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Abstract—Least squares (LS) fitting is one of the most funda-
mental techniques in science and engineering. It is used to estimate
parameters from multiple noisy observations. In many problems
the parameters are known a priori to be bounded integer valued,
or they come from a finite set of values on an arbitrary finite lat-
tice. Integer least squares is also an important problem in multi-
channel communication systems andGPS applications. In this case
finding the closest vector becomes NP-hard problem. In this paper,
we propose two novel algorithms, the Tomographic Least Squares
Decoder (TLSD), that not only solves the ILS problem, better than
other sub-optimal techniques, but can also provide the a posteriori
probability distribution for each element in the solution vector and
a belief propagation version termed two-dimensional belief propa-
gation (2DBP). Both algorithms are based on reconstruction of the
vector frommultiple two-dimensional projections. The projections
are carefully chosen to provide low computational complexity. We
show that the projections are equivalent to the two-dimensional
marginals of the soft zero forcing linear decoder. We also provide
simulated experiments comparing the algorithm to other sub-op-
timal algorithms. We end with a discussion of possible extensions
to coded systems and combinations with sphere decoding.

Index Terms—Approximate maximum likelihood, Bayesian
decoding, integer least squares, multi-input-multi-output (MIMO)
communication systems, MIMO-orthogonal frequency-division
multiplexing (OFDM) systems, sparse linear equations, subset
sum problems.

I. INTRODUCTION

T HE problem of finding least squares fit to data is a well
known problem, with applications in almost every field

of science. When there are no restrictions on the variables the
problem has a closed form solution [1]. In many cases, a priori
knowledge of the value of the variables is known. One example
is the existence of priors, which leads to Bayesian estimators.
Another example that is of great interest in many applications
is when the variables are either constrained to be integers or
constrained to a discrete finite set. This problem has many di-
verse applications such as decoding of multi-input-multi-output
(MIMO) digital communication systems, GPS system ambi-
guity resolution [2], radar interferometry [3], and many lattice
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problems in computer science, such as finding the closest
vector in a lattice to a given point in [4], and vector subset
sum problems which have applications to cryptography [5].
In contrast to the unconstrained least squares problem, this
problem is known to be NP hard [6]. Since the problem is
computationally hard, many suboptimal solutions have been
proposed over the years. These solutions, range from simple
linear inversion known as zero-forcing (ZF), combinations of
linear reduction and sequential decoding [7], to clever search
techniques over the tree of possible solutions, known as sphere
decoding [8], [9]. The earlier solutions suffer from significant
loss due to noise amplification and work poorly on ill-con-
ditioned matrices, while the latter have exponential average
complexity [10]. A good overview of sphere decoding and
lattice reduction techniques can be found in [4]. The sphere
decoder has also reduced complexity versions such as the
partial marginalization of Larsson and Jalden [11]. Another
important family is the semidefinite relaxation based decoders
[12]–[14]. These decoders are based on a simple relaxation
of the likelihood function, where the quadratic function is
linearized under a rank-one constraint, which is then relaxed.
The complexity of the semi-definite decoders is polynomial;
however, the degree is relatively high, and the solution is quite
complex. Low-complexity detectors based tree search and list
detection have been proposed in [15]–[20].
In this paper, we propose an iterative technique, which we

dub the Tomographic Least Squares Decoder (TLSD), and the
Two-dimensional Belief Propagation (2DBP) which can be used
to provide good suboptimal solutions to the general integer least
squares problem. To that end, we divide the problem into a
large set of partially overlapping sub-problems using projec-
tions on many two dimensional subspaces, where each sub-
problem can be solved optimally. We use all projections onto
low-dimensional subspaces that eliminate interference from all
but two columns of the channel matrix. Each of the solvers of
the sub-problems provides information to the other solvers. The
process is iterated until we converge to an a posteriori proba-
bility distribution for each of the variables. The solution is then
obtained by assigning to each of the variables the symbol that
maximizes its a posteriori probability. The solution also allows
us to provide a posteriori probability distributions to each bit
of each variable, something desirable in coded communication
systems. Such probabilities are hard to evaluate using sphere
decoding types of solutions. The major advantage of our ap-
proach over that of [21] is that we alleviate the requirement for
a banded channel matrix. Furthermore, in contrast to loopy be-
lief propagation, our algorithm has ensured convergence, since
we show that it can be interpreted as an instance of the EM Al-
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gorithm operating on a specific likelihood function. We demon-
strate the performance of the proposed method through simu-
lations, where we compare it to several sub-optimal solutions
as well as the maximum likelihood solution (when the alphabet
size is 2 or 4). A preliminary version of this paper appeared in
[22].
The paper proceeds as follows. In Section II, we provide

