
1

Adaptive selective sidelobe canceller beamformer
with applications to interference mitigation in radio

astronomy
Ronny Levanda ∗ and Amir Leshem

Abstract—Achieving better imaging of weak sources in the
presence of strong interfering sources is a major challenge in
various fields of signal processing, such as radio astronomy, SAR
imaging, SONAR and wideband signal processing. We present a
new algorithm for parameter estimation that can be implemented
when a moving array is used. This adaptive beamformer can be
employed in a variety of applications, such as radio astronomy
with synthetic aperture arrays, SAR imaging, DOA estimation
in towed array SONAR and wideband DOA estimation.

Analytic performance analysis is provided together with sim-
ulations and tests on a new radio astronomy array. All these
indicate a significant improvement compared to currently used
filterbank techniques such as the MVDR, when strong interfer-
ence is present, either inside or outside the field of view of the
array. The latter case is especially important when directional
antennas are used.

I. INTRODUCTION

The problem of combining multiple sets of array obser-
vations where the correlation between the sets is unknown
is a fundamental issue in wideband and moving array signal
processing. This problem appears for instance in radar imag-
ing, [1], [2], sonar, [3], towed array sonar, [4], [5], and radio
astronomy, [6] and becomes more complex when the number
of signals is much larger that the number of physical sensors
used for each measurement (see [7] for example).

For a moving/rotating array, the antennas (or sensors) of
the array are correlated at a given epoch (i.e., the measure-
ment time), but may be uncorrelated at different epochs (or
times). As discussed by Rieken and Fuhrmann, [8], the array
movement may be rigid or flexible. In rigid motion, the array
moves or rotates with time while the array shape and structure
remains constant. This type of motion exists in shipboard
radar subject to wave motion, AWACS surveillance platforms
and radio astronomy. The array geometry may change dur-
ing flexible motion, such as in towed hydrophone arrays.
Extensive work have been done to generalize known signal
processing algorithms for moving arrays: A generalization
of the MVDR (Minimum-Variance-Distortionless-Response)
and MUSIC (Multiple-Signal-Classification) was proposed by
[8] and [9]; the maximum likelihood, least-square and non-
negative least square generalization have been developed and
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discussed by various authors (see [10], [11] and [5]) and the
Cramér− Rao Lower Bound (CRLB) analysis for the moving
array has been established (see for example [12], [13] and [4]).

There are several approaches to the estimation of a wide-
band sources using a sensor array, when each frequency bin
is measured separately (no coherence is assumed between
different frequency bands). As noted by Chen and Zhao,
[3], ”Wideband processing is used in many applications such
as passive sonar, spread spectrum transmission, and audio
conferencing.” See also [14] and [15].

When the Signal-of-Interest (SOI) observation is made in
the presence of other (interfering) sources in the Field-of-View
(FOV), estimation performance is degraded. The interfering
sources radiation is received through the array sidelobes and
affect the location and power estimation of the SOI. In some
instances, the interfering sources are significantly stronger than
the SOI; in others, the interfering sources are spatially close
to the SOI (i.e., the angular distance between the SOI and the
interfering sources is small). This may result in an inferior and
inaccurate estimation of the SOI parameters. In more extreme
cases, the ability to detect the SOI may be lost. To overcome
these problems, a variety of interference mitigation techniques
are employed.

As discussed earlier, antenna array beamformers are used
in many fields and many applications, and synthetic aperture
array and wideband processing are important families of
beamformers. In this paper we present a new beamformer
that takes advantage of the array movement (or equivalently,
the wideband observation or the presence of multiple non co-
located arrays) to achieve accurate beamforming even in the
presence of strong interference. Static array beamformers are
well known, and have been studied for over a century. There
are the so-called classic beamformers (e.g., Bartlett, see van
Trees, [16], section 9.2.2 p. 1143) and adaptive algorithms
such as multiple-signal-classification (MUSIC), the minimum-
variance-distortionless-response (MVDR) also known as the
Capon beamformer, and the adaptive-angular-response (AAR).
The MUSIC algorithm (see [16–18]) calculates the estimated
direction-of-arrival (DOA) of the source with high resolution.
It is applicable to situations where the number of sources is
smaller than the number of sensors (or antennas) in the array.
For this reason it cannot be used in applications with more
sources than receiving elements (such as in radio astronomy
and other synthetic aperture techniques). The MVDR weights
are set to minimize the incoming power while passing the
signal of interest undistorted (see van Trees, [16], and Capon,
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[19]). The MVDR beamformer was first suggested for radio
astronomy applications by Leshem and van der Veen in [6],
[20] and further developed in [21–23]. The MVDR weights are
set by assuming the array steering vector is known. When the
array steering vector is not perfectly known, estimation errors
may occur and MVDR performance is significantly degraded.
Extensive work has been done to adjust the Capon beamformer
for uncertainty of the array steering vector using spherical
and ellipsoid uncertainty sets, weight norm constraints and
diagonal loading (see [24–29]). An application of the AAR
beamformer to radio astronomy images was proposed in [21]
and shown to increase spatial resolution.

