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Multichannel Opportunistic Carrier Sensing for
Stable Channel Access Control in Cognitive Radio

Systems
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Abstract—In this paper we propose to use the well known
game theoretic Gale-Shapley stable marriage theorem from
game theory as a basis for spectrum allocation in cognitive
radio networks. We analyze the performance of the proposed
solution and provide tight lower and upper bounds on both the
stable allocation and the optimal allocation performance. Then
we present a novel opportunistic multichannel medium access
control technique that achieves stable allocation within a single
CSMA contention window. We discuss practical implementation
issues and put forward two other varieties of the algorithm
which have lower implementation complexity. Finally, we
provide simulated examples.

Index Terms—Stable matching, Gale-Shapley theorem, multi-
channel carrier sensing, opportunistic carrier sensing, cognitive
radio.

I. INTRODUCTION

THE SUCCESS of communication in the unlicensed 2.4
GHz band, and the large markets created by devices op-

erating in that band accelerated the process of deregulation of
spectrum in other bands. The availability of devices capable of
sensing the spectrum and transmitting over various frequency
bands is a key factor in the success of mass deployment of
devices in unlicensed bands. The technology enabling different
devices and networks to co-exist in the same frequency band is
called cognitive radio. Generally, there are several models for
spectrum sharing. The best known is the hierarchical model
where primary users have preference over secondary users.
Secondary users are allowed to use the spectrum only when
they do not interfere with primary user devices. However,
open spectrum access as well as dynamic exclusive use are
two other models where networks can significantly gain from
cognitive radio capabilities and new co-existence schemes,
even though no primary\secondary user partition is defined
in the network. A good overview of the various models
of dynamic spectrum access is given by Zhao and Sadler
[2]. The two latter models are the focus of this paper, so
we will not explicitly assume that there are primary and
secondary users in the networks. Under these models we
define cognitive radio systems as radio systems operating
over multiple frequency selective wireless channels in which
users can change their transmission or reception parameters to
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communicate efficiently by avoiding interference with licensed
or unlicensed users. To enable multiple users to share the
frequency band, users need to sense the radio spectrum to
control their own transmission based on the quality of the
channels and the activity in these channels. Such systems can
be implemented by dividing the bandwidth into N orthogonal
sub-bands using Orthogonal Frequency Division Multiplexing
(OFDM). The diversity of channel realizations is advantageous
if the assignment of sub-bands to the users is done efficiently
with a minimum amount of coordination.
Sub-carrier allocation for centrally managed systems has

been addressed extensively in the last decade because of the
high demand for efficient spectrum utilization in wireless
and wireline communication systems. The main issue for
OFDMA systems is joint power and sub-carrier allocation in
the downlink direction [3], [4], [5] and sub-carrier assignment
in the uplink direction [6], [7], [8], [9], [10]. The optimal
sub-carrier assignment can be computed using the well-known
Hungarian method for solving assignment problems [11].
Yin and Liu [12] considered a downlink OFDMA where

the base station allocates sub-carriers, power and data rate per
sub-carrier for each user to maximize the overall transmit data
rate subject to a total power constraint and rate constraints for
each user, assuming a flat channel response for each user.
They proposed a suboptimal two-step algorithm where power
is first allocated and then the Hungarian method is used to
assign sub-carriers to users.
Jang et al. [13] introduced a transmit power adaptation

method that maximizes the total data rate of multiuser OFDM
systems in a downlink transmission, where each sub-carrier
is assigned to the user with the best channel gain for that
sub-carrier and the transmit power is distributed over the sub-
carriers by a water-filling policy. The Hungarian method for
solving the assignment problem has been used extensively as
an optimization method for solving other resource allocation
problems. Zhu et al. [14] applied it to simplify the computation
of a suboptimal solution of the Nash bargaining solution under
total power constraint. Wong et al. [15],[3] and Pietrzyk and
Jannsen [16] applied the Hungarian method to assign sub-
carriers to users based on Quality of Service (QoS) require-
ments while minimizing the total transmitted power. The same
problem has been addressed while optimizing resources in
PON systems [17], [18].
In contrast to cellular and optical systems which have

centralized access management, cognitive radio systems are
inherently distributed. Therefore, there is no way to use an
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optimal centralized strategy for channel allocation. When no
controller exists (the case for cognitive radio) distributed
allocation protocols may be the best candidate system and
are the topic of this paper. The simplest approach is to
use random channel allocation. This type of allocation is
very simple to implement through standard random access
techniques, and its convergence time is very fast as shown
below. However, for a large number of users, we also show
that the performance of the random allocation is significantly
worse than the best centralized strategy (the relative loss is
1/ logN , where N is the number of channels). Recently
there has been accrued interest in spectrum optimization for
frequency selective channels (see [19], [20] and the reference
therein). However most of the work in this context relies
on explicit exchange of channel state information or channel
statistics. An exception is [21] where smart carrier sensing is
employed to obtain the Nash Bargaining solution without an
explicit exchange of information.
Since the loss of random channel allocation is unacceptable,

cognitive approaches that take channel quality functions into
account are necessary. To that end we assume that cognitive
users can sense all subchannels while transmitting over a
single chosen channel. Furthermore, we assume that switching
between channels is instantaneous, and immediately upon
carrier sensing, a user can transmit over the chosen channel.
These assumptions are reasonable in light of recent advances
in OFDMA technology for WiMax and 3GPP LTE and LTE
standards. In this paper we propose a simple approach using a
‘stable’ spectrum allocation. According to the Gale-Shapley
Stable Marriage Theorem [22] a stable allocation always
exists. This theorem is very general and states that whenever
we have two sets of N men and N women, where every
man and woman has his or her own preference regarding the
opposite sex players, we can always find a stable matching;
i.e., we cannot find a man and a woman who prefer each other
over their partners in the matching. In the general case, stable
matchings are not unique, their number can be quite large,
and the set of stable matchings always has a (set theoretic)
lattice structure. However, we show below that in the spectrum
allocation problem there is always a unique stable matching
(almost surely with respect to channel quality distribution).
The main advantage of stable matching is that it can be

computed using the Gale-Shapley algorithm, which is decen-
tralized in nature. Another advantage is of course stability,
which is desirable in a non-regulated scenario. We prove that
the worst case total rate of the stable allocation is one half that
of the optimal centralized allocation, which is significantly
better than the random allocation. We also show in simulation
that for independent Rayleigh fading channels, the expected
total rate of the stable allocation is much better than the above
theorem and exceeds 96% of the expected total rate of the
optimal allocation, regardless of N .
We also consider the time delay until the desired allocation

