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ABSTRACT

Wireless cellular communication networks are bandwidth and
interference limited. An important means to overcome these
resource limitations is the use of multiple antennas. Base stations
equipped with a very large (massive) number of antennas have
been the focus of recent research. A bottleneck in such systems is
the cost of a large number of transmit/receive chains requiring
ADCs, low noise amplifiers and power amplifiers. The present
work considers a line-of-sight channel model. It is shown that
given a sufficiently large antenna array, it suffices that the num-
ber of transmit/receive chains exceeds the number of desired
users by one in order to reduce the interference to any desired
level by judiciously selecting the antenna elements.

I. INTRODUCTION

It is well known that given an adaptive array with Nr anten-
nas, one can null out one (single-antenna) interferer and enjoy
Nr − 1 degrees-of-freedom (DoF) for desired sources. The present
work shows that if the spacing between the antennas can be
controlled, then in a line-of-sight LOS environment any (finite)
number of interferers can be nearly nulled out while retaining
the Nr − 1 DoFs for the desired sources. A natural framework
in which antenna separation can be controlled is massive MIMO
technology.

Specifically, a line of work that has emerged in recent years,
starting with the seminal work of [1], is the use of massive
multi-input multi-output (MIMO) technology as a promising
practical means to boost the throughput of wireless networks.
In a nutshell, if one may assume a rich scattering environment
or alternatively that the number of antennas at the base station
is much larger than the number of total users, then one can
leverage favorable propagation arguments to conclude that the
channel vectors of the users will be approximately orthogonal.
Under these conditions, beamforming will be nearly optimal on
both uplink and downlink. Indeed, these observations have been
validated over measured channels with a 128 uniform linear
array (ULA) by e.g., [2].

Nonetheless, massive MIMO technology faces some consider-
able challenges, including the overhead incurred by the need for
transmission of many pilots, and the substantial cost associated
with numerous receiver radio frequency (RF) chains.

In the present paper, we extend our previous results [3], [4]
which dealt with the MIMO-interference channel (showing that
in an LOS scenario half the DoFs are achievable via a method
dubbed “ergodic nulling”) to a multi-access scenario where
we show that asymptotically one can achieve almost full DoF
utilization by using appropriate antenna selection in massive
MIMO cellular systems.
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For simplicity, we focus attention to the uplink and consider
only LOS channels. Nonetheless, the results can readily be
extended to specular multipath channels [5]–[9] which are very
relevant in recent applications of wireless communications; see
e.g., [10] and references therein. Moreover, analogous results
for the downlink follow by uplink-downlink duality, assuming
directional CSI is available at all base stations that cause inter-
ference to a given user.

Our main result can be restated as follows: given a linear
massive MIMO array (assuming planar geometry) and r receive
chains, one can approximately null out any (finite) number of
interferers while simultaneously affording (with probability one
with respect to uniformly distributed user directions) a full DoF
to r − 1 single-antenna (desired) sources. This corresponds to
a utilization of 1 − 1/r of the r DoFs. That is, in a practical
system implementation, setting the antenna spacing may be
accomplished by judiciously selecting r antennas, the output of
which is fed into r receive chains as depicted in Figure 1.
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Fig. 1. Setting antenna spacing via selection.

I-A. Related Work

Massive multi-user MIMO (MU-MIMO) emerged from the
realization that when the number of antenna elements is much
larger than the number of users, the inner product between
different users’ channels becomes negligible with respect to the
norm of each user’s channel, leading to ”favorable propaga-
tion conditions”. Under such conditions, linear processing in
conjunction with single-user encoding/decoding (for the down-
link/uplink respectively) is near optimal [1], [11], [12].

Digitally sampling a very large antenna array may inflict a
large hardware complexity. Therefore, substantial research efforts
have been devoted to alleviating this burden. Among the pro-
posed techniques are hybrid analog/digital beamforming, low
resolution ADCs and antenna selection. An overview of these
various techniques can be found in [13]–[22]. Some comparisons
of these methods can be found, e.g., in [23], [24].

Selection methods for reducing the complexity of massive MU-
MIMO system is a widely explored field [17]–[22]. Specifically,



Fig. 2. Effect of antenna selection on beam pattern. By choosing
the inter-element distance we are capable of suppressing the 3
interferers located at 60o , 135o , 150o even though only two receive
chains are used.

there are many works related to antenna selection in LOS
channels, see e.g., [25], [26]. The optimal selection of antennas
is very complicated. Therefore, many innovative techniques for
antenna selection have been proposed [17], [22], [25], [27]. Our
contribution is establishing fundamental limits of antenna selec-
tion in LOS channels, namely, any number of interferers can be
suppressed with number of receive chains exceeding the number
of desired users by one.

