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Abstract— In this paper, a new analog error correcting code
with an iterative decoder is presented for real-valued signals
corrupted by impulsive noises. In the proposed algorithm, a
redundancy coding matrix is implemented as an analog version
of the cyclic redundancy check (CRC) that is commonly used
for data verification in digital communication. On the basis of
this analog CRC, we propose an alternate decoding scheme with
iterative decoding. In each iteration of the algorithm, the problem
of decoding the long block code is decoupled into a set of parallel
LP/LASSO subproblems. In the sparse noise model, this leads
to a significant reduction in decoding complexity as compared
to one-step convex programming decoding. The new code has
improved correction capability compared to Zanko et al. [3]. In
the almost sparse noise model, energy detectors are used to verify
the decoding correctness of the inner code before transferring the
result to the next iteration. In this case, the Turbo decoder shows
little loss compared to the oracle bound based on least squares
when the impulsive noises are perfectly known at the receiver.

Index Terms—Analog codes, Compressed Sensing, LASSO,
Turbo decoding, CFAR.

I. INTRODUCTION

Analog error correcting codes were first proposed in [4, 5]
to correct impulsive noises. Unlike digital codes in which all
operations are done over a finite field (also known as the Galois
field), in analog coding schemes, both the encoding and de-
coding schemes are done over the real (or complex) numbers;
hence the codes can be implemented with operations that are
normally available in standard digital signal processors. For
instance, there is an analogy between error correction codes
and filter banks [4]. Analog codes can reduce computational
complexity compared to fully digital approaches and in some
cases analog codes are preferable since digital approaches are
suboptimal for example when the source-channel separation
does not apply (see e.g., [6] in which a joint source-channel
code is presented using tools from chaotic dynamical systems).

A. Applications

There are many applications of analog coding. Gabay et
al. [7–9] showed that a real Bose-Chaudhuri-Hocquenghem
(BCH) code can be used for simultaneous source coding and
impulse noise cancellation robust image transmission over
realistic satellite channels. In the context of discrete Fourier
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transform (DFT) codes, [10–12] addressed the issue of bursty
erasures with DFT codes and it has been shown that for
DFT codes, the reconstruction error increases exponentially
with the number of consecutive erasures and the DFT code
length. Henkel [13] showed that using Wolf analog codes1

(also known as DFT codes, real BCH or Analog Reed Solomon
(RS) codes) can reduce the high peak-to-average ratio (PAR)
of multi-carrier modulation signals, and Abdelkefi et al. found
that an analog coding scheme can be used to reduce the
peak to average power ratio (PARP) [14]. Wang and Gian-
nakis [15] introduced complex field precoding for orthogonal
frequency-division multiplexing (CFC-OFDM). In [16] Henkel
and Hu showed that OFDM can be seen as an analog RS
code if a cyclically consecutive range of carriers is not used
for transmission, and in [17–20] Abdelkefi et al. used the
pilot tones of the OFDM system as a syndrome to correct
impulsive noise in the presence of additive white Gaussian
noise (AWGN). Recently, real-BCH codes were also used for
distributed lossy source coding over a digital (possibly low-
delay) communication channel [21]. In this approach, the error
correction code is implemented in the real field before the
quantization. Hence, the dependency between the continuous-
valued sources can be taken into account in the correlation
channel model rather than the quantized sources, resulting
in a more realistic model. As was mentioned earlier, there
is analogy between error correction codes and filter banks
[4]. This analogy was later extended in [22] and adopted
for purposes of e.g., precoding and equalization with/without
constraints on channel zero locations [23–25] and also for
joint source-channel coding in [8]. A different type of analog
code is known as space time coding (STC). A linear space
time block code is used to generate transmit redundancy over
the real/complex field [26], [27–29]. In addition, analog STC
inspired by the Alamouti code are used for Generalized OFDM
transmission [30, 31]. However, these codes were designed
for additive Gaussian noise (AGN) and cannot be used for
impulsive noise.

B. Related Works

In linear analog error correcting codes, the goal is to
reconstruct an information vector m ∈ RK from a corrupted
measurement vector y = Gm + e where G ∈ RN×K is a
full column rank coding matrix and e is a certain noise vector
in RN . A large body of results in the literature focuses on
eliminating impulsive noises assuming that e is a sparse vector

1The generator matrix of these codes was constructed by eliminating certain
columns of the inverse discrete Fourier transform (IDFT) matrix.
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e.g., [4, 5, 32–36]. Thorough this paper, we refer to this model
as the sparse noise model. Specifically, in the sparse noise
model, it is assumed that e = e0, where e0 is an arbitrary
sparse error vector where under certain conditions an exact
reconstruction of m is possible. In the more general model,
one can assume that e = e0 + z, i.e., the corrupting vector e
is almost sparse and is the combination of impulsive noises
modeled by an arbitrary sparse vector e0 and small errors z
that affect all the entries of the input vector y. Obviously, in
this noisy model there is no hope for exact reconstruction
of m from y and the key question is how well one can
recover m from y. A common reconstruction criterion is the
ℓp/ℓq sparse approximation. An algorithm is said to meet the
ℓp/ℓq sparse approximation criterion if it can guarantee that
∥e − ê∥ℓp ≤ c1

t1−1/p ∥e − êt∥q + c2∥z∥p, where êt is the
estimation of e obtained by taking the largest (in terms of
absolute values) t entries of e0.

By introducing an (analog) parity check matrix [4] H ∈
Rr×N , such that r = N − K and HG = 0 the syndrome
vector can be defined as s := Hy = He. In [37] it was
shown that there is a theoretical upper bound on the sparsity
requirement for the error vector for a given parity check
matrix H. An equivalent upper bound was developed for
a given coding matrix in [33]. This upper bound basically
says that if the error vector has too many non-zero entries,
it is impossible to decode m unambiguously (i.e., by any
algorithm). We are looking for the sparsest error vector that
explains the measurement vector y. Therefore, we want to
solve the problem

m̂ = arg min
x∈RK

∥y −Gx∥ℓ0 , (P0)

where for any vector v, ∥v∥ℓ0 := |{i : vi ̸= 0}|. Note
that since G is a full column rank, reconstructing m from y
and reconstructing e from y are equivalent problems. Hence,
instead of solving (P0) one can solve

ê = argmin
x

∥x∥ℓ0 subject to Hx = s (= He). (P0
′)

Unfortunately, solving either (P0) or (P0
′) in general is

NP-hard [38]. However, these problems have been extensively
studied under several frameworks such as coding theory and
compressed sensing (CS). In the coding theory framework,
the coding matrix constructions and the decoding algorithms
are designed to exploit the similarity between the Hamming
weight and the ℓ0-(pseudo) norm. Techniques of decoding
BCH codes have been utilized to decode real number codes
as well as adapt them to reals (complex numbers), see e.g.
[39] where the Peterson-Gorenstein-Zierler (PGZ) decoder was
used to decode the analog code of [5]. Compressed sensing
is a method for efficiently acquiring and reconstructing a
high dimensional signal. The method exploits the fact that
in many problems, the information that determines the high
dimensional signal is usually sparse in a certain domain. The
central objective of compressed sensing is to take as few
linear combinations of the data as possible using a sensing
matrix Φ. Specifically, we want to sample a t-sparse vector
x̃ ∈ RN with only r ≪ N measurements using a sampling
matrix Φ ∈ Rr×N . This leads to a reconstruction formulation

that is equivalent to (P0
′) with the replacement of the parity

check matrix H by the CS matrix Φ and e by x̃. In the CS
framework, it has been shown [33, 40–42] that under certain
conditions on H and the size of the support of e, there is an
ℓ0-ℓ1 equivalence and decoding is possible by solving

m̂ = argmin
x

∥y −Gx∥ℓ1 (P1)

or,

ê = argmin
x

∥x∥ℓ1 subject to Hx = s (= He) (P1’)

instead of (P0) and (P0
′), respectively. Since both problems

can be recast as linear programming (LP) problems [33], we
refer to these as the LP-decoder approach.

