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Abstract In this paper, a new subspace-based algorithm is proposed for the R-D signal
parameter estimations of multidimensional sinusoids. The perspective idea of the algorithm
is to rearrange the R-D sampling arrays into a series of two dimensional matrix columns
distributed in the first dimension and the r th dimension, and then use the obtained matrix
columns to construct a set of new matrices. As a result, the two-dimensional parameters
in the first dimension as well as the r th dimension, can be estimated from the eigenvalues
and eigenvectors of the constructed matrix, respectively. As the matrix’s eigenvalues and
eigenvectors are related, the estimated signal parameters in each dimension are automatically
paired.

Keywords Eigenvalue · Eigenvector · R-D frequency estimation · Subspace method

1 Introduction

Frequency estimation of multidimensional sinusoids arise in a number of applications, e.g.,
MIMO channel estimation, wireless communication system, radar, nuclear magnetic reso-
nance (NMR) spectroscopy and other fields (Haardt et al. 1998, 2008; Huang et al. 2012; Liao
et al. 2001). In recent years, some traditional high-resolution subspace-based methods for R-
dimensional (R-D) parameter estimation of multidimensional sinusoids have been proposed
to solve this problem, such as Unitary ESPRIT method (Haardt et al. 1998), Multidimensional
Folding (MDF) algorithm (Haardt et al. 2008) and Improved MDF (IMDF) algorithm (Liao
et al. 2001), a rank reduction estimator (RARE) method (Huang et al. 2012), R-D MUSIC
algorithm (Lin and Fang 2013), and Higher-Order SVD (HOSVD) algorithm (Liu and Liu
2006). Both MDF algorithm and IMDF algorithms are based on the conventional ESPRIT
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approach. IMDF algorithm handles parameters’ mergers better, but the algorithm’s comput-
ing complexity is higher due to the large matrix size after the dimension reduction. HOSVD
algorithm utilizes tensor decomposition technique and constructs a rotation invariant equation
to estimate each dimensional parameter, but the subsequent joint diagonalization algorithm
takes much time in computation in order to avoid the problem of parameters pairing. More
Recently, a computationally efficient method (Mokios et al. 2004) using subspace and pro-
jection separation approaches (SPSA) is published, and similar work (Mokios et al. 2004)
that uses the Hierarchical signal separation framework and the unitary ESPRIT has also been
developed for R-D frequency estimation of multidimensional sinusoids. In this paper, our
main contribution is to devise an accurate and computationally efficient estimator for multi-
dimensional frequencies in the presence of white Gaussian noise and a new subspace-based
algorithm is developed to estimate the R-D parameters of multidimensional sinusoids. First,
a set of new matrices are constructed, and then the R-D signal parameter estimations are
obtained from the corresponding eigenvalues and eigenvectors of the new matrices, which
is different from the above mentioned subspace-based methods where either eigenvalues or
eigenvectors are used to find the R-D frequency estimation. Moreover, the estimated signal
parameters in each dimension are automatically matched due to joint uses of the eigenvalues
and eigenvectors in the proposed method. Simulation results show the proposed algorithm
is of lower computational complexity but comparable estimation performance with several
available methods. Furthermore, the proposed algorithm has the same applicability with other
algorithms.

This paper is organized as follows. Section 2 gives the data model for R-D parameter
estimation of multidimensional sinusoids, and then the proposed subspace-based method
is described in details. Some simulation results are shown in Sect. 3 to demonstrate the
performance of the proposed method. Finally, a conclusion is drawn in Sect. 4.

2 Problem formulation and the proposed method

2.1 Signal model

The R-D sinusoidal signal model is given as follows:

xm1,m2,...,m R = sm1,m2,...,m R + qm1,m2,...,m R , mr = 1, 2, . . . , Mr , r = 1, 2, . . . , R (1)

where

sm1,m2,...,m R =
F∑

f =1

α f

R∏

r=1

e jωr, f mr (2)