One may think of the selection mechanism as a means of
altering the physical communication channel to attain some
benefit. The idea of changing the physical propagation chan-
nel bears some relation to “media-based modulation”, “spatial
modulation” and “index modulation” scheme; see [28], [29]
for an overview of these inter-related concepts. In all of these
works, however, the physical medium is modulated based on the
information-bearing signal. In contrast, in the present work, the
physical medium is altered depending only on the location of the
desired and interference sources, independent of the transmitted
data.

II. SYSTEM MODEL

Consider the uplink portion of the communication link in a
cellular MU-MIMO scenario. We begin by defining the system
configuration of a single link between a single (possibly MIMO)
transmitter and the base station. The downlink model is similar
assuming the availability of CSI at the transmitters.
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Fig. 3. Eliminating an interferer with the aid of one additional
receive antenna.

Denoting the channel vector from transmitter k to the Nr

receive antennas by Hk ∈ CNr×Nt , the received signal is given
by

y =
K

∑
k=1

Hkxk + z (1)

where z is i.i.d. circularly-symmetric complex Gaussian noise
with variance σ

2. The receiver wishes to decode the messages
of users 1 . . . , r − 1 whereas the signals xk, k = r, . . . , K are
interference.

We denote by t/Nt/Nr/r a transmit/receive MIMO configu-
ration utilizing antenna selection, where the transmitter selects t
out of a total of Nt antennas and the receiver selects r out of a
total of Nr antennas. Thus, the t/Nt/Nr/r-interference channel
amounts to requiring that the transmitters and receiver must em-
ploy linear front-end selection matrices ST ∈ {0, 1}Nt×Nt , SR ∈
{0, 1}Nr×Nr , each having exactly t and r non-zero elements which
are not in the same row or column, respectively. Applying
selection matrices ST,j, SR at both ends of the link of each user,
(1) becomes

y = SH
R

K

∑
k=1

HkST,kxk + SH
R z. (2)

II-A. Line-of-Sight Channel Model

We focus attention on a LOS channel model. This channel
model is important in its own right, e.g., for millimeter-wave
communication [30], [31]. Moreover, it is not difficult to extend
this model (and our results) to a specular multipath channel
model.

In LOS channels, per-user spatial multiplexing is ineffective.
Therefore, we may assume that each transmitter employs a single
spatial stream transmission, possibly using multiple antennas
classical beamforming to improve the link budget. Without loss
of generality we assume that each transmitter is equipped with a
single antenna. Thus, the uplink of a massive MIMO cell with a
total of K single-antenna users will consist of K links of the form
1/1/Nr/r as depcited in Figure 3. The channel model therefore
simplifies to:

y = SH
R

K

∑
k=1

hkxk + SH
R z. (3)

For LOS channels, we make the following assumptions:

A1 The vectors hk consist of array manifold vectors

hk = h(θk) = [h1(θk), ..., hNr (θk)]
T ∈ CNr×1, (4)

where

hn(θk) = e2π j·n cos(θk), n = 1, . . . , Nr .

A2 For sake of analysis, the dimensions of the array are taken
to be unbounded1 similarly to [1].

A3 We assume that the receiver has perfect CSI w.r.t. all channel
gains corresponding to impinging signals. Transmitters on
the other hand need not have access to any CSI beyond the
rate at which they should communicate.

A4 For simplicity we assume planar geometry where all sources
are far field point sources.

A5 Without loss of generality, we use the array manifold as the
channel, since the signal attenuation can be absorbed in the
power of xk.

A6 For simulations we assume that the locations of the sources
are independently uniformly distributed in angle with re-
spect to the receiver.

A7 We assume that the transmit power of all transmitters is
bounded by P.

In the next section we prove that with high probability there
exists a selection matrix such that with proper linear processing
we receive only the r − 1 desired signals, and attenuate the
interfering signals to any desired level, with negligible noise
amplification.

1In fact, the proposed approach actually yields significant perfor-
mance gains for reasonably large array with 30-500 elements.