Another approach to interference mitigation is the Decon-
volution algorithm applied in radio astronomy. The estimated
image is the basis for further processing, which enhances
the estimation accuracy for noisy images and images with
a high dynamic range. The most widely used deconvolution
algorithms are CLEAN (proposed by Högbom, [30]) and
MEM (Maximal Entropy Method, see [31–34]). The CLEAN,
an iterative algorithm, assumes that the observed field of
view is composed of point sources. During the iterations,
CLEAN subtracts the strongest point sources from the data.
A multi-scale CLEAN proposed by Cornwell [35] models
the brightness of the sky as the sum of the components of
the emission that have different size scales. Extensions of
the CLEAN algorithm to support wavelets as well as non-
co-planar arrays were reviewed by Rau et al. [36]. In some
observations, a strong interfering source is located outside the
Field-Of-View (FOV), and is significantly stronger than the
sources in the FOV. Its intensity, received through the array
sidelobes, strongly affects the estimated image. The standard
method to overcome out-of-FOV interference is to observe the
strong source separately, and estimate the image with a larger
FOV using a mosaicing algorithm (see [37]) to enable CLEAN
to estimate and subtract the interfering source from the image.

In this paper, we discuss high dynamic range imaging in
the presence of in-FOV and out-of-FOV strong interference.
Our approach to combining different array measurements is to
minimize the undesired interference radiation received through
the array sidelobes, as opposed to the standard approach
through averaging (see [8], [6] and [38]). Minimization is
done by using the sidelobe variation as a function of time,
frequency or space. For each pixel in the image, we choose
the correlation matrices that minimize the interference. In
this sense, our proposed algorithm is a generalization of the
MVDR philosophy to multiple array measurements, where
the total energy is minimized using proper selection of the
observations, rather than averaging.

The proposed technique is shown to be superior analytically
and in simulations. Furthermore, the performance improve-
ment is shown on experimental LOFAR data. All these indicate
a significant improvement compared to currently used filter-
bank techniques such as the MVDR, when strong interference
is present, either inside or outside the field of view of the
array. The latter case is especially important when directional
antennas are used.

Specifically, we focus on radio astronomy applications, al-
though the proposed algorithm, dubbed the adaptive-selective-

sidelobe-canceller (ASSC), can be implemented on any appli-
cation that uses a moving array wideband observation (where
each frequency bin is measured separately) or even multiple
arrays (i.e., an application that fuses data from different arrays
to obtain the signal estimation).

The structure of this paper is as follows: In section (II)
we formulate the imaging problem. The rationale for the
ASSC together with an intuitive example is presented in
section (III). Section (IV) contains a detailed description of
the proposed algorithm, the ASSC. Section (V) describes the
performance analysis of the ASSC algorithm and compares
it to the standard method using the MVDR beamformer. We
show analytically that in interference limited scenarios we sig-
nificantly improve the performance over previous works, e.g.
[8] . Simulated examples illustrating the performance of the
ASSC and comparisons to the standard MVDR beamformer
are given in section (VI). An extension of the ASSC algorithm
to situations where the array steering vector is not perfectly
known is provided in Section (VII). Section (VIII) deals with
an example of ASSC performance using corrupted real radio
telescope data. We then summarize our findings in section
(IX).

II. PROBLEM FORMULATION

When multiple antennas or other sensors are used to esti-
mate incoming signals, it is best to treat them all as a single
array and apply one of the many known array processing
algorithms (see e.g., Van Trees [16]). In a variety of situations,
however, this is not practical or even impossible.

In radio astronomy, for example, the antenna array moves
with the rotation of the Earth. Correlations between the
antennas can be obtained for a given time, but not between
different points in time (see e.g., Leshem et al. [20], Taylor et
al. [37] and Thompson et al. [39]). The combined correlation
matrix of K epochs t1, . . . , tK can be written as R1 ∅ ∅

∅
. . . ∅

∅ ∅ RK

 , (1)

where Rk is the measured correlation matrix1(visibility) of the
array at time tk, and some of the matrix elements have not
been measured and are unknown, ∅. The Rk matrices need
not be of the same size.

The standard approach to estimate the power impinging on
the array from direction (l,m), (see [38], [21], [6] and [40]))
is given by:

Î(l,m) =
1

K

K∑
k=1

wH
k (l,m)Rkwk(l,m), (2)

where wk(l,m) is the beamformer weight vector calculated
according to the beamformer used at measurement time tk,
(l,m) are the direction cosines defined as l ≡ sin(θ) cos(φ),

1The (i, j)’th component of the correlation matrix Rk , measured at time
tk is given as Rk(i, j) ≡ 〈xk(i)xk(j)〉, where xk(i) is the signal received
by the i’th antenna at tk , xk(j) is the signal received by the j’th antenna at
the same measurement time and 〈〉 stands for the expectation value.
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m ≡ sin(θ) sin(φ), for an incident angle (θ, φ). The number
of time epochs (number of measurements) is K and .H stands
for the Hermitian conjugate.

For the classic (i.e., Bartlett) beamformer, the weight vector
is given by

wk(l,m) =
1

M
ak(l,m), (3)

where M is the number of antennas used, ak(l,m) is the array
steering vector at the k’th measurement epoch defined by

ak(l,m) ≡

 e
−2π
λ (xk1 l+y

k
1m)

...
e
−2π
λ (xkM l+y

k
Mm)

 , (4)

(xki , y
k
i ) is the location of antenna i at the k’th measurement

time, (l,m) are the direction cosines (defined above), λ is the
wavelength, and  is the square root of (−1).

A. MVDR Beamformer

The MVDR (Minimum Variance Distortionless Response,
see [19] and [16]) beamformer is designed for scenarios that
include interfering sources in the field of view. Its weights are
set to minimize the influence of the interfering sources while
letting signals from the desired direction pass (i.e., to minimize
the interfering power entering the array via its ‘sidelobes’).