a formal definition of the integer least squares problem and
review previous algorithms. In Section III, we discuss graphical
model approaches that solve the ILS problem. In Section IV,
we present the two-dimensional projections approximation
and apply the BP algorithm to the approximated model. In
Section V, we present the TLSD decoder as a special case of
the EM algorithm and therefore show that it always converges.
Experimental results are shown and discussed in Section VI.

II. PROBLEM FORMULATION

We consider a MIMO communication system with transmit
antennas and receive antennas. Denote the MIMO channel
matrix by . The entry of is the tap gain from transmit
antenna to receive antenna . In each use of theMIMO channel
a vector is independently selected from a
finite set of complex numbers according to the data to be
transmitted, so that . We further assume that in each
use of the MIMO channel, is uniformly sampled from .
The received vector is given by

(1)

Here, noise is modeled by the random vector which is inde-
pendent of and whose components are assumed to be indepen-
dent and identically distributed (i.i.d.) according to a complex
Gaussian distribution with zero mean and a known variance .
The matrix comprises i.i.d. elements drawn from a
complex normal distribution of unit variance. TheMIMO detec-
tion problem consists of finding the unknown transmitted vector
given and . The task, therefore, boils down to solving a

linear system in which the unknowns are constrained to a dis-
crete finite set. The well known maximum-likelihood (ML) es-
timator in this case is given by

(2)

Although the maximum-likelihood estimator has very good per-
formance, its complexity grows exponentially with . Similarly,
when the noise covariance is a general known matrix we can
whiten the noise and the ML estimator becomes

(3)

Pre-multiplying the measurement vector by where
is the Choleski decomposition of , yields problem (2)

again. Note that in the case where the linear system is com-
plex-valued we can use a standard method to translate it into
an equivalent double-size real-valued representation that is ob-
tained by considering the real and imaginary parts separately:

(4)

Hence, we assume hereafter that has real values without any
loss of generality.
A second related problem is the Bayesian version, where

given an a priori distribution on the components of the solu-
tion, we would like to find the a posteriori distribution of the
vectors, given the measurement vector . This problem appears
naturally in the decoding of coded multiple antenna systems,
where a first step channel decoding amounts to computing a
posteriori probabilities and the log-likelihood ratio for each
transmitted bit.
Problem (2) can also be viewed as the closest vector problem

[4]; denote the columns of the matrix by , and find
such that is closest to the vector .

The optimal maximum-likelihood decoding has exponential
computational complexity which makes it unfeasible when ei-
ther the number of variables or the finite alphabet size are large.
In fact, for a general , the problem is known to be exponen-
tially complex both in the worst case sense [23] as well as in
the average sense [24]. There are many suboptimal solutions to
the problem [4]. Many of these are based on sphere decoding
by pruning the tree of possible coefficients. This solution has
complexity that is exponential in [10] and therefore hard to
implement for large problems, especially, if the alphabet size is
large, (as is typical MIMO systems where constellation size of
64 is common). Moreover, these solutions while providing the
closest point do not easily provide likelihood ratios per symbol
or per bit a posteriori probabilities. Reduced complexity solu-
tions include among other semidefinite relaxation [12], [13] and
lattice reduction based techniques [25]. Since these algorithms
find the closest point in the lattice by relaxed optimization, it
is harder to compute a posteriori probabilities per symbol or
per bit, which is required, when forward error correction is used
(e.g., in communication applications), however see [26] for a
soft decoding using sphere decoder.
A simple sub-optimal solution, known as the zero-forcing al-

gorithm, is based on a linear decision that ignores the finite-set
constraint

(5)

and then, neglecting the correlation between the symbols, finds
the closest point in for each symbol independently

(6)

This scheme performs poorly due to its inability to handle ill-
conditioned realizations of the matrix (if then
is even singular). Somewhat better performance can be obtained
by using a minimum mean square error (MMSE) Bayesian es-
timation for the continuous linear system. Let be the mean
symbol energy. We can partially incorporate the information
that by using the prior Gaussian distribution