III. ERGODIC BEAMFORMING

Classical signal processing literature is focused on Nyquist
beamformers, where at least some antennas are separated by at
most λ/2. In this case, the array has a single main lobe in the
desired direction, and the resolution of the array is determined
by the farthermost elements. The reason for this is that when all
distanced between antennas are larger than λ/2, an ambiguous
beam pattern results. Interestingly, ambiguous arrays can prove
extremely advantageous when dealing with interference since
such arrays have multiple nulls. An example of this phenomenon
is depicted in Figure 2. Increasing the distance between the
chosen antenna elements increases the number of nulls, hence
the array is capable of suppressing more interferers. We show
that by judiciously designing the beam pattern, we can point
multiple nulls at the multiple interferers simultaneously.

To that end, we introduce some necessary notation. Using a
beamforming vector w, the received signal becomes:

x̃ = wH

(

K

∑
k=1

h(θk)xk + z

)

. (5)

The support of w implicitly defines the selection matrix SR. For
each desired user i, define the beamformer wni

by

wni
=

1√
2
(e0 + eni

) (6)

where en ∈ CNr × 1 are the standard unit vectors. Denote

g(θ; wn) =
∣

∣

∣
wH

n h(θ)
∣

∣

∣

2
(7)

= 1 + cos(2πn cos(θ)) (8)

where h(θ) is defined in (4). We now show that by selecting a
common reference antenna, we can choose one antenna (ni) per
desired source (1 ≤ i ≤ r− 1 ) such that the beamformer satisfies:

g(θk; wni
) ≈

{

1 k = i
0 otherwise

(9)

where without loss of generality, the desired users are taken to
be indexed by i = 1, ..., r − 1. We will now prove that for each
user i we can select an integer ni such that wni

as above almost
eliminates all interference to the user.

Theorem 1 (Receiver for a desired direction [32]). Assume that
the directions θ1, .., θK are such that cos(θ1), ..., cos(θK) are linearly
independent in R over Q. Then for every i and every δ > 0, one can
find ni ∈ N such that beamforming with the vector wni

yields:

g(θk; wni
) < δ, k 6= i

g(θi; wni
) > 1 − δ.

(10)

where

g(θ; wn) =
∣

∣

∣
wH

n h(θ)
∣

∣

∣

2
(11)

= 1 + cos(2πn cos(θ)). (12)

This theorem was proved in [32]. Nonetheless, for complete-
ness we provide the proof which is based on the uniform
distribution property of sequences modulo 1 [33].

Proof. To prove the main theorem, recall the following definition
by Weyl (see [34]):

Definition 1. A K-dimensional sequence of real vectors xm : m ∈ N

is uniformly distributed modulo 1 if for every box

B =
K

∏
k=1

[ai, bi], B ⊆ [0, 1)K

lim
M→∞

|{1 ≤ m ≤ M : xm mod 1 ∈ B}|
M

=
K

∏
k=1

(bk − ak) (13)

Weyl [33] proved that whenever x = [x1, ..., xK ]
T is a vector

of irrational real numbers that are linearly independent over
Q, the sequence {mx mod 1 : m ∈ N} is uniformly distributed
modulo 1. In the present context, assume that cos(θ1), ..., cos(θK)
are linearly independent over Q. Note that this holds with proba-
bility one. By Weyl’s theorem the sequence m[cos(θ1), ..., cos(θK)]
mod 1 is uniformly distributed modulo 1. Define a box

B =
K

∏
k=1

Bk (14)

where

Bk =

{

[0, ε
′] k = i

[

1−ε
′

2 , 1+ε
′

2

]

k 6= i

where ε
′ = ε

2π
Therefore, we can find an m such that

2πm cos(θi) < ε mod 2π (15)

π − ε

2
< 2πm cos(θk) < π +

ε

2
mod 2π (16)

By continuity of g(θ), and given δ, we can find an ε such that
(10) is satisfied when w = wm. Selecting ni = m completes the
proof.

A simple consequence of Theorem 1 is that one can simultane-
ously receive r − 1 data streams using r transceiver chains, while
suppressing any number of external interferers.

Theorem 2 (Receiver for r− 1 desired directions). Assume that we
have r − 1 desired users where r is the number of receive chains over a
LOS channel as defined in (3). Then, for any rate vector (R1, . . . , Rr−1)
satisfying:

Ri < log

(

1 +
P

σ2

)

(17)

there is a sufficiently large array with Nr antennas and a selection
matrix SR, such that for all users, near error-free transmission is
possible.

Proof. The claim follows by assigning one antenna as a reference
for interference cancellation and applying Theorem 1 to every
desired direction θi and choosing the second antenna with the
appropriate spacing and a beamforming wni

. Given δ > 0,
choose the r × (r − 1) beamforming matrix

W =
[

wn1
, ..., wnr−1

]

(18)

such that g(θk; wni
) satisfies (10) as is possible by Theorem 1.