In the LP-decoder approach, the parity check matrix is
usually designed to have a certain recoverability property that
guarantees the ℓ0-ℓ1 equivalence. Examples of these properties
include the mutual incoherence property [41, 43, 44] and the
restricted isometric property (RIP) [33]. The incoherence prop-
erty with coherence coefficient µ means that for every pair of
columns of a parity check matrix we have that |⟨hi,hj⟩| ≤ µ
i ̸= j, where ⟨a,b⟩ = aHb denotes the inner product between
a and b. The special case where the parity check matrix
H is constructed by concatenating two unitary matrices was
considered in [41, 43, 44] and extended by Gribonval et al. [45]
to the case of concatenating of L orthonormal matrices. It was
shown that the ℓ0-ℓ1 equivalence holds as long as ∥e∥ℓ0 < c· 1µ
(where for each L, c is a constant). In [46], it was shown
that if H is an r × N parity check matrix with normalized
columns N ≥ 2r, then µ ≥ 1√

2r
. Hence, if N ≥ 2r the

mutual incoherence property cannot guarantee correction of
more than O(

√
N) errors. The restricted isometry property

is another important property of parity check matrices (or
CS matrices). The restricted isometry property characterizes
matrices that are nearly orthonormal only when they operate
on sparse vectors. Let H be a parity check matrix; the RIP of
order L is defined as the smallest number δL such that for any
L-sparse vector x: (1−δL)∥x∥2ℓ2 ≤ ∥Hx∥2ℓ2 ≤ (1+δL)∥x∥2ℓ2 .
The importance of this property lies in its ability to guarantee
the ℓ0-ℓ1 equivalence. It was shown in [47] that the ℓ0-ℓ1
equivalence holds if δ2t <

√
2 − 1 as long as ∥e∥ℓ0 ≤ t.

Note that unlike the mutual incoherence property, there is
no low-complexity algorithm that verifies whether a general
matrix satisfies the RIP or not. However, a large family of
random matrices (see e.g., [33, 48]) has RIP constants in which
the LP-decoder is capable of correcting ρN errors with an
overwhelming probability.

There are several extensions for (P1’) to the almost sparse
noise model (i.e., when small errors corrupt all the entries of
the input vector y in addition to the sparse impulsive noise
e0). Examples of these algorithms include the least absolute
shrinkage and selection operator (LASSO) [49], basis pursuit
denoising (BPDN) [50] and the Dantzig selector (DS) [51].
These algorithms are summarized in Table I. There are similar
extensions for the LP-decoder (P1) to the almost sparse model.
A good example is the LASSO-decoder [42]. Specifically,
given a coding matrix with orthonormal columns, the LASSO-
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decoder is defined as

min
z̃∈RN ,x̃∈RK

∥y −Gx̃− z̃∥ℓ1 subject to ∥z̃∥ℓ2 ≤ ϵ

GT z̃ = 0.
(1)

Note that LASSO, BPDN and DS can be recast as second order
cone programming (SOCP), quadratic programming (QP) and
LP, respectively. In other words, all of these algorithms are
posed as convex optimization problems that involve the ℓ1
norm. Hence, we refer to them as the noisy ℓ1-decoder
approach.

Algorithm Optimization
LASSO min

ẽ
∥ẽ∥ℓ1 subject to ∥s−Hẽ∥ℓ2 ≤ ϵ

BPDN min
ẽ

∥s−Hẽ∥2ℓ2 + λ∥ẽ∥ℓ1
DS min

ẽ
∥ẽ∥ℓ1 subject to ∥HT (s−Hẽ) ∥ℓ∞ ≤ ϵ

TABLE I
ALMOST SPARSE NOISE MODEL - DECODING ALGORITHMS

In [52] Turbo codes were first introduced. Their perfor-
mances in terms of bit error rate (BER) are close to the
Shannon limit. In [53] a coding scheme of block turbo codes
was described, where two (or more) encoders are serially
concatenated to produce a product code. Product codes are
employed in the area of digital error correction (i.e., codes
over a finite field) and are very efficient for building long block
codes by implementing several short blocks. The decoding
of such codes can be done sequentially, using one decoder
at a time. In [54–56] product codes with an analog parity
check component were presented. For the decoding phase,
they used an iterative decoder based on the idea of binary
Turbo codes that ideally converge to the least squares (LS)
solution. However, unlike the method described in this paper,
these product codes are suitable for additive Gaussian noise but
not for impulsive noise. As a generalization to analog Turbo
and LDPC codes, the sum-product iterative decoding of analog
compound codes was analyzed in [57, 58]. The analog code
was represented as factor graph and in the decoding phase
the sum-product algorithm was used to estimate the codeword
symbols. It was shown that for AWGN the sum-product
algorithm combined with the marginal maximum a-posteriori
probability (MAP) estimation converges to the optimum (the
LS solution).

An analog product code with a two-step decoding scheme
was presented in [3] for the sparse noise model. In the
coding phase of [3], a mutual incoherence-based deterministic
construction was used as a building block to construct a
product code. In the decoding phase of the the two-step
algorithm, the received signal is reshaped into a square matrix
such that decoding in the first step is done for each column of
the matrix separately and for each row of the result matrix in
the second step. It has been shown that by using the two-
step decoder for this product code, the O(

√
N) barrier of

the mutual incoherence-based constructions is crossed at the
cost of an arbitrarily small probability of error. However, the
transition of errors between the two steps makes it impossible

to improve performance by repeating the procedure iteratively.

C. Main Contributions

In this paper we present an iterative algorithm dubbed the
analog Turbo decoder. The key idea governing the Turbo
decoder is the analog cyclic redundancy check (CRC), which is
the mechanism that makes the iterative algorithm possible. In
particular, we inject an extra redundancy into the analog code-
word that is not exploited by the inner decoder. This additional
redundancy is used to verify the decoding correctness of the
inner decoder to prevent the transition of new errors between
consecutive iterations. As will be shown below, the Turbo
decoder outperforms the code in [3] in the sparse noise model
in terms of correction capability. Specifically, we prove that by
using a code that is capable of correcting up to αN0.25 errors
as an inner code, the Turbo decoder is capable of correcting
up to α

4N
0.75 with a probability approaching 1 with increasing

the block length N . This significantly improves Zanko et al.
[3]. Moreover, our iterative scheme presents lower complexity
than a one-step LP decoding of the long block code. More
specifically, using the one-step LP-decoder (P1) for a block of
N entries takes O(N3.5) operations, whereas the decoding
procedure we present here can be carried out by at most
O(N2.75) operations. It should be noted that simulation results
showed that the number of iterations required to clean all
the errors was typically much smaller than what we prove
even for large block sizes. This implies that typically the
decoding procedure can be carried out by fewer than O(N2.75)
operations. Furthermore, the use of product coding techniques
significantly reduces the storage requirements of the system
(especially in the case of random coding matrices).

In addition, with a few modifications to the sparse noise
model algorithm, the decoding scheme can be robust to small
errors affecting all the entries of the received signal. In
particular, in the robust scheme the decoding of the inner
code is done by a (weighted) LASSO decoder and the CRC
verification of the inner code in this model is implemented by
energy detectors. This robust scheme performs very well in
the almost sparse noise model. Specifically, the robust Turbo
decoder shows little loss compared to the ideal least squares
when the impulsive noises are perfectly known at the receiver.

