio of the smallest and the largest eigenvalues

of Zi to the corresponding eigenvalues of Γi can be bounded
as follows

1

λmax(A−1Y A
−H
Y )

≤ λmax(Zi)

λmax(Γi)
≤ λmax(AYA

H
Y )

λmin(AYA
H
Y ) ≤ λmin(Zi)

λmin(Γi)
≤ 1

λmin(A−1Y A
−H
Y )

It is implied from these bounds that λmax(Zi) → ∞ if and
only if λmax(Γi) → ∞ and that λmin(Zi) → 0 if and only
if λmin(Γi) → 0; hence g(Zi) → ∞ if and only if g(Γi) →
∞.

Using Lemma 9 we now prove Lemma 6. Substituting ε = 0

into (58) and omitting the constant term (−2 log
∣∣∣R̂p

∣∣∣−1) we
obtain s(Z) in terms of the diagonal entries of Γ, denoted by
γ1 ≥ · · · ≥ γq , of T and of ΛY :

s(Z(Γ,T )) =2 log |Γ|+ γ1 − log γ1 − tr
(
Γ + TΓTHΛ−1Y

)
= log γ1+

q∑
i=2

(2 log γi − γi)− tr
(
TΓTHΛ−1Y

)
(93)

Defining for x > 0 the functions r1(x) ≡ 2 log x − x and
r2(x) ≡ log x − λ̄−1Y x with upper bounds given by r̄1 ≡
r1(2) ≥ r1(x) and r̄2 ≡ r2(λ̄Y) > r2(x). The terms of (93)
have the following upper bounds:

q∑
i=2

r1(γi) ≤ r1(γq) + (q − 2)r̄1 ≤ (q − 1)r̄1 (94)

log γ1 − tr
(
TΓTHΛ−1Y

)
< r2(γ1) ≤ r̄2 (95)

where (95) follows from: tr
(
TΓTHΛ−1Y

)
≥

tr
(
TΓTH

)
mini

{
λ−1Y,i

}
> γ1λ̄Y . Using (94) and (95)

we give the following two upper bounds on s(Z(Γ,T )):

s(Z(Γ,T )) < s1(Γ) ≡ log γ1 − λ̄−1Y γ1 + C1

s(Z(Γ,T )) < s2(Γ) ≡ 2 log γq − γq + C2

where we define the constants C1 ≡ (q − 1)r̄1 and C2 ≡
(q − 2)r̄1 + r̄2.

Let {Zi ∈ Sq+}, {Γi = diag (γ1,i, ..., γq,i) ∈ Dq
+},

{T i ∈ Uq} be matrix sequences such that for every i,
Zi = Z(Γi,T i), γ1,i ≥ · · · ≥ γq,i and g(Zi) → ∞.
According to Lemma 9, it is implied by g(Zi) → ∞ that
max{γ1,i, γ−1q,i } → ∞; hence limi→∞min{s1(Γi), s2(Γi)} =
(−∞) and since s(Zi) < min{s1(Γi), s2(Γi)} for all i,
s(Zi)→ (−∞).
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