The MVDR weights are given by

wH
mvdr(l,m) =

aH(l,m)R−1

aH(l,m)R−1a(l,m)
(5)

where R is the measured correlation matrix, a(l,m) is the
array steering vector, defined in Equation (4) and .H stands
for the Hermitian conjugate.

The MVDR is an adaptive method. The weights are deter-
mined by the measured correlation matrix (visibility).

III. ASSC RATIONALE

This section begins with an intuitive explanation followed
by a simple example that demonstrates the main notions
behind the ASSC algorithm.

Figure (1) illustrates the sidelobes of a rotating array in
two orientations. The beamformer used is Bartlett, and in
both orientations the array weights are chosen to measure
the power coming from the same signal-of-interest (SOI),
marked by a star. Due to the presence of the two interfering
sources (marked by circles), the power estimation of the two
orientations differs. The array in the first orientation (marked
by a solid line) has a strong sidelobe in the direction of the
interfering sources and therefore measures strong interfering
power. The array in the second orientation (plotted by a dashed
line), measures a much lower interference power due to the
shape and location of its sidelobes (and nulls) relative to the
interfering sources. The received power from the interfering
sources depends strongly on the direction of the interfering
sources relative to the array sidelobes, whereas the received
power from the SOI is similar for all orientations.

Using this simple example, we base the ASSC method on
the following observations:

 
Array sidelobes at orientation #1

Array sidelobes at orientation #2

 

Fig. 1. Illustration of an array sidelobes. The array is observing a SOI marked
by a star in the presence of two interfering sources, marked by a circle. The
array sidelobes are plotted for two different array orientations. The power
entering through the array sidelobes (emitted by the interfering sources), is
significantly lower for the array in the second orientation (due to the location
of the interfering sources relative to the array sidelobes).

a) In an interference-free environment, and negligible noise at
the antennas (relative to the received SOI), all correlation
matrices estimate the same incoming signal power.

b) In an interference dominant environment, the different
results for the time epochs are caused by interfering signals
measured through the array sidelobes.

c) By choosing the time epoch with the minimal power, we
choose the correlation matrix with the smallest interfering
power, which happens to best suppress the interference.

However, it should be noted that:
a) In the case where the thermal noise at the antennas is

significant and averaging over several measurements is
needed, the averaging can be done on a subset of the epochs
with the smallest power.

b) This technique can be applied to any kind of array beam-
forming algorithm.

In the following example we consider a rotating linear array
with 20 antennas, λ/2 spaced, using the MVDR beamformer.
The array orientation changes from 0o (in the first epoch) in
steps of 1.5o, to 180o (in the last epoch). The observed sources
are shown in Figure (2a))2 .

Figure (2b) shows the output power of the k’th epoch for
a direction of a point source S1 (marked in Figure (2a)).
Out of all the available time epochs, only a few yield an
estimation close to the true point source intensity. The intensity
estimation of most epochs is biased due to the interference
(received through the array sidelobes). The time epoch with
the minimal power for a specific direction yields the best
estimator. Averaging the output power for all epochs will result
in a biased and inaccurate estimator.

Note that although the number of reliable estimates per
direction is small, the total number of correlation matrices
for the entire FOV is much larger (it depends on the interfer-
ence location and the array geometry). Figure (3) shows the
histogram of the number of directions (pixels) for which a

2Numerical example intensities matching the ≈ 1mJy source observed by
the Westerbork radio telescope with a frequency wide sub-band of 20MHz.
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(a) Sources in the Field of View

(b) MVDR beamformer outputs for S1

Fig. 2. Estimated intensity as a function of time as the array rotates. (a)
Radiating sources in the FOV; i.e., the observed image (b) The array power for
S1 of the MVDR beamformer for all time epochs. Only a few epochs achieve
an intensity estimation (power) close to the true intensity; the remainder lead
to a higher intensity estimation because of the power entering through the
array sidelobes.

Fig. 3. Number of pixels ((l,m) directions), a specific measurement (time
epoch) estimated the minimal power (i.e., that underwent the smallest inter-
ference). Most time epochs (more than 90%) performed best for some pixels.
See text for more details.

specific correlation matrix estimated the minimal power (i.e.,
that underwent the smallest interference).

Most time epochs (more than 90%) experienced minimal
interference for some pixels.

This example shows that the received array power of a
specific (l,m) observation direction varies significantly with

the array orientation due to interfering sources. Some of the
array orientations yield a reliable intensity estimation, whereas
in others the intensity estimation is biased (and aggravated by
the interfering signals).

IV. THE ASSC ALGORITHM

Based on the observations above, we propose an algorithm
that enhances performance in the presence of interfering
sources and images with a high dynamic range (see also [41]).
For a given set of Rk correlation matrices, k = 1 . . .K,
measured at K time epochs (or by K different arrays):

1) Calculate the array output power for each epoch sepa-
rately according to the desired beamformer weight vector,
wk, by

Îk(l,m) = wH
k (l,m)Rkwk(l,m). (6)

2) Determine the value of the ASSC parameter, k̃, where k̃
is the number of best epochs to consider for a specific
observation direction, 1 ≤ k̃ ≤ K. The value is set
according to a rough evaluation of the interference level:
• Since the difference in the measured intensities of

a specific pixel is mainly caused by interference,
subtracting the minimal intensity from the maximal
intensity yields a rough evaluation of the interfer-
ence level at that pixel. To evaluate the maximal
interference level at the entire FOV3, αq , the max-
imal difference (between all pixels) is taken, i.e.,
max(l,m){maxk Îk(l,m)−mink Îk(l,m)}.