is reached. For random allocations we prove that this time
delay is O(log N). We show that the worst case time delay be-
fore reaching the stable allocation is O(N2), and simulations
show that on average this time delay is O(N). Therefore, if
the dynamics is sufficiently slow, reaching the stable allocation
is quite profitable, especially for large values of N . However

for large N and very fast dynamics random allocation might
be superior due to the very short time until convergence.
To accelerate the convergence we propose a novel multi-

channel extension of the opportunistic CSMA protocol. Mul-
tichannel CSMA techniques have been studied for a long time
since the 1980’s, where frequency reuse for random access
cellular systems was analyzed [23]. Knopp and Humblet [24]
noticed that in order to optimize the sum capacity of a
fading multiaccess channel, one should allocate the channel to
the user with the best fading condition, therefore identifying
the notion of opportunistic spectrum access. Zhao and Tong
exploited a single channel opportunistic access to optimize
sensor networks [25]. Extensions of the opportunistic CSMA
to wireless LAN systems were considered by Hwang and
Cioffi [26] where the 802.11 MAC protocol was combined
with opportunistic techniques. A multichannel CSMA based
MAC compatible with the 802.11 DCF was proposed in [27]
and analysis of non-persistent CDMA combined with TDMA
was analyzed in [28]. In this paper we demonstrate how
stable spectrum allocation can be achieved within a single
CSMA period using a multichannel opportunistic CSMA
technique. Recently Kwon et al. [29] proposed a similar oppor-
tunistic multichannel CSMA technique for OFDMA systems.
However, in contrast to our approach, which allocates the
frequencies deterministically, they use a p-persistent CSMA
where each user randomly selects a channel based on channel
qualities. Such an approach cannot lead to a stable allocation.
Another multichannel p-persistent CSMA MAC was analyzed
in [30]. Cooperative approaches to distributed optimization
through medium access are inherently decentralized in the
strictest sense. No explicit signalling between users is done,
and all information is conveyed through access timing.
The implementation of the cooperative approaches de-

scribed in this paper can be done by standard setting bodies,
as is done with standard CSMA/CA used in the 802.11
standard. While setting the parameters of the cooperative
approach is done a-priori before designing the modems,the
real time implementation is purely distributed. In the case
of wireless communication devices deviating from the agreed
upon cooperative approach will require rewriting the firmware
of the modems, an operation that requires reverse engineering
of a very complicated software. Furthermore, the enforcement
of cooperation is done through compliance tests performed
before any given implementation receives standard compli-
ance certificate by the relevant institutions (such as the WiFi
Alliance or the WiMAX Forum Certification Program).
The structure of the paper is as follows: In section II

we discuss our model for the cognitive radio system and
the spectrum allocation problem. In section III we present
lower and upper bounds on the optimal total sum utility. In
section IV we describe a competitive setup and show that
there are N ! Nash equilibrium point. We show that certain
competitive strategies are very bad and lead to degraded
performance. In section V we define the notion of stable
matching and analyze its mathematical properties when ap-
plied to the spectrum allocation problem. In section VI we
discuss the distributed implementation of the stable match-
ing algorithm. We present an algorithm that achieves stable
allocation in a single multichannel CSMA contention period.
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Then we continue to analyze practical implementation aspects.
In subsection VI-A we analyze a simple collision resolution
mechanism which provides a lower bound on performance.
In subsection VI-B we discuss several variations which take
into account implementation issues such as quantization of the
utility functions as well as limited sensing capabilities. We
also propose a polite allocation technique for which tighter
analysis of the convergence is given. Finally we compare the
various stable allocation techniques. We end with simulation
results and conclusions.

II. MODEL FORMULATION

We study N users (or equivalently, N pairs of transmitter
and receiver) who share access to K ≥ N wireless channels.
Users are cognitive, i.e. each user is assumed to sense the K
channel utility functions representing his transmission quality
on each channel. A simple example of these channel utility
functions are the ergodic capacities of each user on each
channel. We will denote the utility of user n when using
channel k by un,k and define the utility matrix as U = (un,k).
We assume that the un,k are i.i.d. with a continuous probability
distribution. Therefore, at any given time the NK channel
utility functions are almost surely all different; hence we
assume this in what follows. Although the analysis can be done
for arbitrary utility functions we assume that un,k represents
the rate that user n can achieve when using channel k.
Assume that each user is capable of transmitting on a single

channel at each time, but can sense all activity on all K
channels. Since we assume the dynamics is slow, we can
optimize the allocation of channels to users. To this end we
need some definitions:

Definition II.1. A spectral matching between users and chan-
nels is a one-to-one function F : [N ]→[K] where [N ] =
{1, ..., N}.
We define the total utility of a matching F by

u(F ) :=
N∑

n=1

un,F (n) . (1)

The optimal centralized channel allocation problem is now
formalized as follows:
Find a one-to-one function Fopt : [N ]→[K] such that

Fopt = argmax{u(F ) | F : [N ] 1−to−1−→ [K]} . (2)

Assume for the moment K = N . Although the problem
is discrete and the number of possible matchings is N ! the
solution has complexity O(N3) using the Hungarian method,
which requires a central controller. Here, we are interested in
efficient distributed protocols that are suitable for cognitive
radio networks, or other networks with no central controller.

III. BOUNDS ON THE TOTAL RATE OF THE OPTIMAL

ALLOCATION FOR RAYLEIGH FADING CHANNELS

Before discussing the main subject of this paper which is
distributed protocols for resource allocation, we find simple
upper and lower bounds on the total rate of the optimal
centralized allocation scheme. These bounds are tight and

provide a simple benchmark for performance of any algorithm.
They also provide the diversity gain in various regimes, e.g.,
low and high signal-to-noise (SNR). The upper bound is
trivial, and the lower bound is based on the serial allocation
scheme, as formalized below.
We assume that all channel realizations are i.i.d Rayleigh

fading. The results can be easily extended to other channel
models at the price of more complicated expressions. The rate
un,k for a given user n transmitting over a given channel k is
distributed like the random variable

U = log(1 + SNR · X) ,

where X ∼ χ2
2 and SNR = PT

σ2 .
We use the following standard notation from order statis-

tics: Let U1:K , U2:K , . . . , UK:K be the order statistics of
K independent copies of the random variable U , i.e., we
sort U1, ..., UK in increasing order. For example UK:K gives
the distribution of the maximal rate out of K independent
channels.

A. Upper bounds

We now describe the upper bounds. Assume that each user
chooses his best channel, and that collisions do not matter.
Then clearly this ‘greedy’ allocation scheme supplies an upper
bound for the optimal rate. The distribution of the average rate
per user is UK:K . Hence we obtain the following upper bound
on the expected optimal rate:

E[u(Fopt)] ≤ N · E[UK:K ] .