D. The Structure of the paper

The remainder of the paper is as follows. In sections II and
III we describe the product encoding with the analog CRC and
the problem formulation, respectively. In section IV the basic
analog Turbo decoder is described for the sparse noise model.
In section V the robust decoding algorithm is described. In
section VI we provide simulation results for both algorithms.
Section VII concludes the paper. Throughout the paper we use
the following notations: all vectors are assumed to be columns
and a linear code and its generator matrix are interchangeably
used to refer to the code. For any integer ℓ, Iℓ is the ℓ × ℓ
identity matrix. For any matrix A and a set of indices S: AT

and A† denote the transpose and the pseudo inverse of A.
AS and AST denote the submatrices of A constructed by
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Fig. 1. An illustration of the product
encoding model.

Fig. 2. An illustration of a codeword
generated by systematic coding ma-
trices G and P.

the columns and rows (respectively) indexed by S2. vec(A)
is a vector constructed by stacking the columns of matrix A.
Similarly, for any vector v ∈ Rc2 , vec−1(v) is a square c× c
matrix, constructed by filling in the elements of v columns by
columns.

II. PRODUCT CODE WITH ANALOG CRC

The encoding scheme is a product code with a generator
matrix constructed by a Kronecker product of a small gener-
ator matrix G̃ ∈ Rn×k with itself

GTot = G̃⊗ G̃, (2)

where ⊗ is the Kronecker product (note that GTot ∈ Rn2×k2

).
The key idea of the algorithm is the special structure of G̃ as
the product of two matrices

G̃ = GP, (3)

where P ∈ R(k+q)×k and G ∈ Rn×(k+q) are certain coding
matrices and q is assumed to be a small integer. Obviously, in
order to avoid a row of zeros in G̃, a row of G must not be
orthogonal to the column space of P. To avoid any confusion
for reasons that will become clearer in what follows, we refer
to P as the CRC matrix and to G as the encoding matrix.

Suppose that we want to encode the information vector m ∈
RK , where K = k2 and k ∈ N. Denote the codeword by

w = GTotm = (G̃⊗ G̃)m. (4)

Exploiting the Kronecker product properties, the codeword
matrix W can be written as

W = G̃MG̃T , (5)

where W := vec−1(w) and M := vec−1(m).
Using the associativity of the matrix multiplication, equation

(5) can be interpreted as a two-step encoding procedure.
Specifically, by writing W = (G̃M)G̃T = McolG̃

T =
G̃(MG̃T ) = G̃Mrow, the codeword W can be obtained by
first encoding each column of M, using the encoding matrix
G̃. Then, in the second step, the rows of the resulting matrix
Mcol are encoded, separately3. This procedure is illustrated in
Fig. 1. A codeword generated by systematic coding matrices
G and P is illustrated in Fig. 2.

2For example: Ai and AiT denote the ith column of A and the ith row
of A, respectively.

3Alternatively, we can begin by encoding the rows of M and then in the
second step we encode the columns of Mrow.

III. PROBLEM FORMULATION

The model of the received signal is given by

y = (G̃⊗ G̃)m+ e, (6)

where e is a certain noise vector in RN and the goal is to
decode the information matrix m from the corrupted signal
y. Similar to the codeword vector, it is convenient to reshape
the received signal as well as the error vector e into a n× n
matrices: Y := vec−1(y) and E := vec−1(e).

In the sparse noise model, we assume that the received
signal was corrupted solely by impulsive noises. Therefore,
it is assumed that

e = e0, (7)

where e0 ∈ RN is an arbitrary sparse error vector. Note that
in this model, the entries of y that are not in the support of
e0 are perfectly measured 4

In the almost sparse noise model, in addition to the impul-
sive errors, there are small errors affecting all entries of y.
Hence, the error vector is modeled as

e = e0 + z (8)

where e0 is an arbitrary sparse vector and z represents the
effect of the small errors modeled as a Gaussian vector with
i.i.d entries with distribution N (0, σ2).

IV. ANALOG TURBO DECODER FOR THE SPARSE NOISE
MODEL

In this section we describe the analog Turbo decoder for
the product code described in section II for the sparse noise
model. We will show that using an analog CRC in the encoding
phase results in a code that significantly outperforms the code
in [3]. Furthermore, with a few modifications, this scheme
can be robust to small errors affecting all the entries of the
received signal as will be described in section V. In the Turbo
algorithm the LP-decoder (P1) is iteratively applied to each
of the rows and columns (alternately) of the received signal
matrix Y until all the errors are cleared. We use the matrix
P as an analog version of the CRC that is commonly used
for data verification in digital communication. This additional
redundancy is the key idea governing the Turbo decoding
procedure presented here and is the mechanism that makes
the iterative algorithm possible. Specifically, the CRC matrix
is used for verifying successful decoding of the inner code in
each column or row before the result is transferred to the next
iteration. For instance, suppose that we have a certain vector
u = Gx+ ν, such that x = Pv. Suppose that we estimate x
by solving

x̂ = arg min
x̃∈Rk+q

∥Gx̃− u∥ℓ1 . (9)

Note that this decoder does not depend on matrix P. In fact,
the same LP-decoder was used in [33] to decode an arbitrary

4The expression ”impulsive noises” is often used in the literature for erasure
types of channels in which the location of the errors is known at the receiver
since the corrupted component of the received signal is completely erased
(see e.g. [11]). However, following the model in e.g., [4, 5, 33] here it is
assumed that impulsive noises are modeled by sparse vectors with random
support and arbitrary non zero values such that the location of the impulsive
noises is unknown at the receiver.
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vector x ∈ Rk+q from u = Gx + ν without the assumption
that x = Pv (compare (9) to (P1)). Therefore, it is reasonable
to assume that an erroneous estimation of x will not be in the
lower dimensional linear subspace spanned by the columns of
the CRC matrix5 P ∈ R(k+q)×k. Hence, x̂ can be verified
simply by checking whether Hpx̂ = 0 or not, where Hp is
the parity check matrix of P (i.e., HpP = 0). We refer to
this kind of decoding-verification as analog CRC. Note that
this verification comes at the cost of a lower rate since some
redundancy is added to the information vector before it is
encoded by the code G.

By using matrix P as an analog CRC, the decoding verifica-
tion of each column/row is quite simple. It enables an alternate
decoding scheme in which rows and columns are sequentially
decoded without transferring new errors between consecutive
iterations. For a better grasp of the proposed algorithm,
consider a different interpretation of equation (5). By the
associativity of matrix multiplication W = G(PMPTGT ) =
(GPMPT )GT , G can be interpreted as the encoder of the
columns of the matrix PMPTGT (or the encoder of the
rows of the matrix GPMPT ) where the matrix P is used
as the additional redundancy for the data verification. Denote
the input matrix at the beginning of the ℓ iteration by Y[ℓ]
and initiate the algorithm by Y [1] := Y. Denote the columns
and rows of Y[ℓ] by

Y[ℓ] = [c1[ℓ], c2[ℓ], · · · , cn[ℓ]] = [r1[ℓ], r2[ℓ], · · · , rn[ℓ]]T .
(10)

In the first step of each iteration of the algorithm, each column
of the input matrix Y[ℓ] is decoded using the LP-decoder
(separately):

x̂i = arg min
x̃∈Rk+q

∥ci[ℓ]−Gx̃∥ℓ1 i = 1, 2, · · · , n. (11)

Then, all columns that are identified as correctly decoded by
the parity check matrix Hp are detected; C = {i : Hpx̂i = 0}.
These columns are re-encoded and transferred to the next step
of the decoder while all the other columns of the input matrix
remained unchanged

c̃i[ℓ] =

{
Gx̂i i ∈ C
ci[ℓ] i /∈ C,

(12)

where C̃[ℓ] = [c̃1[ℓ], c̃2[ℓ], · · · , c̃n[ℓ]] =
[r̃1[ℓ], r̃2[ℓ], · · · , r̃n[ℓ]]T is the intermediate matrix of
the ℓ iteration. In the next step, the procedure is repeated
for the rows of the result matrix where each row of C̃[ℓ] is
decoded separately

x̂i = arg min
x̃∈Rk+q

∥r̃i[ℓ]−Gx̃∥ℓ1 i = 1, 2, · · · , n. (13)

Then only the rows that satisfy the CRC equations are trans-
ferred to the next iteration

ri[ℓ+ 1] =

{
Gx̂i i ∈ R
r̃i[ℓ] i /∈ R,

(14)

5The decoder in (9) does not depend on the CRC matrix P and results in
a vector that lies in Rk+q . The linear subspace spanned by the columns of
P has a dimensionality of k. Hence, this linear subspace has a null Lebesgue
measure in Rk+q .

where R = {i : Hpx̂i = 0}. The algorithm stops when all
columns and rows remain unchanged during a given iteration.
At the end of the algorithm, a decoding error is declared
whenever the algorithm stops although not all rows and
columns satisfy the CRC equations.