Equation (2) is noise free signal, with F being the number of sinusoids, which is assumed to be
known a priori. Where α f is unknown complex amplitude of f th tone, ωr, f ∈ (−π, π] is the
frequency of fth signal component in the r th dimension, and are unknown constants. Here, we
assume ωr, f �= ωr,l , when f �= l, r = 1, 2, . . . , R, and qm1,m2,...,m R is R-D white Gaussian
noise with zero mean and unknown variance σ 2

n . Assume that Mr ≥ F, r = 1, 2, . . . , R. Our

task is to find the signal’s frequencies
{
ωr, f

}F
f =1 , r = 1, 2, . . . , R of each dimension from

a given M = ∏R
r=1 Mr sampling data xm1,m2,...,m R .
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2.2 Frequency parameters estimation of the first dimension and r(r ≥ 2) dimension

We first rewrite Eqs. (1) and (2) as R-D manifolds (Mokios et al. 2004)

X = S + Q (3)

Where X , S, Q ∈ C
M1×M2×···×MR , [X ]m1,m2,...,m R = xm1,m2,...,m R , [S]m1,m2,...,m R =

sm1,m2,...,m R , [Q]m1,m2,...,m R = qm1,m2,...,m R .
Here, we consider the R-D sampling array as the collection of two-dimensional slice matrix

distributed in the first dimension and the r th dimension, so we can rewrite the noise-free
R-D manifolds S into the following form

S1,r = [S(:, 1, . . . , 1, :, 1, . . . , 1), S(:, 1, . . . , 1, :, 1, . . . , 2), . . . , S(:, 1, . . . , 1, :, 1, . . . ,

MR), S(:, 1, . . . , 1, :, 1, . . . , 2, 1), . . . , S(:, M2, . . . , Mr−1, :, Mr+1, . . . , MR)]
(4)

where, S(:, . . . , mr−1, :, mr+1, . . . , m R) ∈ C
M1×Mr and [S(:, . . . , mr−1, :, mr+1, . . . ,

m R)]m1,mr = sm1,m2,...,m R , mr = 1, 2, . . . , Mr , r = 2, 3, . . . , R.
It is easily verified that

S(:, . . . , mr−1, :, mr+1, . . . , m R) = G1�1,r (m2, . . . , mr−1, mr+1, . . . , m R)GH
r (5)

where

Gr = [gr,1, gr,2, . . . , gr,F ], r = 1, 2, . . . , R (6)

�1,r (m2, . . . , mr−1, mr+1, . . . , m R)

= diag

⎛

⎜⎜⎝α1

R∏

n=2
n �=r

amn
n,1, α2

R∏

n=2
n �=r

amn
n,2, . . . , αF

R∏

n=2
n �=r

amn
n,F

⎞

⎟⎟⎠ (7)

g1, f =
[
a1, f , a2

1, f , . . . , aM1
1, f

]T
, gr, f =

[
ar, f , a2

r, f , . . . , aMr
r, f

]T
(8)

a1, f = e jω1, f , ar, f = e− jωr, f , r = 2, 3, . . . , R (9)

One can define the following covariance matrix

R̂1,r = M1 Mr

M

M2∑

m2=1

· · ·
Mr−1∑

mr−1=1

Mr+1∑

mr+1=1

· · ·
MR∑

m R=1

X H
r, f (:, . . . , mr−1, k + 1 : Mr , mr+1, . . . , m R) ·

X r, f (:, . . . , mr−1, 1 : Mr − k, mr+1, . . . , m R) (10)

R̂r,1 = M1 Mr

M

M2∑

m2=1

· · ·
Mr−1∑

mr−1=1

Mr+1∑

mr+1=1

· · ·
MR∑

m R=1

X H
r, f (:, . . . , mr−1, k + 1 : Mr , mr+1, . . . , m R) ·

X r, f (:, . . . , mr−1, k + 1 : Mr , mr+1, . . . , m R) (11)
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k is the order of time rotation in the r th dimension, it can be any positive integer, and
1 ≤ k ≤ min(M1, M2, . . . , MR)/2. Taking the eigendecomposition of R̂1,r as follows:

R̂1,r = V1s�1sVH
1s + V1n�1nVH

1n (12)

The corresponding eigenvalues with respect to the signal subspace is�1s = diag[λ1, . . . , λF ],
the corresponding eigenvalues with respect to the noise subspace’s is �1n = diag[λF+1, . . . ,

λMr ] with λi = σ 2
n , i = F + 1, . . . , Mr .