• Set k̃ according to the piecewise linear function,

k̃ =

 K αqdB < −10dB
p1 + p0αqdB −10dB ≤ αqdB ≤ 15dB

1 15dB ≤ αqdB
,

(7)
where p0 = −K−125 , p1 = K + 10p0 and αqdB is
the evaluated interference level given in dB. For more
details and examples of the optimal k̃ as a function of
the interference level, see section V.

3) For each (l,m), (each pixel in the image), find the
smallest k̃ values out of all measurements, Îk(l,m),
k = 1 . . .K,

[Î(1)(l,m), Î(2)(l,m), . . . , Î(k̃)(l,m)], (8)

where Î(k)(l,m) is the k’th smallest elements in the order
statistics of

[
Î1(l,m), . . . , ÎK(l,m)

]
. i.e., Î(1)(l,m) is

the minimal value out of [Î1(l,m), . . . , ÎK(l,m)] and
Î(K)(l,m) is the maximal value.

4) Calculate the ASSC power (dirty image) according to

ÎASSC(l,m) =
1

k̃

k̃∑
k=1

Î(k)(l,m). (9)

The computational complexity of the ASSC beamformer
is similar in complexity to the standard method (using
the same weights), with the following minor modifica-
tion: for each pixel, find the k̃ minimal powers from
[Î1(l,m), . . . , ÎK(l,m)].

3Excluding pixels that are known to contains pulsating sources.
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V. PERFORMANCE ANALYSIS

In this section, we derive an analytic expression for the in-
tensity estimation Root-Mean-Square-Error (RMSE) for both
the ASSC and the standard method. We show that for in-
terference dominant cases, the intensity estimation using the
standard approach suffers from a high RMSE which is sig-
nificantly reduced using the ASSC algorithm. We discuss the
choice of the ASSC parameter, k̃, and show the improvement
in estimation accuracy.

We start with a derivation of the Probability-Distribution-
Function (PDF) of the intensity estimation at the k’th epoch,
and its Cumulative-Distribution-Function (CDF). Next, we ob-
tain the PDF of the k’th order-statistics (i.e., after the estimated
intensities of all epochs are ordered by their magnitude). On
the basis of these results, we obtain the bias and variance of
the intensity estimation for both the standard method and the
ASSC to obtain the estimation RMSE.

The intensity estimation of the k’th epoch, Îk(l,m), can be
written as the sum of three components, each of which can be
treated as a random variable (see [16]):

Îk = Isk + Ink + Iqk (10)

where

• Isk , is the contribution of the SOI to the intensity. The
average of Isk is the intensity we want to estimate. Since
the intensity estimation of the k’th epoch is calculated
according to the correlation matrix at the k’th snapshot,
and the measurement is taken during a long integration
time (long relative to the propagation of the wave in
the array), we can view the k’th intensity, Isk , as an
average over a large number of intensities (all share the
same PDF). Using the central limit theorem, we therefore
assume that Isk is normally distributed with the mean ,αs,
the source intensity and the standard deviation σs; i.e.,
Isk ∼ N

(
αs, σ

2
s

)
.

• Ink is the additional noise, assumed to be normally
distributed with zero mean and a standard deviation σn.
Ink ∼ N

(
0, σ2

n

)
.

• Iqk , is the contribution of the interference from other
sources to the intensity. The magnitude of the interference
term depends on the array sidelobes’ shape (an interfering
source radiating from a ’null’ direction of the array will
not increase the intensity of the observed source). The
interference can be continuous or intermittent, and its
power can vary between epochs. To reflect the maximal
lack of information on the interference contribution, we
assume a uniform distribution for Iqk , i.e., Iqk ∼ U [0, αq],
where αq is the maximal value of the total interference.

• To simplify notation, we omit the dependence on the
direction cosines (l,m), i.e., Ik = Ik(l,m).

We denote the order-statistics of the estimated intensities,
Îk (k = 1 . . .K), by [Î(1), Î(2), . . . , Î(K)], where Î(k) is the
k’th order-statistics. Explicitly, Î(1) is the minimal value and
Î(K) is the maximal value. The estimated intensity is given

by:

Î =
1

K

K∑
k=1

Îk =
1

K

K∑
k=1

Î(k) (11)

ÎASSC =
1

k̃

k̃∑
k=1

Î(k)

where Î is the estimated intensity using the standard method,
and ÎASSC is the estimated intensity obtained by the ASSC
algorithm. Note that the standard method can be calculated
using one of two equivalent ways. The first uses the estimated
intensity of the epochs (without ordering them) and the second
uses the order-statistics.

First, we derive the PDF of the k’th epoch intensity, fÎk(x).
Since the sum of two independent normally distributed

random variables is also normally distributed with a mean
equal to the sum of the two means and the variance equal
to the sum of the variances (see [42]), setting

Yk ≡ Isk + Ink , (12)

yields Yk ∼ N(αs, σ), where σ =
√
σ2
s + σ2

n, and Equation
(10) becomes,

Îk = Yk + Iqk . (13)

Since

fYk(Yk = y) =
1√
2πσ

e
(y−αs)2

2σ2 (14)

fIqk (Iqk = y) =

{ 1
αq

0 ≤ y ≤ αq
0 otherwise

,

the probability density that the intensity at the k’th epoch is
equal to some value, x, is given by

fÎk(Îk = x) = fÎk(Yk + Iqk = x) = (15)

=

∫ ∞
−∞

fYk(Yk = x− y)fIqk (Iqk = y)dy

=
1

αq

∫ αq

0

1√
2πσ

e−
(x−y−αs)2

2σ2 dy.

