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Abstract—In this paper we develop a novel approach to
the convergence of Best-Response Dynamics for the family
of interference games. In contrast to congestion games, inter-
ference games are generally not potential games. Therefore,
proving the convergence of the best-response dynamics to a
Nash equilibrium in these games requires new techniques. We
suggest a model for random interference games, based on
channel gains which are dictated by the random locations of
the players. Our goal is to prove convergence of approximate
best-response dynamics with high probability with respect to
the randomized game. We embrace the asynchronous model in
which the acting player is chosen at each stage at random. In our
approximate best-response dynamics, the action of a deviating
player is chosen at random among all the approximately best
ones. We show that with high probability, asymptotically with
the number of players, each action increases the expected social-
welfare (sum of achievable rates). Hence, the induced sum-rate
process is a submartingale. Based on the Martingale Conver-
gence Theorem, we prove convergence of the strategy profile
to an approximate Nash equilibrium with good performance
for asymptotically almost all interference games. Finally, we
demonstrate our results in simulated examples.

I. INTRODUCTION

Application of game theory to the analysis of dynamical
communication networks is a wide field of research (see
[1]–[3]). Players are typically users, pairs of communicating
users or nodes in the communication network. Interactions
between users are then analyzed using game theoretic tools.
The benefit of such a view is twofold. First, it provides a
means to model the interaction of the users over a large
network. Further, it provides distributed algorithms which are
based on the game theoretic insights. When modeling the
players as selfish entities, the stable points of the dynamical
system are the Nash equilibrium (NE) points. Analyzing the
NE points of a game suggests how good, in terms of designer
defined performance, the outcome of the interaction will be.

When attempting to apply game theoretic tools for en-
gineering and algorithmic purposes, the question of con-
vergence to an equilibrium is crucial, and goes beyond
simply justifying that some equilibrium notion can predict
the outcome of a game well. No equilibrium may have a
practical meaning without being a natural stable point for
some dynamics that are easy enough to implement.

Best-Response Dynamics (BR Dynamics) are probably the
best known dynamics in game theory. In BR dynamics each
player plays his best response to the current actions of the

other players. This means that the NE is a natural stable point
for BR dynamics. Simple as they are, they are not guaranteed
to converge.

In [4], the authors presented the concept of sink equilibria,
which is a set of profile strategies from which the pure best-
response dynamics cannot escape. While convergence of ran-
domized pure best-response dynamics to a sink equilibrium
is guaranteed, the result in general is an oscillating dynamics
which is impractical and undesirable in many applications.
Furthermore, without any additional information, it is impos-
sible to analyze the performance of the resulting equilibria
or the convergence rate.

A necessary condition for BR dynamics to converge to
a pure NE (PNE) from any initial strategy profile is that
there exists a path induced by best-response moves that
connects the initial strategy to a PNE. A game with such
a property is called a weakly acyclic game [5]. In some
scenarios, this condition can be considered sufficient, since
it has been shown that randomized best-response dynamics
converge almost surely in weakly acyclic games [6] despite
the fact that a weakly acyclic game may contain cycles of
best-response moves.

While the convergence of BR Dynamics in weakly acyclic
games is indeed encouraging, the main problem is that reli-
ably checking weak acyclicity is extremely computationally
intractable in the worst case [7]. Other than that, this still
does not provide indications as to the rate of convergence to
an equilibrium and cannot guarantee, in general, the quality
of the resulting NE.

A special case of weakly acyclic games where more can
be said about convergence are Potential Games [8]. Potential
games are games in which there exists a function, known as
the potential function, such that for every player, any change
in the utility causes the same change (numerically or with the
same sign) for the potential function. Potential games exhibit
at least one pure NE, and this NE maximizes the potential
function. Furthermore, a sequential BR dynamics can easily
be shown to converge to an NE. These are very desirable
properties, because they can indicate that the convergence
is to a good NE [9]. Motivated by these appealing proper-
ties, many game formulations for algorithmic trade-offs in
networks have used potential games (see [10]–[15]).