Now since X is an exponential random variable, it is known
(see [31]) that for some C we have E[XK:K ] ≤ C · log(K)
(for all K). Since u(x) = log(1 + SNR · x) is a concave
monotonous function we can conclude that E[UK:K ] =
E[log(1 + SNR · XK:K)] ≤ log(1 + SNR · E[XK:K ]) ≤
log(1 + SNR · C · log(K)).
We now obtain two upper bounds, each appropriate under

different assumptions on the SNR. For very low SNR channels
we have log(1+SNR ·C ·log(K)) ≈ SNR ·C ·log(K) (when
SNR << 1/C log(K)), and an inequality holds for all rates;
therefore we obtain

E[UK:K ] ≤ SNR · C · log(K) .

For high SNR the following is more appropriate: since K ≥
2 we can write 1+SNR ·C · log(K) ≤ SNR · log(K) · (C +

1
SNR·log(2) ), hence if we let Ĉ = C + 1

SNR·log(2) we get

E[UK:K ] ≤ log log(K) + log(SNR · Ĉ) .

This shows that the large gain from the cognitive approach
is when users have very low SNR, e.g., when the users are
limited by uncoordinated interference.

B. Lower bound

Second, we describe a centralized allocation scheme which
we call ‘serial allocation’, whose expected total rate is rela-
tively high and easy to compute. Choose some order on the set
of N users, and let each user in turn choose the best channel
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TABLE I
TWO PLAYER COMPETITIVE CHANNEL ASSIGNMENT GAME

II \ I 1 2
1 (0,0) (R12, R21)
2 (R11, R22) (0,0)

for him, out of those channels which are currently free. Then
the total rate of the serial allocation scheme is distributed as∑K

i=K−N+1 Ui:i, and this supplies us with a lower bound on
the expected optimal rate:

E[u(Fopt)] ≥
K∑

i=K−N+1

E[Ui:i]

IV. THE CHANNEL ASSIGNMENT PROBLEM AND

COMPETITIVE GAME THEORY

In order to motivate the stable allocation technique devel-
oped in this paper, we first consider the possible application
of competitive game theory to solve the assignment problem.
To that end define the utility to user n of an assignment
F : [N ]→ [K] by:

un (F ) =
{

un,F (n) if for all m �= n F (m) �= F (n)
0 otherwise

,

(3)
i.e., a user has a positive utility iff he is the single user of
the channel allocated to him. This is a standard collision
game. This is a reasonable model when the interference of
two players is harmful. The utility function in (3) gives rise to
a competitive game where each user chooses its own channel.

Claim IV.1. Assume that K = N and that every player has
a positive utility when using any channel by itself. Then any
one-to-one function F : [N ]→ [K] is a Nash equilibrium in
the channel assignment game.

The proof is obvious. By the pigeonhole principle once
we achieve a permutation any player that deviates from the
permutation will collide with another player reducing its own
utility to 0. As a consequence, the number of Nash equilibrium
points is N ! which is very large, and the competitive theory
does not lead us to a natural choice of one of these Nash
equilibria.Furthermore, the average utility of all these NE
points is exactly equal to the utility of the random allocation
scheme, since each user has equal probability to choose any
given frequency.
To better understand the problematic nature of the channel

assignment game we show that even in the two player game
we might be subject to inherent instability of the best response
dynamics. Consider the two player channel assignment game
described in Table IV. As discussed there are two pure strategy
Nash equilibria and these are the allocations (1, 2), (2, 1).
However,if we assume parallel best response dynamics and
assuming e.g., that R11 > R12 and R21 > R22, both players
will choose channel 1. Subsequently both will migrate to
channel 2 and the process will repeat, with no utility gained.
Obviously, a pure competitive approach can lead to unstable
scenario, and zero utility gain. The competitive approach does
not seem appropriate for the channel assignment problem
because of the huge number of NE points which have average

that is equal to the random allocation, and the possible
divergence of the best response dynamics.

V. RESOURCE ALLOCATION USING STABLE MATCHING

To overcome the drawbacks of the competitive allocation
described in the previous section we analyze an allocation
scheme based on stable matching. We define stable matching
and prove some basic properties. We show that in our setting
there is a unique stable matching, and prove that the total rate
of the stable matching is always at least half of the maximal
total rate. We also give lower bounds on the expected rate of
the stable matching allocation.

A. Definition of stable matching

Before continuing with the channel allocation problem, we
present the Gale-Shapley theorem [22]. Assume that we have a
set A of men of size N , and a set B of women of sizeK ≥ N .
For each a ∈ A there is a one-to-one function fa(b) : B→[K]
which ranks the preferences of a. Similarly, for each b ∈ B
there is a one-to-one function gb(a) : A→[N ] which ranks
the preferences of b where a higher value means a higher
preference. A matching is a one-to-one function from A to B.

Definition V.1. A matching S : A→B is stable if for every
a ∈ A and b ∈ B satisfying S(a) �= b, if fa(S(a)) < fa(b)
then there is some a′ ∈ A such that S(a′) = b and gb(a′) >
gb(a).

More explicitly a matching is stable, if for any pair a and
b �= S(a) either a prefers his partner S(a) over b, or b has a
partner which she prefers over a. The Gale-Shapley theorem
states that for any preference functions there is always a stable
matching. As mentioned in the introduction, generally stable
matchings are not unique. Before continuing our discussion
we provide a short description of the Gale-Shapley algorithm:
Assume that each man has a ranked list of the women, and

each woman has a list of preferences for the various men. Each
woman stays at home, and each man visits the house of his
highest ranking woman. The women lets the best man among
the visitors stay for the next round and asks all other men to
leave. Each man goes to the next woman on his list and the
process continues. We can clearly see that at each stage every
woman increases the rank of the visitor who stays, while every
man who leaves a woman’s house goes to a woman with a
lower ranking on his list. Therefore, every man can visit at
most N houses, so after at most N2 stages no man would
move. At this point the matching must be stable, since every
man was rejected by all women which are higher than his
current match. Since the women only improve the ranking of
their match, obviously the women he prefers over his match
would still prefer their match over that man.
We intend to use stable matching as a distributed solution to

the channel allocation problem described above. To obtain a
distributed implementation in the spectrum allocation problem
we would need to implement a rejection mechanism which
does not require information transfer to a central point or the
use of shared memory.
Note that in this case the preferences of the users and the

preferences of the channels are defined by the matrix U of
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user-channel utility. Hence, we obtain that in our case stability
is defined as follows:

Definition V.2. A spectral matching F : [N ]→[K] is stable
if for every n ∈ [N ] and k ∈ [K] satisfying F (n) �= k if
un,F (n) < un,k then there exists some user n′ ∈ [N ] such
that F (n′) = k and un′,k > un,k.