Theorem 1: Let G be a generator matrix of a code that
is capable of correcting up to tg = tg(n) := α

√
n errors,

and let N = n2. Given that the CRC test Hpx ̸= 0 always
detects erroneously decoded vectors, the Turbo decoder is
almost surely (a.s) capable of correcting up to t(N) > α

4N
0.75

errors.
For the proof of Theorem 1 we use a terminology from graph
theory. To that end, we need the following definition and
lemma from graph theory.

Definition 1: The k-core of graph G is the largest subgraph
of G with a minimum degree of at least k.
The problem of existence of non-empty k-cores in random
graphs is well studied in the literature. It has been shown that
for a fixed k, in almost every random graph there is a sudden
emergence of a k-core when the number of edges is above a
certain threshold [59]. In [60], a similar result was proven for
k = k(n) (i.e., when k is a function of n):

Lemma 2 (Luczak 1991 [60]): Let Gn,p denote the set of
all random graphs with n vertices such that every possible
edge occurs independently with probability 0 < p = p(n) < 1
and let C(k, n, p) be the k-core of Gn,p ∈ Gn,p. Then, for
every δ > 0 there is a constant d such that for c = c(n) =
(n− 1)p > d and

k = k(n) > c+ c0.5+δ (15)

a.s C(k, n, p) is empty.
Proof of Theorem 1: The proof relies on the represen-

tation of the pattern of the non-zeros in matrix E (i.e., the
location of impulsive errors) as a balanced bipartite graph.
Explicitly, let Ẽ ∈ {0, 1}n×n be the pattern of matrix E, i.e.,
Ẽi,j = 1 iff the element Ei,j is non-zero (the i, j entry of Y is
corrupted by an impulsive error) and let Gb.b =

(
V1,V2, Ẽ

)
.

In this graph we have that |V1| = |V2| = n and Ẽ is the
adjacency matrix of the graph (i.e., there is an edge between
i ∈ V1 and j ∈ V2 if there is an impulsive error in the i, j
entry of E). In this notation, each left (right) side node of Gb.b

represents a row (column) of Y[ℓ] such that the degree of each
left (right) side node represents the number of impulsive errors
in that row (column).

Assuming that the inner code is capable of correcting up
to tg errors and that the CRC test always detects erroneously
decoded vectors, each iteration of the decoding algorithm can
be thought as adhering to the following procedure. In the first
step of the iteration, we remove from the right side of Gb.b all
vertices with a degree less than or equal to tg along with their
edges. These nodes correspond to rows with up to tg errors
that are successfully decoded and transferred to the second
step of the iteration (deleting the edges corresponds to cleaning
the errors on those rows). In the second step, we remove all
vertices with a degree less than or equal to tg from the left side
of Gb.b (along with their edges). These nodes correspond to
columns with up to tg errors. The procedure is repeated until
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no more vertices with degree less than or equal to tg remain.
In graph theory terminology, this procedure is applied to find
the (tg + 1)-core of Gb.b, see [61]. If the resulting (tg + 1)-
core is empty, the algorithm cleaned all the impulsive errors.
In other words, the turbo decoder fails only if the (tg+1)-core
of Gb.b is non-empty.

From Lemma 2, it is known that in almost every random
graph in G2n,p0 the (tg + 1)-core is empty for p0 = p0(n) =
α
2

√
n

2n−1 . This can be obtained by choosing δ = 0.5 and hence
for p0 = α

2

√
n

2n−1 the RHS of (15) becomes 2c = α
√
n <

tg+1 (note that for any constant d and n large enough c(n) >
d). This result implies that the (tg + 1)-core in almost every
balanced bipartite graph with 2n vertices is empty if every
possible edge occurs independently with probability p0

6. Since
the property of having an empty t-core is a convex property,
there is an empty (tg+1)-core in almost every random bipartite
graph with fewer than M(n) := n2p0 > α

4 n
1.5 edges (see

Theorem 2.2 in [61]; the proof remains valid for the bipartite
case as well). The claim now follows from the relation n =√
N .
Theorem 3: Given that the CRC test Hpx ̸= 0 always

detects erroneously decoded vectors, the complexity of the
Turbo algorithm is at most O

(
N2.75

)
.

Proof: It is known that the complexity of decoding the ℓ1-
decoder (11) and (13) for the inner code is f(n) = O

(
n3.5

)
operations. Hence, decoding of the inner code is the most
dominant in terms of complexity. Therefore, the overall com-
plexity of each iteration in the Turbo algorithm is O (nf (n)).
Since n =

√
N , we have that the complexity of each iteration

is at most O
(√

Nf(
√
N)

)
= O

(
N2.25

)
operations. In each

iteration at least one column or row is transferred to the next
iteration (otherwise, the algorithm is terminated). There are
n =

√
N such rows and columns. Hence, the maximal number

of iterations is
√
N . The claim now follows.

In the following, we discuss some implementation issues
regarding the decoding algorithm.

Observation 1: Note that the matrix-vector multiplication
in the re-encoding stages of the algorithm (i.e., equations (12)
and (14)) were presented for explanatory purposes alone. In
fact, by noting that equation (11) can be re-written as

(x̂i, êi) = arg min
x∈Rk+q

ẽ∈Rn

∥ẽ∥ℓ1 subject to ẽ = ci[ℓ]−Gx,

(16)
for all i re-encoding x̂i can be written as c̃i[ℓ] = ci[ℓ] − êi.
The same argument can be applied to equation (13).

Also note that there is no need to decode the columns of
Y[ℓ] which are already codewords of G̃. These columns can
be directly transferred to the next step of the algorithm. A
column is directly transferred to the next step of the algorithm
if HG̃ci = 0n−k, where HG̃ ∈ R(n−k)×n is the parity check
matrix of G̃; i.e., it is a full rank matrix and HG̃G̃ = 0. The
same argument can be applied to the rows of C̃.

Finally, throughout this paper we have assumed that the
decoding in each stage of a column or a row is done by an

6To see why this is true, note that any bipartite graph is an induced subgraph
of G2n,p by removing edges between vertices on the same side.

LP-decoder. However, any other algorithm that solves the ℓ0
minimization (P0) under appropriate conditions can be used
as well e.g., basis pursuit (BP) [50], matching pursuit (MP)
[62] and orthogonal MP (OMP) [63].