Congestion games are a general model for resource allo-
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cation games, and are a special class of potential games. In
a congestion game, there are some available routes from a
source to a destination, and each player’s strategy is to choose
his own routes from the set of all routes. The utility function
for the player is the sum of the delays in his chosen routes,
where the delay in a route is a function that decreases with the
number of players who chose this route. It has been shown
that convergence to a pure NE in congestion games can be
very slow [16]. In fact, there are examples of games and
initial strategies where the shortest path to an equilibrium in
the best-response dynamics is exponentially long in terms of
the number of players. Fortunately, if one is willing to settle
for an approximate NE, convergence can be a lot faster [17].

While congestion games have successfully been used
to model resource allocation in networks [18]–[20], they
represent a high-layer approach and cannot model similar
scenarios in the physical layer. The family of interference
games appears naturally when modeling the capacity of
wireless networks and frequency allocation problems (see
[2], [3], [21], [22]). Here we aim to generalize the desired
convergence properties of congestion games to these games.
This is not an easy task. First, interference games tend not
to be potential games, and so BR dynamics convergence, if
occurs, should be established otherwise. Even worse, there
are examples of non-weakly acyclic interference games in
which the BR dynamics fail to converge [3]. Our goal is
to overcome these obstacles by analyzing BR convergence
for a random interference game, where the channel gains are
determined by the players’ random locations.

The rest of this paper is organized as follows. In section
II we define interference games in comparison to congestion
games, and formulate our scenario. In Section III we define
our Approximate Best-Response Dynamics, and in section
IV we prove that these dynamics induce a sum-rate process
that is a submartingale. This establishes the convergence of
the dynamics to an approximate NE based on the Martingale
Convergence Theorem. Section V presents simulations that
confirm our results. Finally, we draw conclusions in section
VI.

II. INTERFERENCE GAMES

In this section we introduce interference games and define
a random model for them. We start with a comparison of
interference games to congestion games. All the games we
are dealing with have a finite number of players and finite
strategy spaces.

Definition 1 (Ordinal Potential Game). A game G =<
N , {An}n∈N , {un}n∈N > is an ordinal potential game if
there exists a function Φ : A1 × ... × An → R such
that for each n ∈ N and for all an, a

′
n ∈ An and

a−n ∈ A−n , Φ(an,a−n) − Φ(a′n,a−n) > 0 if and only
if un(an,a−n)− un(a′n,a−n) > 0.

A potential game has at least one pure Nash equilibrium
[23]. If the game has not yet reached an equilibrium, then
the turn of a deviating player will arrive eventually and his

action will increase the potential function. After enough time,
the potential function will reach its maximum and no player
will benefit from deviating, so convergence to an NE occurs.

Definition 2 (Congestion Game). A game with N players
and a set of congestible elements E is called a congestion
game if for each n, an ⊆ E for each an ∈ An and the
utility of player n is in the form un =

∑
e∈an ce (xe) where

each ce is a positive monotonic decreasing function and xe =
|{n|e ∈ an}|.

Now we turn to define Interference Games.

Definition 3 (Interference Game). An interference game is
a game with N players (each is a transceiver) where each
player n has another player d (n) as his destination, and a set
of channels K. Each player’s action is a subset of channels,
so for each n, an ⊆ K for each an ∈ An. The utility
of each player is in the form un =

∑
k∈an Rk (In,k (a))

where each Rk is a positive monotonic decreasing func-
tion and In,k (a) =

∑
m|am=k

∣∣hm,d(n)∣∣2 Pm. The coefficients{
hm,d(n)

}
are called the channel gains between player m to

the destination of player n, and Pm is the transmission power
of player m. 1

In contrast to congestion games, an interference game is
not necessarily a potential game. Although higher numbers
of players produce higher interference on average, the exact
interference is a weighted sum of the channel gains between
the involved players. Therefore interference games inject a
new layer to congestion games; that the effect of some player
m on player n is different for each different choice of n,m.
This fact, which stems directly from the geometry of the
players in space, has major implications for the convergence
of BR dynamics to a NE.