. The MMSE estimation becomes

(7)

and then the finite-set solution is obtained by finding the
closest lattice point in each component independently. A vast
improvement over the linear approaches described above
can be achieved by the MMSE with Successive Interference
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Cancelation (MMSE-SIC) algorithm that is based on sequen-
tial decoding with optimal ordering [27]. These linear type
algorithms can also easily provide probabilistic (soft-decision)
estimates for each symbol. However, there is still a significant
gap between the detection performance of the MMSE-SIC
algorithm and the performance of the ML detector.
Many alternative methods have been proposed to approach

ML detection performance. The sphere decoding (SD) algo-
rithm finds the exact ML solution by searching for the nearest
lattice point [28]–[31]. Although SD reduces computational
complexity compared to the exhaustive search of the ML
solution, sphere decoding is not feasible for high-order QAM
constellations. While SD has been empirically found to be
computationally very fast for small to moderate problem sizes
(say, for for 16-QAM), the sphere decoding complexity
would be prohibitive for large , higher order QAM and/or
low SNRs [32]. Thus, there is still a need for low complexity
detection algorithms that can achieve near optimal performance
and can compute a posteriori probabilities per symbol or per
bit.
The projection receiver in [33]–[36] is related to the orthog-

onal projections approach suggested in our work. The geomet-
rical interpretation of the zero-forcing detector has also been
specifically addressed in [37]. Finally, the Probabilistic Data As-
sociation (PDA) [38], [39] is an iterative algorithm, based on
the one-dimensional marginal distributions of the various vari-
ables. The approach in this paper is related to the PDA since it
also uses marginalization of the variables. However, we propose
to use two-dimensional marginal distributions. This better cap-
tures the relationship between the variables and provides much
better performance. Latsoudas and Sidiropoulos [40] proposed
combining the PDA with sphere decoding, by using the a pos-
teriori probabilities provided by the PDA to initialize a sphere
decoder. The same technique applies in our case as discussed in
the concluding remarks.

III. THE LOOPY BELIEF PROPAGATION APPROACH

Given the constrained linear system , and a uni-
form prior distribution on over a finite set of points , the
posterior probability function of the discrete random vector
given is

(8)

The notation stands for equality up to a normalization con-
stant. Observing that is a quadratic expression, it can
be easily verified that can be factorized into a product
of two- and single-variable potentials

(9)

such that

(10)

Fig. 1. MRF undirected graphical model corresponds to the MIMO detection
problem with .

where is the th column of the matrix . Since the obtained
factors are simply a function of pairs of random variables, we
obtain a Markov Random Field (MRF) representation [41]. In
the MIMO application the (known) matrix is randomly se-
lected and therefore, the MRF graph is usually a completely
connected graph. (see an MRF graph illustration in Fig. 1).
The Belief Propagation (BP) algorithm aims to solve infer-

ence problems by propagating information throughout thisMRF
via a series of messages sent between neighboring nodes (see
[42] for an excellent tutorial on BP). In the sum-product variant
of the BP algorithm applied to the MRF (9), the message from
to is

(11)

In each iteration messages are passed along all the graph edges
in both edge directions. In every iteration, an estimate of the
posterior marginal distribution (“belief”) for each variable can
be computed by multiplying together all of the incoming mes-
sages from all the other nodes

(12)

A variant of the sum-product algorithm is the max-product
algorithm in which the summation in (11) is replaced by a
maximization over all the symbols in . In a loop-free MRF
graph the sum-product algorithm always converges to the
exact marginal probabilities (which corresponds in the case
of MIMO detection to a soft decision probability of each
symbol ). In a loop-free MRF graph the max-product
variant of the BP algorithm always converges to the most likely
configuration [43] (which corresponds to ML decoding in our
case). For loop-free graphs, BP is essentially a distributed
variant of dynamic programming. The BP message update
equations only involve passing messages between neighboring
nodes. Computationally, it is thus straightforward to apply
the same local message updates in graphs with cycles. In
most such models, however, this loopy BP algorithm will not
compute exact marginal distributions; hence, there is almost
no theoretical justification for applying the BP algorithm (one
exception is that, for Gaussian graphs, if BP converges, then
the means are correct [44]). However, the BP algorithm applied
to loopy graphs has been found to have outstanding empirical
success in many applications, e.g., decoding LDPC codes [45]
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Fig. 2. Decoding results for 8 8 BPSK real valued system, .