V. ROBUST ANALOG CRC TURBO DECODER

In this section, we describe the Turbo decoder for the almost
sparse noise model. In the robust algorithm, we also alternately
decode the columns and rows of the corrupted matrix. Each
iteration contains three major steps. (a) The iteration begins by
selecting the set of impulsive error-free vectors (columns/row
of the input matrix of the current iteration)7. These vectors are
transferred as is to the next iteration and are used to update
the estimate of certain inner parameters of the algorithm. (b)
In the second step, we decode the inner code G for the other
vectors using a weighted LASSO-decoder (that replaces the
LP-decoder we used in the sparse noise model). (c) In the
third step, we transfer the columns/rows that were identified
as obeying the CRC equations to the next iteration. Note that
unklike the transferred vector in the first step, these vectors
were cleared from the impulsive errors in the current iteration.
A flowchart of the algorithm can be found in Fig. 3. Below we
elaborate on the specifics of each step of the algorithm and use
the following notations. As in the sparse noise model, denote
the input matrix at the beginning of the ℓ iteration by Y[ℓ]
and initiate the algorithm by Y [1] := Y. The columns and
rows of Y[ℓ] are denoted by Y[ℓ] = [c1[ℓ], c2[ℓ], · · · , cn[ℓ]] =
[r1[ℓ], r2[ℓ], · · · , rn[ℓ]]T . Without loss of generality, suppose
that in the (ℓ− 1)th iteration we decode the rows of Y[ℓ− 1]
and produce the input matrix of the ℓth iteration Y[ℓ]. Hence,
in the ℓth iteration we decode the columns of Y[ℓ]. The
coding matrices G and P are assumed to have orthonormal
columns. We use the weight matrix Σ[ℓ] for the inner decoder,
initiated by Σ[1] := σ21n×n, where 1k1×k2 is a k1 × k2
all ones matrix. The columns of the weight matrix Σ[ℓ] are
denoted by Σ[ℓ] = [σ1[ℓ],σ2[ℓ], · · · ,σn[ℓ]]. The parity check
matrices of P, G and G̃ are denoted by HP , HG and HG̃,
respectively. These parity check matrices are all assumed to
have orthonormal rows, (i.e., H[·]H

T
[·] = I). Note that there

is no loss of generality by this assumption. The algorithm is
summarized in Algorithm 1.

A. Selection of the impulsive error-free vectors

The ℓth iteration begins by selecting the set of columns that
are impulsive-error free and will be transferred to the next
iteration as is. Each of these columns is a noisy version of a
certain codeword spanned by G̃ (i.e., a codeword corrupted
by a small noise). Recall that ci[ℓ] denotes the ith column of
Y[ℓ]. Hence, if ci[ℓ] is a noisy version of a certain codeword
of G̃, the energy of the projection of ci[ℓ] on the null space of
G̃ is a result of the small additive noise. More formally, each
column i of Y[ℓ] can be written as ci[ℓ] = θi[ℓ] + νi[ℓ], such
that νi[ℓ] represents the small noise vector of that column.
Therefore, if there are no impulsive noises in column i, θi[ℓ]

7These vectors are impulsive-error free since the impulsive errors were
cleared from these vectors in previous iterations or alternatively, there were
no impulsive errors in these vectors in the received signal.
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Fig. 3. A flowchart of the robust Turbo decoder.

is spanned by the columns of G̃. Therefore, selecting the set of
impulsive-error free columns is essentially a detection problem
for each column with the following two hypotheses:

H0 : HG̃θ = 0
H1 : HG̃θ ̸= 0

(17)

where HG̃ is the parity check matrix of G̃. Hence, using an
energy detector8 one decides H1 if

cTi [ℓ]P
T
H̃
PH̃ci[ℓ] = cTi [ℓ]PH̃ci[ℓ] > γℓ, (18)

for a certain threshold γℓ, where PH̃ = HT
G̃
(HG̃H

T
G̃
)−1HG̃

is the projection matrix onto the subspace spanned by the
columns of HG̃.

In the first iteration, Y[1] is the received signal and
therefore, each column i can be written as ci[1] =(
GPMPTGT +E

)
i
+ Zi and recall that Zi ∼ N (0, σ2I).

Hence, for Y[1], (17) is a detection problem for a classical
linear model with a well known generalized likelihood ratio
test (GLRT) (see e.g., Theorem 7.1 in [65]) that coincides
with the energy detector (18). Specifically, the GLRT for the
problem is to decide H1 if

ci[1]
THT

G̃
(HG̃HT

G̃
)−1HG̃ci[1]

σ2 > γ′1,
where γ′1 is chosen such that we have a certain predetermined
probability of dropping an impulsive-error free column. Note

8For simplicity of presentation, we did not optimize the detection process
of the impulsive-error free vectors (or the CRC verification in section V-D).
As an alternative to the energy detectors suggested here, one may consider
using e.g., compressive constant false alarm rate (CFAR) radar detectors [64].

that this predetermined probability is the probability of the
false alarm of the detector. Therefore, these kinds of detectors
are also known as CFAR detectors. In [65] it was shown
that this predetermined probability is given by the right-
tailed probability function of a central X 2

q random variable
and denoted by QX 2

q
(γ′1). Therefore, γ1 can be chosen as

γ1 = γ′1σ
2.

For ℓ > 1, the entries of Y[ℓ] were obtained in previous
iterations as the result of decoded rows or columns. Therefore,
the small errors on Y[ℓ] cannot be modeled as Gaussian
distributed as we did in the first iteration. However, we can use
γℓ = c · γ1 for a certain small constant c as the threshold for
ℓ > 1. This choice of threshold implies that we can transfer
a column to the next iteration and tolerate small noises with
a projected energy of up to c · γ1 on the null space of G̃.
Note that for small values of c we transfer fewer vectors
to the next iteration, which leads to slower convergence of
the algorithm since fewer vectors are identified as clean from
impulsive errors while setting c to be a large value may lead to
a transfer of high value errors to the next iteration. However, if
there were not too many such vectors these wrongly transferred
vectors can be corrected in the next iterations. Empirical
experiments suggest that the algorithm converges quite well
when 3 ≤ c ≤ 5.

By using the fact that the rows of HG̃ are orthonormal,
the GLRT/energy-detector can be simplified and rewritten as
an energy detector that is applied to the syndrome vector of
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each column of Y[ℓ]. Denote the syndrome vector of the ith
column of Y[ℓ] by s̃i[ℓ] = HG̃ci[ℓ]; thus, the energy detector
(18) becomes

∥s̃i∥2ℓ2
H0

≶
H1

γℓ. (19)

Hence, the set of impulsive-error free vectors of the ℓ iteration
is denoted by S[ℓ] and is given by S[ℓ] := {i : ∥s̃i∥2ℓ2 <
γℓ}. The same arguments can be applied to the selection of
impulsive-error free rows.

B. Updating the weight matrix Σ[ℓ]

As was mentioned above, we initiate the algorithm by
Σ[1] = σ21n×n. For ℓ > 1, the set S[ℓ] of impulsive-error free
vectors of the ℓ iteration is used to update the weight matrix
Σ[ℓ]. Specifically, suppose that we have a set of impulsive-
error free columns S; the update of the columns of the weight
matrix is written as

σi[ℓ] =

{
∥s̃i[ℓ]∥2ℓ2

r̃−1 i ∈ S
Σi[ℓ− 1] i /∈ S,

(20)

where r̃ = n− k.
Note that if the noise of the columns in S has a zero

mean and is white with an unknown variance σ′i, since we
assume that the rows of HG̃ are orthonormal, this update of
Σ corresponds to the unbiased sample variance estimation.
Specifically, under the assumption that the covariance matrix
of the noise at the ith column is σ′iIn, the syndrome vector of
the ith column has a covariance matrix of σ′iHG̃InH

T
G̃
= σ′iIr.

C. Decoding the inner code G

It was shown in [42] that for a coding matrix with orthonor-
mal columns and z ∼ N (0, σ2I), the LASSO-decoder (1)
performs well. Specifically, for τ > 0 if

ϵ =
√
(k + q)(1 + τ)σ (21)

and the support of the sparse error is small enough, the
LASSO-decoder yields a good estimation of x with high
probability (see Corollary 2.3 in [42]). Hence, for the first
iteration, decoding the inner code is done by applying the
LASSO-decoder (1) to each column of Y[1] separately9. In
particular, denote the intermediate matrix of the ℓth iteration
by X̂[ℓ]. Each column of X̂[1] is obtained by solving the
following optimization problem:

x̂i[1] = arg min
x̃∈Rk+q

z̃∈Rn

∥ci[1]−Gx̃− z̃∥ℓ1 (22)

subject to ∥z̃∥ℓ2 ≤ ϵ

GT z̃ = 0.