The noise free part of R̂1,r is constructed as follows

Ĉ1r =
F∑

i=1

(
λi − σ̂ 2

q

)
V1sVH

1s (13)

which can be rewritten as

(
R̂1,r − σ 2

q IMr

)
=

F∑

i=1

(
λi − σ̂ 2

q

)
V1sVH

1s (14)

Ĉ1r is not a full rank matrix, so the pseudo-inverse of Ĉ1r is

Ĉ†
1r =

F∑

i=1

(
λi − σ̂ 2

q

)−1
V1sVH

1s (15)

where σ̂ 2
q = 1

Mr −F

∑Mr
i=F+1 λi .

With the Eqs. (5), (10) and (11), it is easily derived that the following equation is held,
see Pesavento et al. (2002) for details,

R̂r1Ĉ†
1r Gr =

⎛

⎝ M1 Mr

M

M2∑

m2=1

· · ·
Mr−1∑

mr−1=1

Mr +1∑

mr +1=1

· · ·
MR∑

m R=1

X H
r, f (:,. . ., mr−1, k+1 : Mr , mr+1,. . ., m R)·

X r, f (:, . . . , mr−1, k + 1 : Mr , mr+1, . . . , m R)

⎞

⎠·

F∑

i=1

(
λi − σ̂ 2

q

)−1
V1sVH

1s · Gr

≈ Gr �1 (16)

where �1 = diag[ek· jω1,1 , ek· jω1,2 , . . . , ek· jω1,F ].
According to R̂r1Ĉ†

1r Gr = Gr�1 we can know that, Gr is corresponding to the eigen-

vectors of R̂r1Ĉ†
1r and �1 is corresponding to the eigenvalues of R̂r1Ĉ†

1r , respectively. �1 is
constructed from parameters of the first dimension while Gr is constructed from parameters
of the r th dimension. As a result, the parameters of the first dimension can be estimated from
the eigenvalues of R̂r1Ĉ†

1r while the r th dimension can be estimated from the eigenvectors

of R̂r1Ĉ†
1r .

The eigendecomposition of R̂r1Ĉ†
1r is

R̂r1Ĉ†
1r = Vs�sVH

s + Vn�nVH
n (17)

The frequency parameters of the first dimension are contained in �s = diag[η1, . . . , ηF ],
ω̂1, f = �

(
ηk−1

f

)
, f = 1, . . . , F (18)
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The frequency parameters of the r th dimension are contained in the eigenvectors of R̂r1Ĉ†
1r ,

so one define:

a f =
(

Vs(2 : Mr , f )./Vs(1 : Mr − 1, f )
)
, f = 1, . . . , F (19)

where [A./B] denotes [Ai j/Bi j ].
Then, we can get

ω̂r, f = �
(∑M1−1

m=1 ma f (m)

2M1(M1 − 1)

)
, f = 1, . . . , F (20)

Utilizing the similar principle we can estimate the frequency parameters of the other dimen-
sions. So we can get the frequency parameters of the multiple sinusoids.

At last, the proposed algorithm can be summarized as follows:

1) Rearrange the R-dimensional sampling array into collection of two-dimensional slice
matrix X 1,r distributed in the first dimension and the r th dimension;

2) Utilize R̂11 and R̂1r to construct a set of new matrix R̂r1Ĉ†
1r , r = 2, 3, . . . , R;

3) Taking the eigendecomposition of the new constructed matrix, and estimate the frequency
parameters of the first dimension and the r th dimension from the eigenvalues and eigen-
vectors of R̂r1Ĉ†

1r , r = 2, 3, . . . , R.

According to the corresponding relationship between the eigenvalues and eigenvectors, the
estimated two-dimensional frequency is automatically matched. It should be noted that the
proposed algorithm can also be started from any two-dimensional data.

3 Simulation results

In this section, computer simulations have been conducted to evaluate the frequency
estimation performance of the proposed approach for 3-D sinusoids in the presence of
white Gaussian noise. Experimental simulations include the Mean Square Error (MSE)
performance comparison, resolution performance comparison and computational com-
plexity comparison. In the computer simulation, the signal power is defined as σ 2

s =(∑M1
m1=1

∑M2
m2=1 · · · ∑MR

m R=1

∣∣sm1,m2,...,m R

∣∣2
)

/M, qm1,m2,...,m R is scaled to produce differ-

ent signal to noise ratio (SNR) is where SNR = σ 2
s /σ 2

n .