In the remainder of this section we examine some proper-
ties of stable matchings as candidates for channel allocation
strategies.

B. Uniqueness of the stable matching

We now prove uniqueness of stable matching in the context
of the cognitive radio spectral allocation problem. Assume as
usual K ≥ N .

Proposition V.1. Let U be an N by K matrix whose entries
are all different. If the preferences of all users and channels
are determined by the matrix U there is a unique stable
matching.

Proof: We prove the Proposition by induction on N ; the
basis N = 1 is trivial, since in this case the unique user
necessarily goes to his best channel. Fix N ≥ 2, and let un,k

be the maximal entry of the utility matrix U, and let U′ be
the matrix we get by deleting row n and column k of the
matrix U. If S is a stable matching for U clearly S(n) = k,
and in addition S \ {(n, k)} must be a stable matching for
U′. By induction there exists a unique stable matching S′ for
the smaller matrix U′, and from the above remarks we can
conclude that S := S′∪{(n, k)} is the unique stable matching
for U.
The proof is constructive and shows that the unique stable

matching is the result of the centralized greedy algorithm that
chooses the best user-channel pair each time, deletes the cor-
responding row and column, and continues recursively. This
provides a centralized O(N2 log N) complexity algorithm for
finding the unique stable matching.

Definition V.3. Given a utility matrix U whose entries are all
different, let SU be the unique stable matching determined by
U.

C. A lower bound on the achievable rate of the stable match-
ing

Since the stable matching is unique we can define the stable
utility to be the total utility of the stable matching. We now
compare the stable utility to the optimal utility; i.e. the total
utility of an optimal matching. The next proposition shows
that in the worst case the ratio is 2.
Before proving this formally we provide some intuition.

Let u be the largest element of the matrix U. Obviously it
belongs to the stable matching. Consider another matching.
If u is also a member of that matching then we can remove
this element and continue to work with the submatrix formed
by removing the row and column of u. Otherwise, there are
two elements in the other matching which belong to the row
and column of u respectively (remember that a matching is
basically a permutation). So 2u is larger than their sum. All

other elements belong to the submatrix obtained by deleting
the row and column of u. Continuing inductively provides the
basic idea of the proof given below.

Proposition V.2. Let U be an N by K matrix whose entries
are all different and non-negative, and let S = SU denote the
stable matching. Then for any matching F we have u(F ) ≤
2u(SU), where the function u(F ) is defined in (1).

Proof: Assume without loss of generality that the stable
matching is the identity; i.e. ∀n ∈ [N ] : SU(n) = n, and
define for every m ∈ [N ] vm := um,m. We can also assume
that ∀m < m′ : vm ≥ vm′ . Note that vm is the maximal entry
in the submatrix (un,k)n,k≥m (for any m ∈ [N ]).
Let F be any matching, and assume w1 > w2 > . . . > wN

are such that {wl | l ∈ [N ]} = {un,F (n) | n ∈ [N ]}. Now
fix some m ∈ [N ]. The entries of U which are outside the
submatrix (un,k)n,k≥m can be covered by (m − 1) rows and
(m−1) columns. Since each row and column contains at most
one of the wl, we can conclude from the maximality of vm

in (un,k)n,k≥m that it is smaller than at most 2(m−1) of the
utilities wl; hence vm ≥ w2m−1. It follows that

u(P ) = w1 + w2 + w3 + w4 + . . . + wN ≤
≤ v1 + v1 + v2 + v2 + . . . + v�N/2� ≤

≤ 2(
N∑

m=1

vm) = 2u(SU) (4)

as required.
The following example shows that the worst case can

actually occur.

Example V.3. Let N = K = 2M , and assume that for
some small positive numbers Δ and εn,k n, k = 1, ...2M
satisfying ∀n, k : εn,k < Δ/2M the utilities are given by

un,k =

⎧⎨
⎩

1 + Δ + εn,k : n, k ∈ {1, 2, . . . , M}
εn,k : n, k ∈ {M + 1, M + 2, . . . , 2M}
1 + εn,k : otherwise

Explicitly the matrix U is given by Eq. 5. Then the stable
matching SU satisfies 1 ≤ n ≤ M ⇔ 1 ≤ SU(n) ≤ M ;
hence its total utility is bounded as follows: u(SU) ∈ [M(1+
Δ), M(1+Δ)+Δ]. On the other hand any optimal matching
F will satisfy 1 ≤ n ≤ M ⇔ M+1 ≤ F (n) ≤ 2M ; hence the
optimal utility is in the interval [2M, 2M +Δ]. When Δ → 0
the ratio between the stable and optimal utilities approaches
2.

D. Expected rate of the stable matching allocation for
Rayleigh fading channels

We now show that, given the order statistics of the rate on an
individual channel, we can effectively compute the expected
rate of the stable matching. Assume for simplicity K = N .
For every 0 ≤ k ≤ N and 0 ≤ � ≤ N2 let Δk,� denote the
additional rate we expect to get after distributing the � largest
elements out of N2 into our matrix, and assuming that k of
these are known to end up in the stable matching. Note that
the probability that our next largest element in the matrix,
which is UN2−�:N2 , will be in the stable matching, is given
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U =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 + Δ + ε1,1 · · · 1 + Δ + ε1,M 1 + ε1,M+1 · · · 1 + ε1,2M

...
...

...
...

1 + Δ + εM,1 · · · 1 + Δ + εM,M 1 + εM,M+1 · · · 1 + εM,2M

1 + εM+1,1 · · · 1 + εM+1,M εM+1,M+1 · · · εM+1,2M

...
...

...
...

1 + ε2M,1 · · · 1 + ε2M,M ε2M,M+1 · · · ε2M,2M

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

(5)

by pk,� = (N−k)2

N2−� , and in particular does not depend on the
‘history’, i.e. which k of the largest � elements ended up in
the stable matching.
Hence the recursion on the top of the next page holds. Note

that Δ0,0 gives the exact value of the expected total rate of
the stable matching allocation.
By assuming Δk,d = 0 for some large enough d, and

computing Δk,� only for � < d, we can see that Δ0,0 gives
a lower bound on the expected rate of the stable matching.
In Figure 2 we used d = [N2/5], which seems to be a fairly
good lower bound: it is indeed unlikely that elements which
are not in the upper fifth (out of the N2 entries) will contribute
to the stable matching, and becomes highly unlikely for large
N .