It is assumed that the ℓth iteration deals with the columns of
Y[ℓ]. Hence, the entries of Y[ℓ] were obtained in the previous
iteration as result of decoding each row of Y[ℓ] separately.
Therefore, it is reasonable to assume that the entries of the ith

9Alternatively, we can begin the algorithm by decoding the rows of Y[1]
first.

column of Y[ℓ] are uncorrelated. As a result of section V-B,
the estimation of the covariance matrix of the ith column is
given by the diagonal matrix

D̂i[ℓ] = diag (Σi[ℓ]) (23)

and denote Ωi[ℓ] = (D̂i[ℓ])
−0.5. For the ℓ > 1, consider the

following weighted version of the LASSO-decoder which is
applied to each column i ∈ S[ℓ] of Y[ℓ]:

(x̂i[ℓ], êi[ℓ], ẑ) = arg min
x̃∈Rk+q

ẽ∈Rn,z̃

∥ẽ∥ℓ1 (24)

subject to ẽ = y −Gx̃− z̃

∥Ωi[ℓ]z̃∥ℓ2 ≤ ϵ

σ
GT z̃ = 0.

Note that the solution of the weighted LASSO-decoder (W-
LASSO-decoder) (24) may result in erroneous codewords of
G̃. However, the wrong codewords will either be dropped
since they violate the CRC equations (as will be explained
in section V-D), or will be considered as impulsive errors in
the next iteration in the case of erroneous CRC verification.

D. Verifying the analog CRC equations

In contrast to the sparse noise model, here due to the small
additive noise, correct decoding of G does not yield a vector in
the linear subspace of the columns of P. To capture this effect,
we need to modify the decoding verification method that was
described in section IV. Without loss of generality, we focus on
verifying a certain output vector, say the ith column. Decoding
the ith column of Y[ℓ] yields an estimation of the ith column
of matrix PMPTGT . Hence, if the decoding succeeds, this
estimation is a noisy version of a certain codeword of the CRC
code P. More formally, rewrite x̂i ∈ Rk+q as x̂i = θp + νp,
such that if the inner decoder succeeds, θp is spanned by the
columns of P and hence Hpθp = 0. It is reasonable to assume
that since the W-LASSO-decoder (24) is independent of P,
if the W-LASSO-decoder (24) fails, Hpθp ̸= 0 (see Section
IV). Therefore, verifying the CRC equations is essentially a
detection problem with the following two hypotheses:

H0 : Hpθp = 0
H1 : Hpθp ̸= 0.

(25)

Note the similarity to hypothesis testing (17). Hence, due to
the same considerations that yield the energy detector (19),
the energy detector for the CRC verification can be written as

∥si[ℓ]∥2
H0

≶
H1

γℓ, (26)

where si[ℓ] = Hpx̂i[ℓ] is the syndrome vector of the ith
column corresponding to code P. Denote the set of verified
columns by Sp := {i : si[ℓ]T si[ℓ] < γℓ}. Then these verified
columns are transferred to the next iteration

ci[ℓ+ 1] =

{
Gx̂i[ℓ] i ∈ Sp

ci[ℓ] i /∈ Sp.
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Algorithm 1: The robust CRC Turbo decoder
Input: A corrupted input matrix: Y = GPMPTGT + E0 + Z.
Result: An estimation of the information vector m̂ ∈ Rk2

.
1 initialization: ℓ← 1; γℓ ← γG̃; ∀ℓ ≥ 2;Y[0]← Y DecodeRows← true;
S ← ϕ;ContinueFlag← true;

2 while ContinueFlag do // main loop
3 Y[ℓ]← Y[ℓ− 1];
4 DecodeRows← not(DecodeRows);
5 if (DecodeRows) then Y[ℓ]← Y[ℓ]T ; Σ← ΣT

S ← {i : (HG̃Yi[ℓ])
T (HG̃Yi[ℓ]) < γℓ}, //see (19);

6 if Rank(G̃ST ) < k or Cond(G̃T
ST G̃ST ) > a then

7 Update Σi, i ∈ S //see (20);
8 for i ∈ Sc do

/* Decode Yi[ℓ], see (24) */
9 (ĉ, x̂)← W-Lasso-decoder(Yi[ℓ]);

/* Check CRC, see (26) */
10 if (Hpx̂)

T (Hpx̂) < γ then
11 Yi[ℓ]← ĉ;
12 end
13 end
14 else
15 ContinueFlag←False
16 end
17 if (DecodeRows) then Y[ℓ]← YT [ℓ]; Σ← ΣT ℓ← ℓ + 1;
18 if ∥Y[ℓ]−Y[ℓ− 2]∥ < ϵ or ∥Y[ℓ]−Y[ℓ− 1]∥ < ϵ then
19 ContinueFlag←False
20 end
21 end
22 if (DecodeRows) then

/* There are error free rows S */
23 ŴST ← YST [ℓ];
24 m̂← argmin ∥(G̃ST ⊗ G̃)m̃− vec(ŴST )∥ℓ2
25 else

/* There are error free columns S */
26 ŴS ← YS [ℓ];
27 m̂← argmin ∥(G̃⊗ G̃ST )m̃− vec(ŴS)∥ℓ2 ;
28 end
29 M̂← vec−1(m̂);
30 Ŵ ← G̃M̂G̃T ;
31 ζ ← |Y − Ŵ|;
32 K ← {t largest elements of vec(ζ) }c;
33 m̂← argmin ∥(y)KT − (G̃⊗ G̃)KT m∥ℓ2 ;

E. Stopping conditions

In this section, we discuss the trade-off between the number
of iterations and the mean square error (MSE) of the estimate.
However, a rigorous convergence analysis of the algorithm is
reserved for future work. We begin by a simple observation.

Observation 2: If all the errors were cleared and all the
columns/rows of the matrix have been identified as such,
we get that Y[ℓ] = Y[ℓ − 1] and the algorithm converges.
However, it might be the case that the series Y[ℓ] does not
converge but Y[2ℓ] (or Y[2ℓ+ 1]) do/es. In other words, the
system exhibits a limit cycle of length 2 behavior due to the
alternate decoding of columns and rows of Y[ℓ]. Therefore, as
a stopping condition (of the main loop) we suggest a simple
thresholding on the difference between the matrices Y[ℓ] and
Y[ℓ− 2], (e.g., whenever ∥Y[ℓ]−Y[ℓ− 2]∥ is small enough).

From Observation 2 it is implied that if the algorithm clears
all the large errors, we can estimate M by the LS estimator

min
M̃∈Rk×k

∥Y[ℓ]− G̃M̃G̃T ∥ℓ2 . (27)

However, the structure of the product code can be exploited
to estimate the information matrix M even without cleaning
all the (large) errors in Y[ℓ] albeit with a (possibly) larger
MSE: if enough rows/columns are identified as impulsive-
error free, it is possible to extract a ”good” estimate of M
despite the fact that some entries of Y[ℓ] are corrupted by large

impulsive errors. Specifically, at the beginning of each iteration
we select a set of vectors (rows/columns) that according
to the energy detector are impulsive error-free. Therefore,
if there are enough ”good” vectors, there may be enough
equations to decode a good estimation of M. Without loss
of generality, assume that the ℓth iteration deals with the rows
of Y[ℓ]. The ℓth iteration begins by selecting the set S of
impulsive error-free rows. These rows form an estimation of
CST := G̃STMG̃T (recall that AST is the submatrix of
A constructed by the rows in S). Then, one can obtain an
estimation of M from CST if the appropriate LS problem
has a low condition number. In Algorithm 1, the main loop
is terminated if GST is a full column rank and the condition
number of GT

STGST is low enough10. As an alternative, one
can estimate M from CST accurately with relatively low
complexity using more lenient conditions for solving the LS
by exploiting the Kronecker product structure [66]. However,
note that more impulsive errors can be cleared from Y[ℓ] if the
iterative stage of the algorithm continues for more iterations,
resulting in an improved estimate of M. This implies that there
is a trade-off between the number of iterations and the MSE
of the estimation.