A. A Random Model for Interference Games

It is common practice in wireless networks to model the
channel gains as random variables with some appropriate
distribution. Our goal is to analyze the probability that a
certain interference game, drawn at random according to
this distribution, will have a converging approximate best-
response dynamics. Our analysis is asymptotic in terms of
the number of players N . A similar technique was used in
[24]. Here we purpose a random model for interference game,
but it is by no means the only reasonable random model and
other scenarios may require different models.

Our channel gains distribution is dictated by the random
player locations. We assume that the players’ locations are
generated uniformly and independently at random on some
subset D ⊆ R2 with area |D| that is constant with respect
to N . Each player as a transmitter has some other player’s
receiver as his destination. The channels gains are determined

1We assume that hn,n is infinite, so that the interference that player n’s
transmission causes to himself as a receiver is infinite. This assumption is
not necessary.

4434



directly from these locations, so the channel gain between
player n to the destination of player m is given by

gn,d(m) = G
∣∣hn,d(m)

∣∣2 =
G

rαn,d(m)

(1)

where rn,d(m) is the Euclidean distance between player n
and player m’s destination (denoted d (m)), α is the path-
loss exponent and G is a normalization constant.

From a communication perspective, this model does not
include instantaneous small scale-fading. This may be con-
sidered a result of averaging the channel gains over time.
This means that the duration of the channel usage is signifi-
cantly larger than the coherence-time of the wireless channel.
Additionally, the assumption of constant locations is better
suited to a scenario with mobility rates that are much slower
than the convergence time of the dynamics.

For the sake of simplicity we will focus on the case where
each player’s strategy is to choose a single channel. We use
the achievable rate where interference is treated as noise as
our utility function

un = R (In (at)) = log2

(
1 +

gn,d(n)Pn

N0 + In (at)

)
(2)

where Pn is player n’s transmission power, which is limited
by Pn ≤ Pmax for all n, and N0 is the Gaussian noise
variance. Note that the social welfare of an interference game
is the sum of the achievable rates, which is a desirable
performance measure for a channel allocation algorithm.

We assume that the system load per frequency, defined as
the ratio l = N

K , is held constant as N →∞. We also assume
N
K = l ≥ 1, since all the cases where N ≤ K are equally
simple to analyze. Together with the constant area of the
region where the players are located, we obtain a constant
network wide spectral efficiency in bps per Hz per square
meter, with an increasing users density.

We set the maximal transmission power to be Pmax =

P0

(
logN
N

)α
2

for some P0 > 0. If rn,d(n) ≤
√

logN
N

then gn,d(n) ≥ G
(

N
logN

)α
2

and so this Pmax is enough
to guarantee any target rate in the absence of interference,
given that the destination of player n is one of his nearest
neighbors. Indeed, in such a scenario, communication with
the nearest neighbors has been considered a key element
for maintaining a non-vanishing throughput [25], and a
transmission range of

√
logN
N is known to asymptotically

guarantee the connectivity of the network [26].
Finally, we allow each player to be a destination to a

maximum of S > 0 players, which is fixed with respect to
N . This is aligned with the nearby destinations assumption.

B. An example for a non-potential interference game

We present an interference game that is not a potential
game, and yet the BR dynamics, with the right scheduling,

Table I
CYCLING BR DYNAMICS

P1 P2 P3 P4 Acting Player Sum-Rate
t = 0 1 1 1 2 1 3.88
t = 1 2 1 1 2 4 0.74
t = 2 2 1 1 1 2 6.96
t = 3 2 2 1 1 3 7.00
t = 4 2 2 2 1 1 3.88

Table II
CONVERGENT BR DYNAMICS

P1 P2 P3 P4 Acting Player Sum-Rate
t = 0 1 1 2 2 3 7.00
t = 1 1 1 1 2 2 3.88
t = 2 1 2 1 2 NE 10.94

can converge. Let K = 2 and N = 4, with the following
channel gain matrix

H =


0 2 0.1 5
5 0 2 0.1

0.1 5 0 2
2 0.1 3 0


with Pn = 1 for each n and N0 = 0.1.