3.1 MSE performance comparison

The parameters are set as F = 3, k = 3, M1 = M2 = M3 = 15, (α1, α2, α3) = (2, 3e j0.15,

3), (ω1,1, ω1,2, ω1,3) = (0.08π, 0.18π, 0.28π), (ω2,1, ω2,2, ω2,3) = (0.13π, 0.21π, 0.26π),

(ω3,1, ω3,2, ω3,3) = (0.05π, 0.15π, 0.24π), SNR = −5 ∼ 30 dB. All results provided are
averaged from 200 independent runs which show that, the signal frequency estimation of
each dimension is relatively accurate. AMSE is the average of each dimension’s MSE which
is employed as the performance measure. The performance of the proposed algorithm is
compared with that of the IMDF method (Liao et al. 2001), HOSVD method (Liu and Liu
2006), the recent SPSA method (Mokios et al. 2004) and the corresponding CRLB. The
results of AMSE versus SNR are plotted in Figs. 1, 2 and 3. It is observed that the proposed
algorithm based on eigenvalues and eigenvectors performs well, almost reaches CRLB when
the SNR is above 5 dB. In the condition of the same SNR, the performance of the proposed
algorithm performs the same as IMDF, HOSVD and SPSA.
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Fig. 1 AMSE of the first dimension versus SNR
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Fig. 2 AMSE of the second dimension versus SNR
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Fig. 3 AMSE of the third dimension versus SNR
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Fig. 4 AMSE of the first dimension versus frequency separation
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Fig. 5 AMSE of the second dimension versus frequency separation

3.2 The resolution performance comparison

In this experiment, AMSE of each dimension for different frequency separation by vary-
ing ω1,2 is studied. We consider 3-D case with M1 = M2 = M3 = 15. The signal
parameters are (α1, α2) = (2, 3e j0.15), ω1,1 = 0.1π while ω1,2 is varying from 0.14π

to 0.3π, (ω2,1, ω2,2) = (0.2π, 0.3π), (ω3,1, ω3,2) = (0.08π, 0.15π). The corresponding
results at SNR = 10dB are shown in Figs. 4, 5 and 6. It is observed that the resolution per-
formance of the proposed approach is comparable to those of the IMDF, HOSVD and SPSA
schemes in each dimension.
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Fig. 6 AMSE of the third dimension versus frequency separation
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Fig. 7 Computational complexity comparison

3.3 The computational complexity comparison

In computational complexity comparison experiment, the average computational time of the
investigated algorithm versus different M1 with M1 = M2 = M3 in 3-D frequency estimation
with F = 3 are plotted in Fig. 7. We assume SNR = 10 dB, the remaining parameters are the
same as those in the first experiment; and the simulation run times are 200.

As can be seen from Fig. 7, under the same conditions of the number of samples, the
proposed algorithm is shown by the least complex operations. With the increasing of the
number of samples, the computational complexity of the IMDF method grows fastest, fol-
lowed by HOSVD, and the SPSA method takes less time than the former two methods, while
the proposed algorithm is superior to the SPSA method and changes very little because of
which is only based on 2-D eigendecomposition.
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4 Conclusions

In this paper, a new algorithm based on the eigenvalues and eigenvectors is proposed for
the R-D signal parameter estimation of multidimensional sinusoids in the presence of white
Gaussian noise. The perspective idea of the algorithm is to rearrange the R-D dimension sam-
pling arrays into a series of two dimensional matrix columns. And then segment the obtained
matrix columns to construct a set of new matrices. The new matrices contain two-dimensional
parameters which are implied in its eigenvalues and eigenvectors. Then the two-dimensional
parameters can be obtained from the eigenvalues and eigenvectors. As the eigenvalues are in
correspondence with the eigenvectors, the estimated two-dimensional parameters are auto-
matically matched. Simulation results are included to show the performance of the proposed
method in terms of estimation accuracy resolvability as well computational complexity com-
pared with several available algorithms.
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