The latter equality was obtained using Equation (14). Substi-
tuting y′ = x−y−αs√

2σ
we get

fÎk(Îk = x) =
1

αq
√
π

∫ x−αs√
2σ

x−αs−αq√
2σ

e−y
′2

dy′ (16)

=
1

2αq

[
erf

(
x− αs√

2σ

)
− erf

(
x− αs − αq√

2σ

)]
where

erf(x) ≡ 2√
π

∫ x

0

e−t
2

dt. (17)
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Fig. 4. PDF of the first order-statistics in a high interference scenario.
Comparing analytic and numerical results, using αs = 1 × 10−18Watt,
αq = 1000 × 10−18Watt and σ = 1 × 10−18Watt. The analytic value
is calculated using Equation (20). Analytic values match the numerical
experiment. The PDF is asymmetric due to the high interference.

The cumulative distribution function of the k’th epoch
intensity, is given by:

FÎk(x) =

∫ x

−∞
fÎk(y)dy = (18)

=
1

2αq

∫ x

−∞

[
erf

(
y − αs√

2σ

)
−

erf

(
y − αs − αq√

2σ

)]
dy =

=
σ√
2αq

∫ x−αs√
2σ

x−αs−αq√
2σ

erf(z)dz =

=
σ√
2αq

[
x− αs√

2σ
erf

(
x− αs√

2σ

)
+

1√
π
e
−(x−αs)2

2σ2

− x− αs − αq√
2σ

erf

(
x− αs − αq√

2σ

)
−

1√
π
e−

(x−αs−αq)2

2σ2

]
,

where we used∫
erf(z)dz = z · erf(z) +

1√
π
e−z

2

. (19)

Given the PDF, fÎk(x) (Equation (16)), and the CDF, FÎk(x)

(Equation (18)), of the intensity at the k’th epoch, Îk, we get
that the PDF of the k’th order-statistics, Î(k) (see [43]) is:

fÎ(k)(x) =
K!

(k − 1)!(K − k)!
· (20)

FÎk(x)k−1
[
1− FÎk(x)

]K−k
fÎk(x),

where ! stands for the factorial operation (i.e., n! = 1·2 . . .·n),
K is the number of epochs and k = 1 . . .K.

Figure (4) shows the PDF of the first order-statistics (i.e.,
the first minimum), and compares it to a numerical experiment
result. The experiment was conducted as follows: a series of
100 random numbers was generated, each of which was the
sum of a uniformly distributed number in the range [0, αq],

and a normal distributed number with mean αs and variance
σ2. The series of numbers were sorted by their magnitude to
form the order-statistics. The procedure was repeated 10, 000
times to collect the statistics. The parameters used were: signal
intensity, αs = 1 × 10−18Watt (see 2), maximal interference
intensity, αq = 1000 × 10−18Watt (αqdB = 30), and noise
variance, σ = 1×10−18Watt. The figures show the asymmetric
peak of the probability distribution at 1×10−18Watt (the signal
intensity, αs). This shape is due to the high interference value,
namely, αq >> σ. The analytic PDF (calculated by Equation
(20)) describes the numerical PDF well.

The joint distribution of two order-statistics, Î(ki) and Î(kj)
(1 ≤ ki < kj ≤ K) is given by (see [43]):

fÎ(ki),Î(kj)
(x, y) =

K!

(ki − 1)!(kj − ki − 1)!(K − kj)!
(21)

f(x)f(y)F (x)ki−1 [F (y)− F (x)]
kj−ki−1

[1− F (y)]
K−kj

where for simplicity we used f(·) = fÎk(·), given by
Equation (16), and F (·) = FÎk(·) given in Equation (18).

Using Equations (11), (20) and (21), we obtain the intensity
estimation bias and variance:

b =
1

K

K∑
k=1

E{Îk} − αs, (22)

bASSC =
1

k̃

k̃∑
k=1

E{Î(k)} − αs,

σ2
e =

1

K2

K∑
k=1

[
E{Î2k} − E2{Îk}

]
,

σASSC
e

2
=

1

k̃2

k̃∑
k=1

[
E{Î2(k)} − E2{Î(k)}

]
+

2

k̃2

∑
k;k′<k

cov
(

Î(k), Î(k′)

)
.

where b is the bias of the intensity estimation using the
standard method and bASSC is the bias using the ASSC. The
estimation variance of the standard method is σ2

e , and the
ASSC estimation variance is σASSC

e
2. E{·} stands for the

expectation value calculated using the given PDF, αs is the
true source intensity, K is the number of epochs and k̃ is the
ASSC parameter.

The RMSE of the standard approach and the ASSC algo-
rithm respectively, is then given by

RMSE =
√
b2 + σ2

e , (23)

RMSEASSC =

√
bASSC 2

+ σASSC
e

2
.

Figure (5) shows the RMSE
αs

of the intensity estimation as
a function of k̃ for the high interference case used in Figure
(4). The analytic RMSE value was calculated using Equation
(23) and compared to the numerical experiment results. The
intensity estimation RMSE increases with the number of
selected epochs, k̃. The RMSE of the ASSC algorithm is
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Fig. 5. RMSE
αs

of both the ASSC algorithm and the standard method for
a high interference case. Comparison of analytic and numerical results using
αs = 1× 10−18Watt, αq = 1000× 10−18Watt, σ = 1× 10−18Watt and
K = 100. Analytic values match the numerical results. The RMSE value is
minimal (14×αs) using the ASSC with k̃ = 1, the RMSE value increases as
k̃ increases. The worst RMSE (500×αs) is obtained by the standard method
(i.e. using all intensity estimations equivalently, k̃ = K).