The idea behind this game is that P1 and P3 do not
significantly interfere with each other and neither do P2

and P4. On the other hand, P4 significantly interferes to
P3 which significantly interferes to P2 which significantly
interferes to P1, which in turn significantly interferes to P4.
This is the source of a possible cycle in the dynamics. This
cycle is presented in Table 1. The strategy profile in t = 4
is not the same as in t = 0, but rather is symmetrical.
By repeating the same schedule in turns t = 5, 6, 7, 8 the
dynamics return to the initial strategy profile. The existence
of a cycle in the dynamics rules out the possibility that some
potential function exists. This function should increase when
the individual utility of the acting player increases, which
happens in every step in this path. Nevertheless, in Table 2
we present a schedule that leads to a pure NE. Note that the
strategy profile at t = 1 is identical to the initial strategy
profile in Table 1.

What can we learn from this example? First, an interfer-
ence game may not be a potential game. In fact, it would
appear that almost all of them are not. In this particular case
the interference game is a weakly acyclic game. Is this true
for all of them? Even so, a general weakly acyclic game
does not have a relationship to some global function like
the potential function. Nevertheless, Table 2 shows that the
dynamics converge to the strategy profile that maximizes the
sum-rate of all players (the social-welfare). This happens
despite the fact that the step in t = 1 reduces the sum-rate.
Is this a coincidence? How many such interference games
exist? The next sections answer these questions.

III. APPROXIMATE BEST-RESPONSE DYNAMICS

The idea behind our convergence result is that although
our game is not a congestion game, this is a property of
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the typical realization game rather than of the distribution
of the random game. While it is possible that some player
may choose an action that decreases the sum-rate, he has no
statistical incentive to do so. A player simply does not have
enough information to choose an action that benefits other
players. This implies that if each player’s action is random
enough, the expected change in the sum-rate will be positive.
Broadly speaking, this means that the average game can be
considered a congestion game. Nevertheless, our dynamics
should converge in almost all network realizations and the
fact that the average one is good does not imply that most
of them are.

Note that each realization possesses a large number of
random variables at once: these are the channel coefficients
of the large number of players N . Therefore the statistics of
the average action are similar to those of any player in the
average game, and all that is left is that some mechanism
will average over the actions and players. Fortunately, this
type of mechanism is very natural in reality. We suggest the
Approximate Asynchronous Best-Response Dynamics to be
this mechanism, as presented in this section.

The randomness of these dynamics has two sources: the
random acting player in each step, and the possibly random
action that he chooses. If every player acts asynchronously,
the acting player in a given step will emerge at random
from some set of possible acting players. We assume that
the acting player is selected at random from all the players.
The randomness of the action chosen by the acting player is
a result of the indifference between the approximately best
actions.

Our time axis is discrete, with index t, and in each step
some random player chooses his action and the strategy
profile changes. We want {at} to converge to some epsilon
Nash equilibrium.

Definition 4. A strategy profile (a∗n,a
∗
−n) ∈ A1× ...×AN is

an epsilon pure Nash equilibrium (ε-PNE) if un(a∗n,a
∗
−n) ≥

un(an,a
∗
−n)− ε for all an ∈ An and all n ∈ N .

Now we define our dynamics, which are to choose at
random from the set of ” ε2 -Best” actions, or keep the previous
action if it is already “ε-Best”.

Definition 5. The set of ε-best actions for player n is defined
as

Bε (a−n) ={
a | a ∈ An, un(a,a−n) + ε ≥ max

a′∈An
un(a′,a−n)

}
(3)

This is a finite and discrete set of channels. The ε−BR
response function of player n is defined as

BRε,n (a) =

{
a an ∈ Bε (a−n)

(arand,n,a−n) o.w.
(4)

where arand,n is a random variable which is uniformly dis-
tributed over B ε

2
(a−n), so BRε,n (a) is a random variable

with a distribution that is determined by a.

In order to prove convergence, we have to find some
function of at, denoted X (at), for which the expectation
over the random actions grows with each step. This will
make {X (at) ,at} a submartingale (i.e., a submartingale
with respect to the sigma algebra generated by the sequence
{at}). Our proof is based on the Martingale Convergence
Theorem [27, Theorem 5.14].