VI. DISTRIBUTED IMPLEMENTATIONS OF THE STABLE

MATCHING RESOURCE ALLOCATION

The main advantage of the stable matching approach over
finding the optimal matching, in the context of ad-hoc net-
works, is that there are distributed algorithms which converge
to the stable matching. The well-known Gale-Shapley algo-
rithm is distributed by its very nature, but its convergence
time is bounded by O(N2), and simulations show that its
expected convergence time is O(N). However, we will show
that we can do much better, by exploiting the channel sensing
capabilities of the users.
To improve over the Gale-Shapley scheme we assume that

users are capable of monitoring all channels simultaneously.
This assumption is reasonable in light of recent advances
in signal processing hardware and the declining costs of
computation. By using a multi-channel opportunistic CSMA
with collision avoidance (MOX-CA) approach we can greatly
improve the convergence time. Surprisingly, when channel
qualities are different for all users we propose a channel access
scheme that converges to the stable allocation in a single
CSMA frame, i.e., the process can be done for every packet
independently!
We begin with a short description of the MOX-CA protocol.

This protocol is a natural multichannel extension of the
protocol of [32] which has been widely used for optimization
of sensor networks [33], [34]. In the opportunistic CSMA
all users choose the same back-off function which is a
monotonically decreasing function of their channel quality
measure. Hence at every time instance the user who gains
most from using the channel receives priority. Similar priority
mechanism has been adopted in the 802.11e standard, where
priority is given using different CSMA contention window
length and inter packet gaps. The MOX-CA requires the users

to simultaneously monitor all the channels and apply a back-
off function B(U) which is decreasing monotonically with the
channel quality. A user can access a channel once his back-off
time expired and no other user transmitted a busy tone over the
channel. Once a user receives a channel he stops monitoring
the other channels.

When applying the MOX-CA protocol using a back-off
function that is monotonically decreasing in the utility we
basically obtain a distributed implementation of the greedy
algorithm! The first back-off that expires belongs to the user
and channel pair which has the highest value in the utility
matrix U. That user transmits a busy tone over that channel
and stops monitoring other channels. This is equivalent to
deleting a row and a column from the matrixU. Therefore, by
the end of the CSMA contention window each user received
a channel according to the greedy scheme and the protocol
is guaranteed to converge to the stable matching in a single
multichannel CSMA frame! More formally this algorithm
converges to the stable matching in a single step: if un,k

is the maximal entry in U user n will access channel k,
since its back-off function for this channel is the smallest and
subsequently row n and column k will be effectively deleted
from the matrix, since the channel is occupied and the user
has an assigned channel. Therefore if un′,k′ is maximal in
the N − 1 by K − 1 sub-matrix that is left, the next attempt
will be user n′ accessing channel k′. By the monotonicity of
the back-off function, this happens after the previous channel
has been selected. This approach is totally different then the
approach proposed by Kwon [30], where the back-off sub-
channel counters count down when the channel is idle. Here,
the CSMA mechanism is used for capturing the channel with
no idle time on any sub channel.

We now demonstrate the instantaneous multi-channel op-
portunistic CSMA with collision avoidance (i-MOX) protocol.
In Table VI we present the utility matrix for 3 users and
3 channels (the back-off is given in parentheses). Then in
Figure 1 we provide the possible ping times that result from
this utility matrix. Finally in Table VI we show where each
user plans to ping at each point in time during the CSMA
frame (the actual pings are shown in bold).

The proposed algorithm works very well; however, channel
quality functions are typically quantized. This implies that
there is a positive probability that a collision will occur. To
alleviate this problem several options are possible. FirstFor
example, we can divide the back-off function of each channel
quality into multiple slots and use standard random access
techniques within a contention window allocated for each
channel quality. This is equivalent to the introduction of a
dither function on the discrete channel qualities. The larger the
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∀� : ΔN,� = 0

∀k < N : Δk,� = pk,�(E[UN2−�:N2] + Δk+1,�+1) + (1 − pk,�)Δk,�+1

TABLE II
INSTANTANEOUS MULTICHANNEL OPPORTUNISTIC CSMA (I-MOX)

i-MOX allocation
Initialization Fix some monotone decreasing function b;

For each user n set done(n) := 0;
For each channel k set free(k) := 1;

Main At every time t ∈ {b(un,k) | n, k} do:
For each user n s.t. done(n) = 0 do:

cand(n) = {k | b(un,k) = t & free(k)};
if cand(n) is not empty then:
choose some k0 ∈ cand(n);
channel(n) := k0;
done(n) := 1;
free(k0) := 0;

End

TABLE III
UTILITY MATRIX

U channel 1 channel 2 channel 3

user 1 40 (0.06) 80 (0.02) 20 (0.08)
user 2 30 (0.07) 90 (0.01) 70 (0.03)
user 3 60 (0.04) 10 (0.09) 50 (0.05)

number of time slots within a contention window, the lower
the probability of collision. In the next sections we analyze
the protocol together with an alternative simple collision
resolution mechanism.

A. Collision resolution

In practice the implementation of the above i-MOX pro-
tocol, as well as the other protocols discussed what follows,
involves quantized rates. The continuous rate functions are
replaced by quantized qualities taken from a discrete, finite
set. This is necessary, of course since in practice we have a
limited sensing capability, and our utility is typically limited
to a discrete set of rates dictated by modulation and coding
schemes. Note that since in the quantized case the matrix
entries are not all different, it is no longer true that there is a
unique stable matching. Moreover, different stable matchings
may have different total rates, as is easy to verify. However
Proposition V.2 still holds - the argument is almost the same,
although we can only assume that vm is some maximal entry
in the submatrix (un,k)n,k≥m.
In the quantized version we need to address the issue of

collision resolution. We propose the following simple protocol
to resolve collisions: each colliding user chooses a random
bit, and accordingly ‘stands firm’ or ‘backs off’. If exactly
one user stands firm the collision is resolved, and this user
is declared non-roaming while all other users are declared
roaming. If more than one user stands firm, all such users
continue to compete for the channel, while the other users
are declared roaming. Finally, if all users back off they all
continue to compete for the channel in the next time slot.

Fig. 1. i-MOX protocol at work (N=K=3)

TABLE IV
I-MOX PROTOCOL AT WORK

Time user 1 user 2 user 3

t=0 channel 2 channel 2 channel 1
t=0.01 channel 2 channel 2 channel 1
t=0.02 channel 1 channel 1
t=0.04 channel 1 channel 1
t=0.05 channel 3
t=0.08 channel 3

Assume that the probability to back off is 0.5, and for every
m ≥ 2 denote by L(m) the expected delay until the collision
of m users is resolved. We give bounds on L(m), deferring
the proofs to the Appendix.

Proposition VI.1. For every m we have

1 +
∑m

r=2

(
m
r

)
(−1)r(0.5r−0.5r)

(1−0.5r) ≤ L(m) ≤ 2(log m + 1).