14 × αs for k̃ = 1, using a larger number of epochs (i.e.,
k̃ > 1) leads to a less accurate intensity estimation. The
standard method (i.e., k̃ = K) yields an intensity estimation
with a large RMSE of 500×αs. The analytic RMSE matches
the numerical values (i.e., the analytic derivation is verified).

We now show that for a high interfering scenario, i.e., σ �
αq and αs � αq , the ASSC improves the intensity estimation
accuracy (i.e., reduces the RMSE).

To evaluate the RMSE given in Equation (23), we first
approximate the PDF, fÎk ,for the case of σ � αq by

fÎk(x) ≈
{ 1

αq
αs ≤ x ≤ αq + αs

0 otherwise
(24)

Justification for the approximation above is conveniently seen
from the last equality of Equation (15). The probability
distribution function is the integral over a thin Gaussian (thin
relative to the integration region, since σ � αq), centered
at x − αs. For 0 ≤ x − αs ≤ αq , the integration region
includes the Gaussian center and the integration results in
≈ 1. For x − αs < 0 or αq < x − αs, the integration
region does not include the center or the integration results in
≈ 0. More intuitively, when the Gaussian noise is negligible
relative to the uniform interference, σ � αq , the probability
distribution function is equal to the interference distribution;
i.e., is uniform.

The CDF, FÎk(x) can now be calculated (for the case σ �
αq) by

FÎk(x) ≈


0 x < αs

x−αs
αq

αs ≤ x ≤ αq + αs
1 αq + αs < x

. (25)

For k̃ = 1, using Equations (20), (24) and (25), we obtain

fÎ(1)(x) ≈

{
K
αq

(
1− x−αs

αq

)K−1
αs ≤ x ≤ αq + αs

0 otherwise
, (26)

and,

E{Îk} =
αq
2

(27)

E{Î2k} =
α2
q

3

E{Î(1)} =
K

αq

∫ αs+αq

αs

x

(
1− x− αs

αq

)K−1
dx

= K [αqB(2,K) + αs] ≈ KαqB(2,K)

E{Î2(1)} =
K

αq

∫ αs+αq

αs

x2
(

1− x− αs
αq

)K−1
dx

= K
[
α2
qB(3,K) + 2αsαqB(2,K)− α2

s

]
≈ Kα2

qB(3,K),

where B is the beta function, defined as B(x, y) ≡∫ 1

0
tx−1(1 − t)y−1dt and the last approximation is for αs �

αq .
From Equations (22), (23), and the above, we have,

RMSEASSC ≈ αq
√
KB(3,K) (28)

RMSE ≈ αq

√
3K + 1

12K
,

and

RMSEASSC

RMSE
≈ K

√
12B(3,K)

3K + 1
= (29)

=

√
24K

(K + 1)(K + 2)(3K + 1)
,

The term in Equation (29) equals 1 for K = 1 and
monotonically decreases for all K > 1; i.e., for a high
interference case, σ � αq and αs � αq , using k̃ = 1, the
ASSC obtains a more accurate result than the standard method.

The standard approach RMSE is determined by the scenario
parameters, namely, the interference strength ,αq , and σ2, the
noise variance. Using the ASSC, we choose k̃ to reduce the
RMSE. Figure (6) shows the RMSE

αs
of the intensity estimation

obtained by both the standard method and the ASSC, for
different values of k̃. The first example, of a scenario with
high interference, is shown in Figure (6a). Parameters used:
αs = 1×10−18Watt, αq = 50×10−18Watt, σ = 1×10−18Watt
and K = 100. The standard approach yields an intensity
estimation with a high RMSE value of 25 × αs. The ASSC
obtains a more accurate estimation with a RMSE that is
smaller than 2× αs, using k̃ = 1.

According to Equation (23), for the high interference case
(αq >> σ) estimation by the standard method is inaccurate
(i.e., obtains a high RMSE). In order to obtain a more accurate
estimation (using the ASSC), only a small portion of the
epochs should be considered. A choice of k̃ up to a few
percent will result in an estimation with a minimal RMSE.
This is consistent with the intuition that the stronger the
interference, the greater the inaccuracy of the standard method.
Furthermore, the number of epochs that undergoes minimal
interference is smaller (small k̃). For more extreme cases
(αq >> 100×σ), a minimal RMSE is obtained using a single
measurement, k̃ = 1.
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(a) RMSE
αs

for a high interference case

(b) RMSE
αs

for a medium interference case

Fig. 6. The intensity estimation RMSE
αs

as a function of k̃ for (a). A scenario
with high interference, αs = 1× 10−18Watt, αq = 50× 10−18Watt, σ =
1 × 10−18Watt and K = 100. The standard method RMSE is larger by
a factor of 25 from the source intensity, αs, whereas the ASSC obtains a
more accurate estimation, using k̃ = 1. (b). A medium interference scenario,
(αq = 5× 10−18Watt, same αs and σ). The standard method suffers from
a high RMSE value of 2.5×αs, whereas the ASSC obtains a more accurate
estimation. The best RMSE using the ASSC is obtained using k̃ ≈ 20 . See
text for more details.