We suggest the sum of the achievable rates experienced
by all players in their chosen channel, i.e. X(at) =∑N
n=1Rn (at). Recall that this is just the social welfare of an

interference game. Compared to potential games, this means
that the “potential function” is aligned with our centralized
objective and this will guarantee that the resulting NE will
exhibit good performance. To prove convergence we have
to show that E {X(at+1)−X(at)|at = a} is non-negative
function of at for all t > 0. Observe that

X(at+1)−X(at) = ∆1 (at) +∆2 (at) +∆3 (at) (5)

where
∆1 (at) = Rn (at+1)−Rn (at) (6)

is the rate difference of the acting player,

∆2 (at) =
∑

m|an,t+1=am,t

(Rm (at+1)−Rm (at)) (7)

is the rate difference caused by the additional interference to
players in the channel that player n is moving to, and

∆3 (at) =
∑

m|an,t=am,t

(Rm (at+1)−Rm (at)) (8)

is the rate difference caused by the reduced interference to
players in the channel that player n is moving from.

All three are random variables with a distribution that
depends on at.

IV. SUBMARTINGALITY OF THE SUM-RATE PROCESS

In this section we prove that the process X(at) =∑N
n=1R (In (at)) is indeed a submartingale. More exactly,

the sum-rate process is a submartingale for asymptotically
almost all the interference games, so we want to show
that Pr (∀t , E {X(at+1)−X(at)|at = a} ≥ 0) → 1 as
N →∞. Note that the last probability is with respect to the
channel gains which are generated at random at t = 0, are
based on the locations of the players, and remain constant
for all iterations. The expectation is over the randomness
of the acting player and his action. This probability is our
measure for how large is the set of interference games where
convergence of the approximate best-response occurs.

The first lemma deals with the necessary probabilistic
bounds we need for our results, that stem from the geometry
of the network.

Lemma 1. Let NK = l ≥ 1 be fixed with respect to N . Assume
that the players’ locations are independently and uniformly
randomly generated in some closed set D ⊆ R2 with area
|D| = 1

λ for some λ > 0. Let q > 1 be an integer and denote
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Rnear = 1√
πλ

(
logN
N

) α
2α+4

and Rfar =
√

1
4πλ

q−1
ql−1 . Define

the set of near and far players, with respect to player n, as

Nnear,n =
{
m | rn,d(m) ≤ Rnear, d (m) 6= n

}
(9)

and

Nfar,n = N \
{
m | rm,d(n) ≤ Rfar, m ∈ N

}
(10)

Then

lim
N→∞

Pr
(

max
n
|Nnear,n| ≤ 2

(
N2 logαN

) 1
α+2

)
= 1 (11)

and

lim
N→∞

Pr

(
min
n
|Nfar,n| ≥

(
1− 1

2

q − 1

ql − 1

)
N

)
= 1. (12)

Proof: See [28].
The following lemma shows that the set Bε (a−n) is

asymptotically large enough, and each action in it is asymp-
totically approximately optimal. This supplies the necessary
averaging effect over the random choice of an action among
the approximately best actions.

Lemma 2. Let NK = l ≥ 1 be fixed with respect to N . Assume
that the players’ locations are independently and uniformly
randomly generated in some closed set D ⊆ R2 with area

|D| = 1
λ for some λ > 0, and that Pmax = P0

(
logN
N

)α
2

for
some P0 > 0. Let ε > 0. Then for every integer q > 1

lim
N→∞

Pr

(
∀a , min

n
|Bε (a−n)| ≥ 1

2l

(
1− 1

q

)
N

)
= 1

(13)
Furthermore,

max
n,a

∣∣∣∣un (BRn (a))− log2

(
1 +

gn,d(n)Pn

N0

)∣∣∣∣→ 0 (14)

in probability as N →∞.

Proof: See [28].
No doubt that the acting player can only improve his

utility, but the following lemma shows that on average over
the chosen action, he also causes asymptotically negligible
interference to other players. This establishes that the sum-
rate process is indeed a submartingale.