F. Estimating the information matrix M

Suppose that as an output of the main loop we have a set
of impulsive-error free rows S. Denote by m = vec(M).
Since vec(CST) = (G̃⊗ G̃ST )m, a relatively fast and stable
solution for

min ∥(G̃ST ⊗ G̃)m̃− vec(ĈST)∥ℓ2 (28)

can be found by exploiting Kronecker product properties such
as the structure of its QR decomposition, see e.g., [66].
Similarly, if in the output of the main loop we have a set
of impulsive error-free columns S we need to solve

min ∥(G̃⊗ G̃ST )m̃− vec(ĈS)∥ℓ2 , (29)

where here, ĈS represents the matrix with impulsive-error free
columns.

Under certain conditions, the estimate (28) can be improved
by using the original signal11 Y. Specifically, the LS estimate
in (28) or (29) were obtained from data corrupted by the
noise at the output of the LASSO inner decoders that had
a higher variance than the original Gaussian noise. If all the
impulsive noises have been cleared by the Turbo algorithm and
the small errors in the estimate of M have a significantly lower
magnitude than the original impulsive errors, the estimate of
M can be improved as follows: Denote the estimation of M by
M̂ = M+Z̃, where in this section it is assumed that the entries
of Z̃ are relatively small. If the support of the impulsive noise
is known to be bounded by t (i.e. ∥E0∥ℓ0 ≤ t), the impulsive
noise locations can be found by taking the t largest elements
of ζ := |Y− Ĉ|, where Ĉ = G̃M̂G̃T and the absolute value

10Note that the dimensionality of the inner code is quite small; hence,
calculating this condition number is a problem with relatively low complexity.

11Note that unlike the CS problem in which only a compressed (and
possibly distorted) version of the signal is available, here the original signal
y is always available.
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of the matrix is calculated element-wise. Then, by deleting
these t entries from Y we can find a better estimate of M
by solving the appropriate LS problem. Specifically, denote
the set of the t largest elements of vec(ζ) by S̃. Deleting the
appropriate entries of Y yields the following LS problem:

min
m∈Rk2

∥yKT − (G̃⊗ G̃)KTm∥ℓ2 , (30)

where y := vec(Y) and K := S̃c is the complement of S̃.
Assuming that there are no (large) errors in the entries of yKT ,
the LS problem (30) is composed of a set of equations that is
corrupted by the original AWGN (which has a lower variance
σ2). Therefore, it is expected that the solution of (30) has a
lower MSE than the LS estimates in (28) or (29). However,
note that since the impulsive errors have no structure (30)
cannot be solved efficiently by exploiting the properties of the
Kronecker product.

VI. SIMULATION RESULTS

In this section, we present some simulation results that
illustrate the performance of the analog Turbo decoding al-
gorithms. For both algorithms, the k × k information matrix
was constructed by selecting a 23-PAM (pulse-amplitude mod-
ulation) symbol for each entry (M)i,j ∈ {±1,±3, · · · ± 7}
uniformly and independently at random. Then, the information
matrix M = (Mi,j) was encoded as was explained in equation
(5) to produce an n × n codeword matrix. Each codeword
was corrupted according to the appropriate noise model and
decoded using the relevant Turbo algorithm. In the impulsive
noise model, we compared the Turbo code using variants on
code constructions and decoding methods of the inner coed
to the code in [3] and to the one-step LP-decoder [33]. In
the almost sparse noise model, the results were compared to
the oracle bound (i.e., when the impulsive noise locations and
amplitude are perfectly known to the receiver).

A. The Turbo algorithm under the impulsive noise model

Under the sparse noise model we used two sets of simula-
tions. First, we compared the performance of the Turbo algo-
rithm to the two-step decoder [3] using a mutual incoherence-
based construction for the inner code. Like the encoding
scheme presented in section II, the algorithm in [3] is used
to decode a product code with a generator matrix of the form
G ⊗G. Since in [3] there is no CRC matrix that inserts the
additional redundancy required by the Turbo algorithm, the
decoding phase of [3] is composed of only two simple steps:
(a) decoding the column of the input matrix by applying (P1)
to each column of the input matrix, (b) decoding each row
of the resulting matrix using (P1). To illustrate the advantages
of sacrificing q symbols in each row and column for CRC
verification in the encoding phase and the additional operations
required for the iterative algorithm in the decoding phase, we
compared the two step decoder and the turbo algorithm when
they both had the same generator matrix G but each algorithm
was tested with a different size information matrix M. This
enabled us to compare the Turbo decoder and the two-step
decoder on codewords having the same size. However, since

in this setup the Turbo code has a lower coding rate, we
constructed a lower-rate generator matrix Glow for the inner
code of the two-step product code, resulting in a code that
had (approximately) the same rate as the Turbo code. For
the coding matrix G, we used a mutual incoherence-based
(deterministic) construction composed of an Identity matrix
and a Hadamard matrix of size n

2 each [41, 45]. This coding
matrix was shown to correctly decode all t-sparse error vectors
as long as t ≤ α

√
n (where α ≈ 0.65 [45]). Denote the parity

check matrix of G by H (i.e., HG = 0) and construct a parity
check matrix Hlow by taking the first ñ columns of H, where
ñ is chosen such that the new code has (approximately) the
same code rate as G̃ = GP. Then, the coding matrix Glow is
chosen such that it is in the null space of the matrix Hlow. In
the two-step decoder, we encoded a n

2 ×
n
2 information matrix

for the higher rate product code and a k̃×k̃ information matrix
for the lower rate product code. These information matrices
were produced by using the same constellation of 23-PAM we
implemented in the Turbo code. Following Observation 1, we
tested the Turbo decoder in this setup also using the OMP
algorithm for decoding the inner code.

Next, the Turbo algorithm was tested using a random inner
code. In particular, we used a generator matrix G±1 in the null
space of a random parity check matrix H±1 with i.i.d entries
such that Pr(hi,j = 1/

√
r) = Pr(hi,j = −1/

√
r) = 0.5 12.

For comparison, we encoded an information vector of size k2

using a full random n2 × k2 generator matrix13

All codewords were corrupted by a t-sparse error matrix
of the appropriate size, constructed by choosing a support of
size t uniformly at random and values that are i.i.d. Gaussian.
Then, the corrupted codewords were decoded (each by the
appropriate decoder). The results are shown in Fig. 4 for the
case where k = 15, q = 1, n = 32, k̃ = 14 and ñ = 30. Each
point represents the frequency of correct reconstruction of the
information matrix (out of 1000 trials).

As can be seen in Fig. 4, in the mutual incoherence-based
setup, the Turbo decoder is capable of correcting error vectors
with support that is much larger than the code in [3]. This
improvement was made possible by the iterative operation of
the algorithm and the use of the analog CRC. Using a random
code for the inner code improves the correcting capability
of the Turbo code. However, in the random construction
of G we needed to store the 32 × 15 matrix in both the
transmitter and receiver. It is worth mentioning that we used a
random construction for matrix Q. However, since the mutual
incoherence-based construction of G was deterministic, the
overhead was relatively small because we only needed to
store a random vector of length 1 × 15 entries for a block
with 32 × 32 entries. It is obvious that the one-step full
random code outperforms the Turbo decoder in terms of its
correcting capability. However, the complexity of the decoder
is much higher (see Theorem 3). Moreover, for the full random
approach we need to store the 322×152 entries of the random

12Note that from [48], it is known that such ±1 random matrices satisfy
the RIP with a probability that goes to 1 with the increasing n.