An example of a medium interference case (−10dB ≤
αqdB ≤ 15dB) is shown in Figure (6b). The parameters used
are: source intensity, αs = 1×1−18Watt, maximal interference
of αq = 5 × 10−18Watt, noise with σ = 1 × 10−18Watt and
K = 100. The standard method intensity estimation RMSE
is 2.5 × αs. A more accurate estimation is obtained by the
ASSC. A minimal RMSE smaller than 0.25× αs is obtained
using k̃ ≈ 20.

Figure (7) shows the optimal k̃ as a function of the interfer-
ence intensity and the piecewise approximation given in Equa-
tion (7), using the same parameters (i.e., σ = 1× 10−18Watt,
αs = 1×10−18Watt, K = 100). In line with this intuition, for
a scenario with small interference; i.e., αqdB

< −10dB (the
standard method produces an accurate and reliable estimation),
the optimal k̃ is K, since all measurements are reliable with the
same weight. The stronger the interference, the smaller the k̃
that maximizes the estimation improvement over the standard
method. For large interference, αqdB

> 15dB, the most
accurate estimation is obtained using a single measurement,

Fig. 7. The optimal k̃ as a function of interference strength in dB. Parameters
are the same as in Figure (6).

k̃ = 1.

VI. SIMULATION RESULTS

This section illustrates the ASSC algorithm’s performance
compared to existing techniques, using a rotating linear array,
λ/2 spaced. The array at the k’th epoch is rotated by an angle
φk relative to the first epoch;

thermal noise is 2 × 10−18Watt and 1000 snapshots are
measured for each array orientation. The scale of intensities
is selected for an order of magnitude of ≈ 1mJy (see 2).

Figures (8) and (9) show the power estimation of the
linear rotating array with 40 antennas, observing sources with
various powers (source intensities are between -170dB and -
130dB). The power for a specific array orientation is plotted
in Figure (8). An array orientation of φk = 20o resulted in
a high resolution power estimation whereas other orientations
(φk = 00,φk = 80o) obtained poor separation between the
sources. The weak sources at 16o, 21o and 28.5o were only
detected by the array with an orientation of φk = 20o. The
total power estimation of the MVDR and ASSC MVDR is
shown in Figure (9). The weak sources were well detected
by the ASSC MVDR beamformer and not seen at all by the
MVDR beamformer.

Figure (10) shows the estimation performance using a linear
array λ/2 spaced, with 20 antennas, observing two point
sources: the SOI and a randomly located interfering source.
The RMSE was calculated for different values of interfering
source intensity. For each interfering source intensity, 1000
tests were simulated to collect the statistics of RMSE

αs
. During

each test, the location of the interfering source was randomly
selected in the range [0, 2π]. The SOI was located at 0o

with an intensity of αs = 1 × 10−18Watt and the noise
was σ = 2 × 10−18Watt. Figure (11) shows the intensity
estimation performance of the same array, observing the SOI
in the presence of 10 interfering sources. The location of the
interfering sources was randomly selected in the range [0, 2π]
and their intensity was identical. Th simulation conditions
were the same as in Figure (10).

For both the single interfering source (Figure (10)), and
and multi interfering sources case (Figure (11)), for a low
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Fig. 8. MVDR power estimation for a few array rotation angles of a ULA with
40 antennas λ/2 spaced, observing close sources at various intensities between
−170dB to −130dB, located at [11o : 2.5o : 30o]. The array rotation angle
affects the spatial resolution. The best spatial resolution is achieved when the
array was rotated by 20o.

Fig. 9. MVDR and ASSC MVDR total power estimation of a ULA with 40
antennas λ/2 spaced, observing close sources at various intensities between
−170dB to −130dB, located at [11o : 2.5o : 30o]. The ASSC MVDR
beamformer obtains a higher resolution and better source separation than the
MVDR beamformer.

interference level, the estimation performance of the ASSC
and MVDR were similar, since k̃ = K. The ASSC im-
proved estimation accuracy for high interference intensities.
The RMSE of the intensity estimation obtained by the ASSC
was 100 times smaller than the RMSE obtained by the MVDR
for strong interference (αq > 1000 × 10−18Watt). The DOA
estimation RMSE obtained by the ASSC was at least 4 times
smaller than the RMSE obtained by the MVDR for strong
interference (αq > 1000× 10−18Watt).

VII. EXTENSION OF THE ASSC TO INCLUDE SELF
CALIBRATION

The MVDR (also known as the Capon beamformer) is
known to have better resolution and higher accuracy than
the classic beamformer when the array steering vector is
accurately known. However, in situations where the array
steering vector knowledge is imprecise, the performance of
the MVDR is significantly degraded. In some cases MVDR
performance is below that of the classic beamformer.

(a) Intensity estimation RMSE

(b) DOA estimation RMSE

Fig. 10. Estimation inaccuracy in the presence of a single interfering source,
as a function of interfering source intensity. (a) Intensity estimation RMSE
relative to the source power, RMSE

αs
. (b). DOA estimation RMSE. The

location of the interfering source is randomly selected in the range [0, 2π]
(see text for more details). The ASSC improves the estimation for strong
interfering source. Using a rotating linear array, λ/2 spaced with 20 antennas.
The SOI intensity is αs = 1×10−18Watt and the noise σ = 2×10−18Watt.

To overcome this problem, the Robust Capon Beamforming
and its variations were suggested and discussed by [25–29].

This section presents an example of ASSC algorithm per-
formance for a situation where the array steering vector is not
perfectly known, by adopting the Robust-Capon-Beamforming
(RCB) approach.