and multiuser detection of sparsely spread CDMA [46] where
the channel matrix is sparse. The performance of BP in this
application may be attributed to the sparsity of the graphs.
The cycles in the graph are long, hence the graph has tree-like
properties, so that messages are approximately independent and
inference may be performed as though the graph was loop-free.
The BP algorithm has also been used successfully in image
processing and computer vision (e.g., [47]) where the image
is represented by a grid-structured MRF that is based on local
connections between neighboring nodes.
However, when the graph is not sparse, and is not based on

local grid connections, loopy BP almost always fails to con-
verge. Unlike the sparse graphs of LDPC codes, or grid graphs
in computer vision applications, the MRF graphs of MIMO
channels are completely connected graphs and therefore the
associated detection performance is poor. This has prevented
the BP from being an asset for the MIMO problem. Fig. 2
shows an example of a BPSK MIMO system based on an 8 8
matrix and (see Section IV for a detailed descrip-
tion of the simulation setup). As can be seen in Fig. 2, the BP
decoder based on the MRF representation (9) has very poor
results. Standard techniques to stabilize the BP iterations such
as damping the message updates [48] do not help here. Even
applying more advanced versions of BP (e.g., Generalized BP
and Expectation Propagation [49]) to inference problems on
complete MRF graphs yields poor results. The problem here
is not in the optimization method but in the cost function that
needs to be modified to yield a good approximate solution (see,
e.g., [50]–[53]). In those methods the channel matrix is first
converted into a bi-diagonal [51], a poly-diagonal [50] or a tree
graph [53] forms and, utilizing the effective channel structure,
a BP algorithm (which is in these cases simply the Viterbi or
the forward–backward algorithms), is used for detection. These
approaches are similar to ours in the sense that in both cases
the true channel matrix is replaced by an approximated model
that is more suitable for applying BP. The difference is in the
approximation that is used. In the other approaches the channel
is approximating by a subset of 2-D projections that forms

Fig. 3. MRF grid model corresponds to 5 5 2-D intersymbol interference
(ISI) channels.

a Markovian process while in our approach we construct an
approximation using all the 2-D projections. The MRF in our
approach still contains loops but the graphical model is sparse
which makes the model suitable for a successful application of
the (loopy) belief propagation algorithm.
Shental et al. [21] analyzed the case where the matrix is

relatively sparse (and has a grid structure) (see Fig. 3). They
showed that even under this restricted assumption the BP still
does not perform well. As an alternative method they proposed
the generalized belief propagation (GBP) algorithm that does
work well on the sparse matrix if the algorithm regions are care-
fully chosen. There are situations where the sparsity assump-
tion makes sense (e.g., 2-D intersymbol interference (ISI) chan-
nels). However, in the MIMO channel model we assume that
the channel matrix elements are i.i.d. and Gaussian; hence we
cannot assume that the channel matrix is sparse.
In recent years there have also been several attempts to

apply BP for densely connected Gaussian graphs. For example
consider the MIMO detection problem (8) without the finite-set
constraint on the unknown variable (see, e.g., [54]). The
Gaussian MRF model, however, is much easier. In this case
the complexity of finding the exact solution is a low-degree
polynomial. The BP algorithm can be utilized just to further
reduce the complexity. Low-complexity detectors for joint
iterative detection and decoding based on factor-graph and
message-passing interpretations are detailed in [55], [56].
We note that so far we have assumed a uniform distribution

over the transmitted vector . In the case there is a soft input in-
formation it can easily be added to the graphical representations
described above as a product of a single variable potential:

To simplify presentation the soft-input information is omitted
below.