13We first constructed a Gaussian parity check matrix HGuassian that
satisfies the RIP with high probability cf. [33], then G was constructed to
span the null space of HGuassian.
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matrix. Combining the OMP with the Turbo algorithm while
using a mutual-incoherence construction for the inner code
resulted in a very strong coding technique. This was somewhat
surprising since the mutual-incoherence construction guaran-
tees a correcting capability of O

(√
N
)

errors using both the
LP decoder and the OMP [63]. However, while it was evident
that both algorithms had the same breakpoint, the inner OMP
decoder corrected denser error vectors than the LP-decoder
more frequently. Hence, more errors were cleaned during each
iteration of the Turbo algorithm using the OMP algorithm.

Finally, it should be noted that in the proof of Theorem
3 we bounded the number of iterations of the algorithm by√
N = 32. However, the average number of iterations was

below 5 in all the setups.
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Fig. 4. Comparison of various of decoding algorithms under the sparse noise
model.

B. The robust Turbo algorithm under the almost sparse noise
model

In this section we illustrate how well the robust Turbo
decoder performs. In the first set of simulations we tested the
robust Turbo decoder for various values of the signal to the
non-impulsive noise ratio and fixed the number of impulsive
errors. In the second set, we fixed the signal to the non-
impulsive noise ratio and tested the algorithm for various
support sizes of the sparse error.

For the coding matrix G we used a mutual incoherence-
based (deterministic) construction composed of an Identity
matrix and a Hadamard matrix of size n

2 each and normalized
its columns, where n = 128. The orthonormal matrix P was
constructed by taking the first k = 59 columns of the 64× 64

unitary matrix of the QR decomposition of P̃ =
[
I Q̃

]T
,

where Q̃ ∈ Rk×q has ±1 elements with equal probability
i.i.d (i.e., Pr

(
(Q̃)i,j = 1

)
= Pr

(
(Q̃)i,j = −1

)
= 0.5).

The input matrix Y was a corrupted version of the rescaled
codeword Y =

√
ĒsG̃MG̃T +E0+Z, where Ēs = 21

(
d
2

)2
is the average symbol energy14 and we fixed d = 2/

√
21. We

also fixed the size of the support of the impulsive error to 2500
(such that approximately 15% of the block size was corrupted

14Note the since we used coding matrices with orthonormal columns the
average energy remained unchanged after we encoded the information block.
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Robust Turbo (15% small errors)
LS(no impulsive noises)

Fig. 5. SER for 23-PAM at the output of the turbo decoder with large
amplitude impulsive noise and very small impulsive errors.

by the impulsive errors). The values of the non-zero elements
of E0 were ±1.8/

√
21 with equal probability, independently

of each other. We chose a magnitude of 1.8/
√
21 such that

it was strong enough to cause interference to the signal but
not too strong to be located when applying a simple energy
detector on the corrupted signal y. The AWGN was assumed
to have a variance of σ2. The parameters for the algorithm
were chosen as follows: the LASSO ϵ (see equation (21)) was
chosen by setting τ := 1. The detector thresholds (i.e., the γ-s)
were chosen such that we had a 10% probability of dropping
a good vector; γ1, the threshold for the first iteration, was
designed for noise with a variance of σ2 as the variance of
the input noise. For all the other thresholds, we designed the
detector under the assumption that the noise had a variance
of 5σ2. The threshold for exiting the main loop using the
condition number (see line 6 in Algorithm 1) was set to a =
1.9. Note that Cond(G̃T

S G̃S) > 1.9 for approximately 80%
of the submatrices G̃S when |S| = n− 1.

We compared the results of the Turbo decoder in this setup
to the case where E0 is perfectly known to the receiver and
LS was performed on the received signal. Note that when
the impulsive errors are known, the error at the output of the
corresponding LS problem has the same variance as Z (this
is a direct consequence of the use of coding matrices with
orthonormal columns). Therefore, the theoretical symbol error

rate (SER) in this case is given by SERLS = 14
8 Q

(√
SNR
21

)
.

The results are shown in Fig. 5 where each point represents
the average SER in the output of the Turbo decoder (out of
100 transmitted codewords, each of which is encoded from
59 × 59 23-PAM symbols). As can be seen, despite the fact
that the input signal had approximately 15% corrupted entries,
the SER at the output of the turbo algorithm had only 1dB
loss compared to the case where the impulsive errors were
perfectly known to the receiver and a LS was performed on
the input signal after removing these errors. It should be noted
that upon knowing E0 perfectly, the LS problem had 15%
measurements more than the Turbo decoder since in last step
of the turbo decoder, we dropped t = 2500 entries of y (see
the last line in Algorithm 1). This result is consistent with the
MSE at the output of the Turbo decoder (before decoding the
PAM symbols), see Fig. 6.
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Fig. 7. (a) SER for 23-PAM at the output of the turbo decoder versus the
support of the error vector. (b) Average MSE at the output of the turbo decoder
versus the support of the error vector.

We next illustrate how well the robust Turbo decoder
performs when the SNR is fixed and the support size of the
sparse error increases. The results for the SER and the average
MSE are depicted in Fig. 7(a) and Fig. 7(b), respectively. In
the last part of the simulation, we illustrate the performance of
the Turbo algorithm when we violated one of the assumptions
we made in section V-F. Specifically, we assumed that the
small errors in the estimate of M (the estimation as it is
presented before line 29 in Algorithm 1) had a significantly
lower magnitude than the original impulsive errors. In this
part of the simulation we examined the performance of the
algorithm when the non-zero elements of E were quite small
and were Gaussian i.i.d with a variance of 0.25/21. Note
that subject to the parameters of the simulation, the 23-PAM
symbols were 2/

√
21 apart. As can be seen in Fig. 5, the

loss in this case was only 3.2dB compared to the LS solution

when E0 was perfectly known to the receiver. Note that in
[42] it was shown that in the case of random coding matrices
with orthonormal columns, 15% corrupted measurements, and
a code rate of 1

2 , the LASSO-decoder had a MSE that was
less than three times larger than the MSE for the LS solution
(i.e., a loss of less than 4.7dB). The coding matrix G we
used in the Turbo algorithm at each implementation of the
LASSO-decoder also had a code rate of 1

2 . Also note that since
there were 15% corrupted measurements in the whole block,
there were an average of 15% errors for each row/column.
However, note that here we used a coding matrix that was
deterministically constructed and that the overall code rate was
≈ 1

5 .

VII. CONCLUSION

In this paper, we presented a new analog error correcting
code with an iterative decoder for real valued signals corrupted
by impulsive noise. During the coding phase, a product code
is used in which an additional redundancy is added to the
codeword as an analog version of the CRC that is commonly
employed for data verification in digital communication. In
each iteration of the proposed Turbo algorithm, the problem
of decoding the long input is decoupled into parallel sub-
problems, each of which are posed as a convex optimization
problem. The additional redundancy of the CRC is used
to prevent the transfer of new errors between consecutive
iterations of the iterative decoder. The turbo algorithm was
shown to significantly improve prior work in terms of error
correctness capability. Furthermore, the complexity was shown
to be bound by O

(
N2.75

)
operations when the CRC test

always detects erroneously decoded vectors (for comparison
a one-step LP-decoder can be carried out by O

(
N3.5

)
opera-

tions). A robust version of the Turbo algorithm is presented in
which CFAR/energy detectors are used to verify the decoding
correctness of the inner code before transferring the result to
the next iteration. Simulation results suggest that the Turbo
algorithm is robust to these small errors. In particular, the
Turbo decoder shows little loss compared to the ideal least
squares when the impulsive noises are perfectly known at the
receiver.
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