A similar (although more complex) analysis is possible
when we define a long contention window and use additional
random back-offs within the contention window of a given
quality level. We make no further reference to this possibility
in this paper, since formulas are quite complicated and with
few slots in each contention window the expected convergence
time is less than 2.

B. Implementation of the stable matching allocation under
limited signal processing capabilities

When users have limited signal processing capabilities they
may be unable to switch instantaneously from one channel
to the next. Therefore, we could opt to perform the standard
Gale-Shapley scheme over multiple packet times. This pro-
vides a simple approach that alleviates the need to monitor
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TABLE V
STABLE MULTICHANNEL OPPORTUNISTIC CSMA PROTOCOL (S-MOX)

s-MOX allocation
Initialization For each user n set roam(n) := 1;

For each channel k set quality(k) := −1;
Main For t = 1 : T do:

For each user n s.t. roam(n) = 1 do:
cand(n) := {k | un,k > quality(k)};
if cand(n) is nonempty then:
choose some k0 ∈ cand(n);
channel(n) = k0;

For each channel k do:
Let U(k) := {n | channel(n) = k};
if U(k) is nonempty then:

n0 := argmax{un,k | n ∈ U(k)};
roam(n0) := 0; quality(k) := un0,k;
for every n ∈ U(k) \ {n0} let roam(n) := 1;

End

multiple channels with a very short response time. Each user
monitors the quality of all channels, and maintains a channel
quality list, which is sorted in decreasing order. This step is
equivalent to preparing the ranking of the women by each
men. Each user is declared to be roaming (this is equivalent
to a man not staying in a woman’s house). At the beginning
of each packet each roaming user chooses from his list the
channel where his own quality is best. He waits a back-off
time according to this quality and transmits a busy tone. If he
detects a busy tone, prior to the expiration of the back-off time
he removes this channel from his list, and waits until the next
packet period. If the channel was not captured by another user
he declares himself non-roaming and transmits on the channel
(this is equivalent to staying at a woman’s house). Each non-
roaming user uses the same back-off time he previously used.
If the channel is free he continues to transmit (this is equivalent
to the fact that no better man arrived at the house). Otherwise,
he declares himself roaming (equivalent to the fact that the
woman preferred a newcomer over him), deletes the frequency
from his list and waits for the next packet. The protocol is
presented in Table VI-B.
Again the distributed implementation of the protocol is

facilitated by an opportunistic CSMA frame preceding the
transmit frame - each user transmits on such a frame with
a delay which decreases monotonically with his rate on the
relevant channel.
The above protocol is guaranteed to converge to the stable

matching since it implements the classical Gale-Shapley al-
gorithm. In detail, the rate of each user becomes worse (or
does not change) during the process, whereas the rate on each
channel becomes better. Therefore, if we denote the matching
we get by S, and assume that user n prefers some channel
k over his channel S(n), then necessarily k was a candidate
of n at some stage, hence at present k has a user allocated
to it which is better than n, as required for stability. We
show below (Corollary VI.3) that the time until the protocol
converges is bounded by N . Simulations suggest that the
complexity is actually bounded by O(log(N)), improving the
O(N) expected complexity of the Gale-Shapley algorithm
- see Section VI-E. In Tables VI-B and VI-B we show an
example of the above algorithm at work. Table VI-B gives the
utility matrix, and in Table VI-B we list which users transmit

TABLE VI
UTILITY MATRIX

U ch-1 ch-2 ch-3 ch-4 ch-5

user-1 40 5 11 22 13
user-2 35 30 14 25 27
user-3 12 28 21 4 19
user-4 36 10 15 17 9
user-5 1 7 6 8 3

TABLE VII
S-MOX ALGORITHM AT WORK

Time ch-1 ch-2 ch-3 ch-4 ch-5

t=1 1,2,4 3 - 5 -
t=2 1 2,3 - 4,5 -
t=3 1 2 3,5 4 -
t=4 1 2 3 4 5

on the various channels as the algorithm converges to the
stable matching.
1) Convergence time of the s-MOX allocation protocol:

Next we show that the convergence time of the s-MOX pro-
tocol is bounded by N . Note that in general the convergence
time does not depend on the distribution of the channel rates,
since the protocol will work identically on two N by K
matrices which have the same relative order among their
entries.

Proposition VI.2. Let U be an N by K matrix whose entries
are all different and non-negative, and let S = SU denote
the stable matching. Then after the s-MOX has run for t time
slots the number of users n that are already transmitting on
S(n) is at least t.

Proof: Assume without loss that for every n ∈ [N ] we
have S(n) = n, and that ∀n < m : un,n > um,m. We prove
below that at time t every user n satisfying 1 ≤ n ≤ t
transmits on S(n), and the proposition clearly follows. The
proof is by induction on t.
Fix t ≥ 1 and assume by induction that, at time t− 1, user

n transmits on S(n) for every 1 ≤ n ≤ t − 1 (note that the
assumption is vacuous when t = 1). For every 1 ≤ k ≤ t − 1
user t will not consider channel k, since he does not offer
an improvement over user k (who is already transmitting on
channel k, by the induction hypothesis). Hence only channels
k satisfying t ≤ k ≤ K may be candidates, and channel t is
the best for user t out of these channels, since ut,t is maximal
in (un,k)n,k≥t. Therefore user t indeed attempts to transmit
on channel t at time t, as required for the induction step.

Corollary VI.3. The delay until the s-MOX protocol con-
verges to the stable matching is bounded by N .

C. Polite allocation

We now propose another distributed MOX allocation
scheme, which we call ‘polite’ allocation. This scheme has the
advantage that its expected convergence time can be shown to
be O(log(N)), while simulations show that its expected total
rate is very similar to the expected total rate of the stable
matching.
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TABLE VIII
POLITE MOX ALLOCATION (P-MOX)

p-MOX allocation
Initialization For each user n set roam(n) := 1;

For each channel k set free(k) = 1;
Main For t = 1 : T do:

For each user n s.t. roam(n) = 1 do:
cand(n) := {k | free(k) = 1};
if cand(n) is nonempty then:
choose some k0 ∈ cand(n);
channel(n) = k0;

For each channel k do:
Let U(k) := {n | channel(n) = k};
if U(k) is nonempty then:

free(k) := 0;
n0 := argmax{un,k | n ∈ U(k)};
roam(n0) := 0;