IV. TOMOGRAPHIC DECODING OF CONSTRAINED
LINEAR SYSTEMS

In this section, we present a novel polynomial time algorithm
for solving the bounded integer least squares problem. The al-
gorithm outperforms other reduced complexity algorithms with
lower complexity. The algorithm has two important steps. The
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first step is translating the problem into a set of two-dimen-
sional problems. The second step is comprised of solving the
two-dimensional problems iteratively by using data received
from other two-dimensional problems. This is very similar to
tomographic imaging, where an object is reconstructed from its
projections on lower-dimensional subspaces. Hence, we dub it
the Tomographic Least Squares Decoder (TLSD). The differ-
ence is that our object is discrete, and the data that are shared
among the projections consist of probability distributions.
Our approach is based on an approximation of the probability

function

(13)

which enables a meaningful MRF representation and a suc-
cessful implementation of the Belief Propagation paradigm. It
can be easily verified that

(14)

where is the least-squares estimator (5)
and is its variance. Ignoring the finite-set
constraint on we obtain a Gaussian distribution

(15)

Now, instead of marginalizing the true distribution we
can approximate it by computing the Gaussian marginal of the
multivariate Gaussian density

(16)

and hence, for each , where

is the marginal Gaussian distribution of and it the
entry of the matrix . From the approximation (16) we can

extract soft decision results

(17)

Taking the most likely symbol we obtain the ZF approximate
solution (6) .
Motivated by the 1-D marginalization (16), we suggest the

following 2-D marginalization:

(18)

Fig. 4. MIMO detection results for a 8 8 system, .

such that is the 2-D marginal Gaussian distribution
of , i.e., is

(19)

and is the 2 2 sub-matrix of the covariance matrix
.

Our approximation approach is, therefore, based on re-
placing the true distribution (14) with the following
approximation:

(20)

A natural question is how good this approximation is. Fig. 4
shows that applying ML decoding based on the proposed ap-
proximation (20) yields results that are significantly better than
the MMSE-SIC algorithm. The probability function is
factorized in a straightforward way into the two-variable factors

. Note that unlike the MRF factorization of the true
distribution (9) which is derived from linear-algebra manipula-
tions, the factors of have a concrete probabilistic in-
terpretation. The factor can be viewed as a soft-de-
cision distribution of all the possible values of and .
Computing theML solution of the approximated model is, how-
ever, still NP hard. Alternatively, we can apply the BP algorithm
on the MRF (20). The message from to is

(21)

We show next that the BP algorithm can be effectively uti-
lized for this approximated model although the MRF represen-
tation of (20) still induces a fully connected graph. We
show that the MRF can be viewed as a representation
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of a very sparse linear system. Therefore, applying BP algorithm
on the MRF (20) is equivalent to utilizing BP on a factor graph
model associated with a very sparse linear system.

V. GEOMETRICAL SPARSE SYSTEM INTERPRETATION

Let be the columns of and for each
let be the matrix obtained from by

removing both th and th columns. Let

be the orthogonal projection into the complement of the sub-
space spanned by . Hence,

(22)

Applying the linear transformation on both sides of the
equation yields a set of equations that depends
only on the two variables and

(23)

where and (note that
every orthogonal projection satisfies ). The
Gaussian density function of is

(24)

Next consider the set of linear sparse subsystems:

(25)

and we further assume that the noise term
is independently sampled for each sub-system. Hence, given the
sparse linear system (25), the posterior probability of a vector
(assuming a uniform prior) is

(26)

such that viewed as a function
of .
We show next that coincides with (20) by

showing that each factor in coincides with its cor-
responding factor in .
Lemma: .
Proof: Denote the weighted least-squares solution of the

linear system (23) by

(27)

It can be easily verified that

(28)

We show next that is the coordinates of the least-square
solution . To simplify the presentation we
rearrange such that, without loss of generality, and are
the first two columns of , i.e., . Applying the
blockwise matrix inversion formula on

we obtain

(29)

such that . Hence,
and therefore and where

is the 2 2 sub-matrix of the covariance matrix
. Thus, we obtain

(30)

The lemma reveals that is the density of
based on the sparse linear system

(31)

viewed as a function of and . Therefore, the ML solution
of (20) coincides with the ML solution of a set of
independently sampled linear sparse sub-systems

(32)