Treating interference as noise, it follows that for all i = 1, . . . , r −
1, the rate

Ri = log

(

1 +
P(1 − δ)

σ2 + (K − 1)δ

)

(19)

is achievable. By continuity arguments, the theorem follows.

It follows that we may attain a sum-rate arbitrairly close to

(r − 1) log
(

1 + P
σ2

)

which compares favorably, for large r, with

the trivial interference-free upper bound for the rate achievable
for r − 1 orthogonal users

Rmax = (r − 1) log

(

1 +
r

r − 1

P

σ2

)

. (20)



IV. OPTIMIZING THE RECEIVER FOR A GIVEN ARRAY

Theorem 2 guarantees that interference can be suppressed to
any desired level over finite LOS channels. However, it does not
exploit the full optimization parameter space. Ultimately, our
goal is to maximize the signal to interference plus noise ratio
(SINR) by properly choosing the antennas and the beamformers
corresponding to each source. The straightforward approach
would be to enumerate over all subsets of r antennas and
evaluate the SINR, thus finding the optimal linear receiver. As
the complexity of this algorithm is prohibitive, however, simpler
algorithms are required.

IV-A. Pairwise antenna selection for LOS channels

We begin by proposing a simple antenna selection and beam-
former design method utilizing Theorem 2 directly to select the
antennas.

Choose antenna 0 as a reference. For each user, we search
over the antennas and evaluate the two-antenna beamforming
vector which maximizes the SINR for this user. This amounts to
computing

wi = arg max
w∈Cr

P|wHh(θi)|2
∑j 6=i Pj|wHh(θj)|2 + σ2‖w‖2

subject to : ‖w‖0 = 2

w0 = 1, (21)

where ‖ · ‖ is the ℓ0 norm.
Having chosen the antennas as above, we may further im-

prove the combining weights of the chosen antennas for receiv-
ing each user over all the selected receive chains. To that end, let
n0, ..., nr−1 be the indices of the selected antennas and let SR be
the corresponding selection matrix defined by (n0, ..., nr−1). We
can now maximize the SINR of each user by optimizing

wi = arg max
w∈CNr

P|wHh(θi)|2
∑j 6=i Pj|wHh(θj)|2 + σ2‖w‖2

(22)

subject to : supp(wi) = (n0, ..., nr−1) , (23)

where supp defines the support. Since the directions of interfer-
ers are assumed known, we can use the interference covariance-
based beamformer [35] where the support constraint is incorpo-
rated through a selection matrix SR:

wi = R−1
n SH

R h(θi) (24)

Rn = ∑
j 6=i

PjS
H
R h(θj)h(θj)

HSR + σ
2I. (25)

As discussed in [35], [36], there is significant benefit in terms of
robustness when using the interference covariance as a basis for
beamforming rather than the received signal covariance matrix.

V. SIMULATIONS

To test the proposed scheme, we considered a LOS channel
where we have two desired users and 3 undesired users which
serve as out-of-cell interference. We assumed a 200 antenna
array with λ/2 spacing and performed 500 experiments. In each
experiment we randomly picked the direction of all five signals.
We assumed three receive chains to be available. The first array
element served as a common reference and the second element
was optimized for each desired user.

The results are depicted in Figure 4. Note that classical MIMO
techniques do not provide any significant capacity in this case.
Using an MVDR-based technique (L-MMSE receiver) yields 2
bits per channel use even at an SNR of 30 dB since the SINR is
−7 dB. In contrast, our approach yields 3 bits per channel use
and combining MVDR with the ergodic nulling provides 4 bits
per channel use at an SNR of 30 dB. Figure 5 demonstrates that
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not only is the average rate larger, but also the outage probability
greatly reduced.

VI. DISCUSSION

In this paper we proposed a novel technique for dealing with
the uplink of a massive MU-MIMO system subject to out-of-
cell interference. We proved that given a sufficiently large array,
any number of out-of-cell interferers can be suppressed with the
aid of a single additional receive chain. The approach is based
on judiciously setting the distance between the receive antennas
and properly computing the beamforming vector.

Further, only directional CSI needs to be available at the base
station, which can be gained either through DOA estimation or
based on the location of the users, the latter being possible since
the mobile devices are typically equipped with GPS receivers.

In a practical implementation, one would like to limit the
dimensions of the array. To that end, a receiver could divide the
interferers into two groups, a small group of strong interferers
for which approximate nulling is required while leaving the rest
of users to be treated as residual noise.
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