End

The protocol is presented in Table VI-C. Note that each user
becomes non-roaming exactly once, since politeness dictates
that a busy channel will never be approached by another user.
An important practical advantage of the above scheme is

that it assumes fewer signal processing abilities than the s-
MOX protocol. This is because each user needs to follow only
one channel (the one he plans to ping) as an opportunistic
CSMA channel, i.e. to know exactly when other users pinged
it. On all other channels the user only monitors activity.
Simulations show that for Rayleigh fading channels the

expected rate of this new scheme is very close to the stable
matching rate (the difference is less than 0.5%). The main
drawback of polite allocation is that its worst case ratio to the
optimal rate is O(1/N), and in particular is not bounded away
from zero. In table VI-C1 we see that the optimal rate is 402,
whereas the rate of polite allocation is 108, hence the ratio is
approximately 2/N .
The main advantage of the polite scheme is that we can

prove a bound of O(log N) on the time lag until all users
are transmitting. However simulations suggest that the above
bound on convergence time is also valid for the s-MOX
protocol.
1) Convergence time of p-MOX allocation: In this sub-

section we show that the expected time required for the
polite allocation scheme to stabilize is O(log N). We assume
K = N , but the argument can be extended to the general case.
Denote the expected delay until the system stabilizes by

TN .

Proposition VI.4. There is some constant C s.t. for every N
we have

TN ≤ C log(N + 1) (6)

Proof:
The proposition is proved by induction on N ; the case N =

0 is trivial (since T0 = 0).
For every 0 ≤ i ≤ N let qN (i) denote the probability that,

at time t = 1, exactly i of the channels become busy. Note that
i also equals the number of users that stabilize (i.e. become
non-roaming). Then we have

TN = 1 +
N∑

i=0

qN (i)TN−i (7)

TABLE IX
UTILITY MATRIX

U ch-1 ch-2 ch-3 ch-4 ch-5 ch-6 ch-7

user-1 102 0 0 0 0 0 0
user-2 101 100 1 0 0 0 0
user-3 0 1 0 0 0 0 0
user-4 101 0 0 100 1 0 0
user-5 0 0 0 1 0 0 0
user-6 101 0 0 0 0 100 1
user-7 0 0 0 0 0 1 0

Let q0 := qN (0). By the induction hypothesis we obtain

TN =
1

1 − q0
+

N∑
i=1

qN (i)
1 − q0

TN−i ≤

≤ 1
1 − q0

+
N∑

i=1

qN (i)
1 − q0

C log(N − i + 1) (8)

By concavity of the function C log(x) and since∑N
i=1

qN (i)
1−q0

= 1 we get

TN ≤ 1
1 − q0

+ C ln
[ N∑

i=1

qN (i)
1 − q0

(N − i + 1)
]

(9)

Now let î denote the expected number of channels that
become busy at time t = 1. Then by using symmetry between
the N channels we obtain

N∑
i=0

i · qN (i) = î = N · Prob(channel 1 becomes busy) =

= N · (1 − (
N − 1

N
)N

)
> N(1 − e−1) (10)

From (10) we can conclude that
∑N

i=1
qN (i)
1−q0

(N − i + 1) =

N + 1 − 1
1−q0

∑N
i=0 i · qN (i) < N + 1 − N(1−e−1)

1−q0
, and in

particular N + 1 − N(1−e−1)
1−q0

is positive. Therefore (9) gives
us

TN ≤ 1
1 − q0

+ C ln
(
N + 1 − N(1 − e−1)

1 − q0

)
(11)

In order to show TN ≤ C ln(N + 1) it suffices to show

1
1 − q0

≤ C ln(N + 1) − C ln
(
N + 1 − N(1 − e−1)

1 − q0

)
=

= −C ln
(
1 − N(1 − e−1)

(1 − q0)(N + 1)
)

(12)

Since − ln(1 − x) ≥ x it suffices to show 1
1−q0

≤
C N(1−e−1)

(1−q0)(N+1) , and this indeed holds for all N ≥ 1 for the
constant C = 2

1−e−1 .
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Fig. 2. Relative gain of allocation schemes for Rayleigh fading channels

D. Summary of protocols

We compared the different protocols in Table VI-D. In all
cases we refer to the continuous version of the protocol, i.e.
where we have continuous rates, and not to the quantized
version. Note that simulations suggest that the s-MOX and p-
MOX protocols have similar expected rates and convergence
times, however there are differences in their analysis: first, the
ratio of the s-MOX rate to the optimal rate is proved to be
bounded above 0.5 in the worst case, while for the p-MOX
protocol there is no such bound; and second, the expected
convergence time of the p-MOX protocol is proved to be
O(log(N)), while for the s-MOX protocol we can only prove
that the worst case is N .

E. Simulations

We now turn to test the proposed protocols in simulations.
We begin by comparing the stable matching performance
against random allocation and against the optimal allocation.
We show that on i.i.d Rayleigh fading channels the rate
achieved by the stable matching is about 97% of the optimal
rate. Then we study convergence times of the various protocols
and performance under quantization and the proposed collision
resolution mechanism. Finally, we study the rate of the stable
matching s-MOX protocol during the convergence phase. We
can see that quite quickly, even with coarse quantization of
the utility, we achieve rate very close to the stable rate.
1) Expected rate of stable matching compared to optimal

and random allocations: We begin in Figure 2 by comparing
the stable matching rate with the optimal rate on the one hand,
and with the rate of polite allocation on the other. Instead of
rates we present the ratio to the rate of a random allocation.
We also show the upper and lower bounds. The stable rate
is at least 96% of the optimal rate for all values of N . The
difference between the polite rate and the stable rate is at most
0.5% for all values of N .
We now show in Figure 3 the expected gain of the stable

matching allocation (continuous version) over a random allo-
cation, up to N = 10000 users. Note that for higher values of

Fig. 3. Relative gain of stable matching for Rayleigh fading channels

∞

Fig. 4. Effect of quantization on s-MOX protocol, SNR=0dB Rayleigh
channels

SNR the gain of the stable matching allocation (compared to
a random allocation) is lower.
We now show graphs that depict how the gain of the stable

rate over the random rate increases with N for various values
of Q, including the continuous version (denoted by Q = ∞).
In all our simulations of the quantized versions of the protocols
we assume that the distribution of the channel quality is
uniform on the set of Q quality levels. Note that when the
SNR is low (Figure 4) and N is relatively small, the log N
bound seems to be tight, whereas for the higher SNR values
(Figure 5) the log log N bound becomes apparent.
Next in Figure 6 we compare the expected rate of the

stable matching allocation with the expected optimal rate for
N = 200 users. The difference between the two rates is still
bounded by 4% for the higher SNR values.
2) Convergence time of the protocols: First we compare the

expected convergence time of the i-MOX, s-MOX and p-MOX
protocols, for Q = 60, 4 (Figures 7 and 8). In Figure 7 note
that the i-MOX convergence time is close to 1 for N < 10,
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TABLE X
COMPARING PROTOCOLS

protocol type ratio to optimal rate convergence time (slots)

Hungarian centralized 1 O(N3)
i-MOX distributed ≥ 0.5, ∼ 0.97 by simulation 1
s-MOX distributed ≥ 0.5, ∼ 0.97 by simulation ≤ N , O(log N) by simulation
p-MOX distributed ∼ 0.96 by simulation O(log N)

∞

Fig. 5. Effect of quantization on s-MOX protocol, SNR=20dB Rayleigh
channels

Fig. 6. Stable vs. Optimal rates for N=200 Rayleigh fading channels

since for such values 60 quality levels give practically the
continuous version, whereas for N ≥ 10 the i-MOX becomes
parallel to the other graphs, as in Figure 8.