Lemma 3. Let NK = l ≥ 1 be fixed with respect to N . Assume
that the players’ locations are independently and uniformly
randomly generated in some closed set D ⊆ R2 with area

|D| = 1
λ for some λ > 0, and that Pmax = P0

(
logN
N

)α
2

for some P0 > 0. Let ε > 0 and the acting player at time t
be player n. Denote by En the expectation over his chosen
channel. The probability that for every at and n such that
at+1 = BRε,n (at) 6= at the following inequality holds for
any t ≥ 0

En {∆1 (at) +∆2 (at) |at} > 0 (15)

approaches 1 a N →∞, where the probability is with respect
to the random interference game, and ∆1 (at) , ∆2 (at) are
defined in (6), (7).

Proof: See [28].
We conclude this section with a theorem that shows the

convergence of the approximate best-response dynamics to an
ε-PNE, and that each ε−PNE is also approximately optimal
in the max-min sense, and in the mean-rate in particular.

Theorem 1. Let N
K = l ≥ 1 be fixed with respect to N .

Assume that the players’ locations are independently and uni-
formly randomly generated in some closed set D ⊆ R2 with

area |D| = 1
λ for some λ > 0, and that Pmax = P0

(
logN
N

)α
2

for some P0 > 0. Let ε > 0. Then the ε−BR Dynamics
converges to an ε-PNE in a finite number of iterations with
a probability that approaches 1 as N → ∞. Denote by Pε
the random set of ε-PNE of the realization game. For every
δ > 0, the probability that

max
n,a∗∈Pε

∣∣∣∣un (a∗)− log2

(
1 +

gn,d(n)Pn

N0

)∣∣∣∣ ≤ ε+ δ (16)

approaches one as N →∞.

Proof: See [28].

V. SIMULATION RESULTS

We simulated N players uniformly at random on a 2D
disk with radius Rdisk = 10[m]. The channel gains were
chosen as gm,n = G

rαm,n
when rm,n is the Euclidean distance

between player m and player n, G = λ
4π with wavelength

λ = c
2.4·109 and α is the path-loss exponent, chosen as

α = 3. The transmission power of each player was chosen
such that SNR = 15[dB] in the absence of interference, and
each player chose one of his five nearest neighbors as his
destination. We use ε = 0.1, and at each iteration chose a
player at random to perform his approximate best-response.

Fig 1 shows a single realization with N = 100 and K =
10. Convergence to an ε−PNE indeed occurs, and it requires
only about 5 actions on average from each player. It also
interesting to observe that many iterations result in a decrease
in the mean-rate, which shows that this particular interference
game is not a potential game with the sum-rate as a potential
function. This behavior is very typical of other realizations as
well. The upper bound in the figure is obtained by averaging
over all the rates in the (exact) best-response channel. This
bound is not tight in general, since there may be no exact
PNE for an interference game.

In Fig 2 we present the empirical CDFs, based on 100
interference game realizations, of the convergence time for
N = 60, 100, 160, 200 and l = N

K = 4. The average con-
vergence times are respectively 369.5, 562.0, 875.9, 1059.7.
Interestingly, these simulations suggest that the convergence
time is slightly better than O (N).

VI. CONCLUSION

In this work we defined a random model over a class
of games called interference games, which are a natural
element in many wireless network scenarios. Although these
games are not potential games, we were able to show that
asynchronous approximate best-response dynamics converge
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Figure 1. The mean-rate as a function of time for N = 100 and K = 10
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for almost all of interference games, asymptotically in the
number of players. The sum-rate of the resulting NE is
asymptotically approximately close to the optimal. This is
a result of the submartingality of the sum-rate process that
our dynamics induce on the strategy profiles. The simulations
support our results and show convergence to an approximate
PNE that only requires a small number of updates from each
player, so the dynamics offer great scalability.

Last but not least, our novel technique is general and
may be applied to provide convergence results for simple
dynamics (not just BR dynamics) beyond the case of potential
games.
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