For the rotating array case, combining the RCB estimations
from all epochs, IRCBk(l,m), k = 1 . . .K, we obtain the

standard intensity estimation:

IRCB(l,m) =
1

K

K∑
k=1

IRCBk(l,m). (30)

The ASSC RCB intensity estimation is calculated by the
minima values

IASSCRCB (l,m) =
1

k̃

k̃∑
k=1

IRCBk(l,m), (31)

where k̃ is the ASSC parameters and IRCBk is the RCB
intensity estimation of the k’th epoch.
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(a) Intensity estimation RMSE

(b) DOA estimation RMSE

Fig. 11. Estimation inaccuracy as a function of interference intensity in the
presence of 10 interfering sources. (a) Intensity estimation RMSE relative to
the source power, RMSE

αs
. (b). DOA estimation RMSE. The location of the

interfering sources was randomly selected in the range [0, 2π]. The ASSC
improves the estimation for strong interference. Simulation conditions are the
same as in Figure (10).

Figure (12) shows the estimated intensity of a few beam-
formers for a situation where the steering vector data are
inaccurate. Using a linear array with 40 antennas λ/2 spaced,
observing 5 sources located at [10o, 15o, 20o, 25o, 30o] with
intensities of [−172dB,−145dB,−170dB,−160dB,−163dB]
respectively. The assumed steering vector is given by a per-
turbation of the true steering vector by a complex Gaussian
noise and ‖āk − ak‖ ≤ 1 where ak is the assumed steering
vector of the k’th epoch and āk is the true (unknown) steering
vector of that epoch. The classic (i.e., Bartlett) beamformer
(shown as the dashed-dotted line) obtains an estimation with
low resolution (there is no spatial separation between the
sources). Due to the inaccuracies of the steering vector, the
MVDR (Capon) beamformer (dotted line) fails to estimate the
observed sources. The RCB (dashed line) obtains better results
than the MVDR or the classic beamformers. The ASSC RCB
(solid line) obtains a high resolution image with a better source
separation than the standard RCB for a rotating array.

Fig. 12. Power estimations obtained by different beamforming tech-
niques for a case of uncertainty of the array steering vector. Using
a ULA with 40 antennas, λ/2 spaced, observing 5 sources with an
intensity of [−172dB,−145dB,−170dB,−160dB,−163dB], located at
[10o, 15o, 20o, 25o, 30o]. The best source separation is achieved by the
ASSC RCB.

Fig. 13. Estimated image using the MVDR beamformer of the original data.

Fig. 14. Estimated intensity of the MVDR beamformer (MVDR dirty image)
of the corrupted data. The image is corrupted to a level where the signals
cannot be reconstructed.
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Fig. 15. Estimated intensity of the ASSC MVDR beamformer (ASSC MVDR
dirty image) of the corrupted data. The interference radiation was suppressed.
and sources in the image are clearly seen.

VIII. PERFORMANCE EXAMPLE WITH REAL RADIO
TELESCOPE DATA

LOFAR 4 test station data were recorded using 25 frequency
bands of 156kHz using 45 antennas.

The data were calibrated by S. Wijnholds.
The estimated intensity using the original data with the

MVDR beamformer is shown in Figure (13).
In order to challenge ASSC performance, the radiation of a

strong terrestrial (out of FOV) source was added to corrupt the
measured data. The terrestrial source intensity was larger by
a factor of a million (106) than the sources in the image. The
terrestrial source interfered in the five highest channels out
of the 25 measured. The data were modified in the visibility
domain (i.e., the correlation matrices were updated to contain
the terrestrial source).

The estimated intensity of the MVDR beamformer is shown
in Figure (14). The entire FOV is corrupted and no real sources
can be seen. The image is corrupted to a level where no image
enhancement algorithm (such as CLEAN) can recover the true
sources from the strong interfering source.

The estimated intensity using the ASSC MVDR beam-
former (i.e., the ASSC with MVDR weights) is given in Figure
(15). The estimated image shows the true sources, eliminating
the corruption due to the terrestrial source.

IX. SUMMARY

In this paper we present a novel beamforming technique,
the Adaptive-Selective-Sidelobe-Canceller (ASSC), that is ap-
plicable to synthetic aperture observations. For a scenario
with interference (more than a single source in the field of
view), the ASSC algorithm exploits the diversity of the array’s
sidelobe shape across the different measurements and chooses
the correlation matrices that undergo minimal interference to
obtain the estimation. The selection is made using the minimal
estimated power, and no assumption is made on the shape of
the array’s sidelobes.

We derive the analytic intensity estimation Root-Mean-
Square-Error (RMSE) for the general case of both the ASSC

4http://www.lofar.org/p/astronomy.htm

and the standard method and verify the result by comparing it
to a numerical experiment. For the high interference case, the
analytic expression is approximated to obtain a simple form
which shows that ASSC outperforms the standard method,
RMSEASSC

RMSE ≈
√

24K
(K+1)(K+2)(3K+1) ∝

1
K . In other words,

the RMSE obtained by the ASSC is smaller than the RMSE
obtained by the standard method. The ASSC’s performance
improves with the number of antennas in the array, K. We
show the improvement achieved for different interference
strengths.

We demonstrate the enhanced performance of the ASSC, for
a few scenarios including one with an uncertainty of the array
steering vector (using the Robust-Capon-Beamformer (RCB)
for the rotating array).

Improvement in performance is demonstrated by applying
the ASSC on corrupted real radio telescope data.
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