In other words

The two models are equal and yield the same MRF represen-
tation. The geometrical model provides an interpretation of the
probabilistic model presented in the previous section as a model
of a sparse set of linear equations. Of course, the BP algorithms
applied on the two models are the same.
The crux of our argument is that by applying the 2-D projec-

tions we shift from the original likelihood function (8)
to a very similar function that is much easier to opti-
mize. The sparsity of the system (32) makes a much
smoother function than the original likelihood function since
changing the value of one of the variables influences just a small
number of equations in the linear system (32). The smoothness
of makes it possible to apply an effective iterative
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search. A similar situation occurs in LDPC codes [45] where
the sparsity of the parity-check equations results in a smooth
likelihood function. We dub the BP algorithm based on the 2-D
Gaussian marginalization (20) the “BP2D algorithm.”
There are a few implementation issues regarding the pro-

posed BP2D algorithm that require discussion. Even when
using the proposed smooth approximate cost function there is
no guarantee that loopy BP always converges. To overcome
this problem we can compute the hard-decision solution at the
end of each BP iteration and after the BP converges, or after
a predefined number of iterations, we can choose the solution
that minimizes the exact cost function . Otherwise,
we can use variants of BP that always converge (e.g., [57]).
To implement the Belief Propagation algorithm, either the

sum-product algorithm or the max-product algorithm must be
chosen. The sum-product algorithm computes the marginal dis-
tributions of each node, while the max-product algorithm com-
putes the MAP estimate of the whole MRF. We choose to use
the max-product algorithm for the following reasons. First, the
detection performance of the two variants of the BP algorithm
are very similar. However, as we show in the experiment sec-
tion, it takes the max-product fewer iterations to converge than
it takes for the sum-product.
The map-product avoids complicated exponent-log computa-

tions and it can be carried out in the log domain just by using
addition operations, which is useful for practical implementa-
tions. The sum-product messages can be viewed as a soft max
version of the max-product. The level of softness is a function of
the noise level parameter . In contrast, the max-product algo-
rithm does not depend on and can be applied in cases where
the noise level is unknown or even when it is not constant but
changes between transmitted frames.
Another implementation issue is the complexity of the

algorithm and the message update schedule. The complexity
of a straightforward implementation of the BP algorithm
is where is the number of unknown variables
(number of transmit antennas). The complexity is because
at each iteration we need to compute a message between each
two variables and computing a single message is linear in .
The following efficient implementation (based on a certain
scheduling of message passing) can reduce the BP complexity
to a quadratic function of the number of transmit antennas:

for

We show in the next section that the BP2D performs better
than the MMSE and even better than its sequential version
MMSE-SIC. We have found that we can improve the BP2D
algorithm by computing both the BP2D solution and the
MMSE-SIC solution and choose the one with the higher likeli-
hood. The resulting combined detector works much better than

its two components. The experimental results for BP2D pre-
sented in the next section are based on this combined detector.

VI. EM VARIANT OF THE ITERATIVE ALGORITHM

In the previous section, we transformed the original linear
system into a new sparse linear system

(33)

where each equation depends on just two variables. Recalling
(20), the likelihood function of based on the new sparse
system (where the noise terms of the sub-systems are assumed
to be independent) is

(34)

and we want to find the most-likely solution:
. This maximization problem for the sparse

system is still NP hard. As an alternative to the BP approach
described above we present here an approximate solution based
on the well-known EM algorithm. There are two reasons why
we use the EM here. First, we empirically validated that the
EM-based algorithm performance on the MIMO examples we
tested is similar to the performance of the BP algorithm. Second,
the general EM theory guarantees a monotone convergence of
the iterative algorithm (unlike loopy belief propagation).
To apply the EM algorithm for finding , we first

define a new two-step generative probabilistic model that is a re-
laxation of the model defined by (20). The model parameters are
as follows. For each variable we associate a discrete distri-
bution on the discrete symbols. The
observed random variables is the set . For each
pair , the observed vector is independently generated
in two steps.
• Two hidden random variables are sampled. We sample
according to the multinomial distribution , i.e.,

and similarly we sample .
• An additive Gaussian noise is sampled and
we compute . The observed vector

is viewed as the result of this computation.
The density function of according to this probabilistic gen-
erative model, denoted by , is

(35)

such that

(36)
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The likelihood of a parameter set based on this hidden-variable
model is

(37)

In the model (20), is a hidden random variable that is sam-
pled once for all the sub-systems. In the two step model defined
above are hidden random variables that can have dif-
ferent values in different sub-systems. Note that if the distri-
bution parameters are all restricted to deterministic prob-
ability vectors (delta functions) then the continuous likelihood
function (37) is reduced to the discrete likelihood function (20).
For each we can associate a parameter
set as follows:

(38)

It can easily be verified from (20) and (37) that in this case
. In other words, finding the ML estima-

tion for over the deterministic probability vectors is exactly
the problem of finding the ML solution for the sparse linear
system (20). Hence, the probabilistic model we defined extends
the original likelihood function from into a continuous space

such that which can
be viewed as the convex-hull of . The continuous model that is
based on hidden variables is suitable for applying the EM algo-
rithm. Themodel we defined is based on latent random variables
that are associated with each sparse equation-set.
We next derive the EM algorithm for the model described

above. The log-likelihood function of the complete data is

(39)

The hidden variables are all the pairs such
that each pair is independently sampled for the corresponding
linear sub-system. The observed data is the random variable set

. The EM auxiliary function, therefore, is

(40)

such that is the current estimate of the unknown parameter
set. Utilizing Bayes rule we obtain

(41)

such that is defined in (35). This concludes the E-step. The
updated parameter set in the M-step is derived through maxi-
mization of the auxiliary function, i.e.,

(42)

It is easily verified from (40) that this maximization can be
done for each independently. Maximizing the expression

, given the constraint
, finally yields the EM parameter updating

formula

(43)

The EM algorithm requires appropriate initialization, as it can
get stuck on local maxima of the likelihood function. The ZF
solution (or the MMSE) can be used for initialization

(44)

The BP2D/TLSD algorithm is summarized in Fig. 5.

VII. EXPERIMENTAL RESULTS

In this section, we provide simulation results for the pro-
posed detector over various MIMO systems. We assume a
frame length of 100, i.e., the channel matrix is constant
for 100 channel uses. The channel matrix comprised i.i.d.
elements drawn from a zero-mean normal distribution of unit
variance. We used 10 000 realizations of the channel matrix.
This resulted in vector messages. The performance of the
proposed algorithm is shown as a function of the variance of the
additive noise . The signal-to-noise ratio (SNR) is defined as

where ( is the number of
variables, and is the variance of the
Gaussian additive noise). In this paper, we present two variants
of iterative algorithms, namely BP2D and TLSD. The two
algorithms are based on the same 2-D approximation and yield
very similar results. The EM-based algorithm has a theoretical
guarantee of convergence. In practice the EM algorithm is more
conservative and it requires more iterations until convergence.
Fig. 6 shows the symbol error rate (SER) versus SNR for

a 6 6, MIMO system. The performance of
the proposed 2-D projection methods BP2D and TLSD are
compared to ML detection and to other linear suboptimal
algorithms: the linear MMSE and the sequential MMSE. In all
our experiments the number of BP2D iterations was limited
to 10 and the number of the TLSD iterations was limited to
20. It can be seen that the 2-D-projection based algorithms are
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Fig. 5. BP2D/TLSD Algorithm.

Fig. 6. Results for a 6 6 system, .

significantly better than the MMSE-SIC at the same compu-
tational complexity. Fig. 7 shows similar results for a 16 16

system and Fig. 8 shows similar results for
a 6 6 complex MIMO system with and Fig. 9
shows similar results for a 6 6 complex MIMO system with

.

VIII. DISCUSSION

While the proposed methods provide excellent performance,
it is worth noting that we obtain a posteriori probabilities for
each variable that can be used to improve performance. This

Fig. 7. Results for a 16 16 system, .

Fig. 8. Results for a 6 6 complex system, .

Fig. 9. Results for a 6 6 complex system, .

is done by applying a Schnorr–Euchner sphere decoding al-
gorithm [9], where we order the symbols according to their
a posteriori probabilities given by our ILS. This can lead to very
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close to optimal performance with significantly reduced com-
plexity. This is because by computing the a posteriori probabil-
ities, we have a much higher probability of finding the true solu-
tion during the first search, therefore significantly reducing the
search radius. Solving integer least squares problems is an im-
portant problem in many fields. We have proposed a novel tech-
nique based on the tomographic principle of reconstruction from
projections. We showed that the method always converges. Fur-
thermore, the proposed method has good performance compet-
itive to all other polynomial algorithms for solving the problem
as demonstrated in simulations. Finally, we have outlined how
the method can be extended to provide a posteriori probabilities
per bit for use in coded communication systems.
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