3) Convergence to stable rate: Finally we show in Fig-
ure 9 how the rate converges to the stable rate during the
stabilization period. Note that the rate becomes considerably
better than the random rate very quickly, e.g. it attains 0.9 of
its stable value after only 5 slots, whereas actual stabilization
occurs after 12 slots.
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VII. CONCLUSIONS

In this paper we have studied the use of stable spectral
allocations as a means to allocate spectrum to users. We
have performed analytical study providing lower and upper
bounds both on the optimal centralized allocation and on the
stable allocation. We showed that the stable allocation achieves
always at least 50% of the total rate of the optimal allocation.
Furthermore, we provided an analytic lower bound on the
expected total rate in the case of i.i.d Rayleigh fading channels,
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and showed through computation that in the fading case about
97% of the optimal rate is achieved by the stable matching,
due to proper exploitation of the spatio-spectral diversity. To
implement the stable allocation a fully distributed algorithm
(s-MOX and p-MOX) operating on a single packet basis was
proposed (i-MOX). Then we provided two simplified versions
with lower signal processing requirements with ensured rate
and time of collision resolution. We analyzed analytically the
collision resolution time for the proposed multichannel CSMA
algorithm using exponential generating functions. The various
algorithms were studied under non-ideal conditions, such as fi-
nite utility quantization and collision resolution. The proposed
approach is fully distributed and provides good medium access
control supporting the fully distributed spectrum allocation
required by cognitive radio networks.

APPENDIX A
COMPUTING THE UPPER BOUND ON COLLISION

RESOLUTION TIME

Assume that the probability to back off is 0.5, and for every
m ≥ 2 denote the expected time lag until the collision of m
users is resolved by L(m). We prove below that L(m) ≤
2(log m+1). We begin by showing that the collision problem
is reduced by at least a factor of 2 with high probability.

Lemma A.1. If m is even the probability p that at most m/2
users will survive after one step is ≥ 0.5.

Proof: We have

p=
m/2∑
i=1

(
m
i

)
2−m=

(
2m−1 +

1
2

(
m
m/2

)
− 1

)
2−m ≥ 0.5.

Below we also use the monotonicity of L(m), which is easy
to prove by induction on m.

Lemma A.2. We have ∀m ≤ m′ : L(m) ≤ L(m′).

Proposition A.3. When m = 2k we have L(m) = L(2k) ≤
2k.

Proof: We prove by induction on k ≥ 0, the basis being
trivial (since L(1) = 0). Fix k ≥ 1, letM = 2k, and denote by
p the probability that at most M/2 = 2k−1 users will survive
after one step . Then by Lemma A.2 we get L(M) = L(2k) ≤
1 + (1 − p)L(2k) + pL(2k−1), and by Lemma A.1 we get

L(2k) ≤ 1 + 0.5L(2k) + 0.5L(2k−1).

Therefore we get, using the induction hypothesis, that L(2k) ≤
2 + L(2k−1) ≤ 2 + 2(k − 1) = 2k, as required.

Corollary A.4. For every m we have L(m) ≤ 2(log m + 1).

Proof: Let k = log m�, so m ≤ 2k. By Lemma A.2 and
Proposition A.3 we get L(m) ≤ L(2k) ≤ 2k = 2 log m� ≤
2(log m + 1).
The above arguments can be generalized to any back-off

probability.

Fig. 9. Convergence to stable rate, N=200, Q=4

APPENDIX B
COMPUTING THE LOWER BOUND ON COLLISION

RESOLUTION TIME

A lower bound on the expected resolution time when the
back-off probability is p will be derived using the analysis
of the modified binary tree-protocol. Assume that a Collision
Resolution Interval (CRI) starts with a collision of m ≥ 2
players at time t and i players retransmit on time slot t + 1;
the conditional length of the CRI is given by

Lm|i =
{ 1 + Li 1 ≤ i ≤ m

1 + Lm i = 0 . (13)

The probability that exactly i of the m colliding users flip
0 is p (and hence transmit in next slot) is

Qi (m) =
(

m
i

)
pi(1 − p)m−i, 0 ≤ u ≤ m. (14)

The average length of CRI can be written as a recursive
equation

E(Lm) = 1 +
m∑

i=1

Qi(m)E (Li) + Q0(m)E (Lm)

=

1 +
m−1∑
i=1

Qi(m)E (Li)

1 − Q0(m) − Qm(m)
(15)

with the initial condition E(L0) = E(L1) = 1. Using the
original equation we obtain

E(Lm) > 1 +
m∑

i=1

Qi(m)E (Li)

=

1 +
m−1∑
i=1

Qi(m)E (Li)

1 − Qm(m)
�
= E(LB

m)

(16)
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Thus, we get lower bounds E(Lm) ≥ E(LB
m). Define the

sequence, E(LB
m), as

E(LB
m) = 1 +

m∑
i=1

Qi(m)E
(
LB

i

)
. (17)

By induction one can easily show that for all m, E(LB
m) ≤

E(Lm). Multiplying the equation by zm

m! and summing both
sides for m > 1 we obtain Eqns. 18 and 19. Multiplying
both side by e−z, and denoting by B(z) = LB(z)e−z =∑∞

k=0 bkzk we get

LB(z)e−z − LB(pz)e−pz = 1 − e−zpz − e−pz

B(z) − B(pz) = 1 − pze−z − e−pz (20)

or in time domain

bk(1 − pk) = (−1)k(kp−pk)
k! , k ≥ 2

bk = (−1)k(kp−pk)
k!(1−pk)

, k ≥ 1, b0 = 1, b1 = 0.
(21)

It can be easily shown that

E(LB
m)

m!
=

m∑
k=0

bk

(m − k)!
. (22)

Therefore

E(LB
m) = 1 +

m∑
r=2

(
m
r

)
(−1)r(rp − pr)

(1 − pr)
. (23)
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