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Abstract—The gain achieved by a superdirective beamformer
operating in a diffuse noise-field is significantly higher than
the gain attainable with conventional delay-and-sum weights. A
classical result states that for a compact linear array consisting
of N sensors which receives a plane-wave signal from the end-
fire direction, the optimal superdirective gain approaches N2. It
has been noted that in the near-field regime higher gains can
be attained. The gain can increase, in theory, without bound for
increasing wavelength or decreasing source-receiver distance. We
aim to address the phenomenon of near-field superdirectivity in
a comprehensive manner. We derive the optimal performance for
the limiting case of an infinitesimal-aperture array receiving a
spherical-wave signal. This is done with the aid of a sequence
of linear transformations. The resulting gain expression is a
polynomial, which depends on the number of sensors employed,
the wavelength, and the source-receiver distance. The resulting
gain curves are optimal and outperform weights corresponding
to other superdirectivity methods. The practical case of a finite-
aperture array is discussed. We present conditions for which
the gain of such an array would approach that predicted by
the theory of the infinitesimal case. The white noise gain (WNG)
metric of robustness is shown to increase in the near-field regime.

Index Terms—superdirectivity, beamforming, array process-
ing, near-field, white noise gain

I. INTRODUCTION

IT is often beneficial to reproduce a desired signal while

suppressing ambient noise. To accomplish this task, a

beamformer combines signals received at multiple sensors

in such a manner that the undesired components are sup-

pressed. Beamforming has numerous applications including

radar, sonar, seismology, and acoustic signal processing [1].

Several criteria for characterizing a beamformer’s behavior

and quantifying its performance exist. The beampattern de-

scribes the response towards signals propagating as a plane-

wave from different directions. The directivity factor (DF) is

defined as the power corresponding to the desired direction

divided by the power averaged over all directions.

The gain describes the improvement in signal-to-noise ra-

tio (SNR) which results from applying beamforming. The

achievable gain is dependent on the spatial characterizations

of the desired signal and of the noise-field, as well as on the

sensor configuration. The case of a diffuse noise field (i.e.,

uncorrelated signals arriving uniformly as plane-waves from

all directions) is of special interest. For the case of a desired
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signal propagating as a plane-wave in the presence of diffuse

noise, the array’s gain corresponds to the DF.

In general, the DF depends on the array geometry, the look-

direction, and the weights used. For a given scenario (array

geometry and look-direction), it is possible to select weights

which optimize the DF. It has been shown that the average

DF when using optimal weights for all look-directions equals

the number of array elements, N , regardless of the array

geometry [2]–[5]. For the case of a uniform linear array with

half-wavelength spacing between elements, the delay-and-sum

weights are known to optimize the DF; they yield a DF of N
for all look-directions [1], [2].

The term superdirectivity is used to describe beamforming

which achieves a DF considerably higher than typical values.1

Uzkov [11] showed that for a uniform linear array consisting

of omni-directional elements with a vanishingly small inter-

element distance, the optimal DF approaches N2 for the

endfire direction (i.e., the look-direction corresponds with the

array’s orientation). Parsons [12] proved that for all array

configurations with vanishing spacing, N2 is the highest

attainable DF, and that the optimal geometry is linear (but

uniform spacing is not a necessary requirement). Furthermore,

it is deemed unlikely that a geometry with non-vanishing

spacing could perform better.

Superdirective microphone-arrays have been found to be

beneficial for hearing aid applications [13] and for hands-

free telecommunication devices [14]. They are particularly

pertinent for scenarios in which a compact aperture size is

necessary or desirable. The field of superdirective microphone-

arrays has spurned a significant body of research. Of particular

interest is the topic of robustness to sensor noise, sensor

misplacement, and deviations in their amplitude and phase

responses [15], [16]. Other topics include array steerability

[17] and frequency-invariant design techniques [18].

The DF and the related term, superdirectivity, are conven-

tionally defined for a desired signal propagating as a plane-

wave. In this contribution, we analyze the gain towards diffuse

noise for a desired signal propagating as a spherical-wave

and take particular interest in the near-field regime in an

endfire configuration. This case was explored by Olson [19]

in the context of his work pioneering the field of gradient-

microphones. He demonstrated that significant discrimination

against diffuse noise is attainable by such devices in the

near-field regime and reported tests in which a second-order

1Different authors have provided a number of criteria to characterize
superdirectivity. One criterion is the attainment of a higher DF than that which
results from employing delay-and-sum weights [6], [7] or with smoothly
tapering weights [8]. A different criterion relates to the ability to attain a
given DF with a comparatively small aperture [9], [10].
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gradient microphone achieved exceptional noise suppression.

In the literature on directional microphones, the change in

the near-field frequency response (characterized by a boost

of the lower frequencies) has become known as the “prox-

imity effect” [20]. For microphone applications, this is often

viewed as a nuisance [21]–[23], which necessitates corrective

equalization to achieve a flat frequency response. The topic

of near-field superdirective gain has also been explored in the

microphone-array literature by a number of authors. Täger [24]

conducted simulations of a two-microphone scenario which

indicated that for vanishingly small frequencies the optimal

DF approaches infinity; some theoretical explanations were

provided. In a similar vein, Teutsch and Elko [25] discuss

the advantages of differential processing of a two-microphone

array for a near-field source and quantify asymptotic behavior

of the gain for low frequencies. In [26], the performance of a

two-microphone array is analyzed for an arbitrary direction of

arrival (DOA) using optimal minimum variance distortionless

response (MVDR) weights.

To the best of our knowledge, the topic of near-field gain

towards diffuse noise has been addressed, to a large extent,

by observing the behavior of specific examples, but has not

been subject to comprehensive analysis. In the following, we

aim to present the theoretical underpinnings of the gain for a

spherical wave; we derive expressions quantifying the gain for

a linear array of N sensors with vanishing distances, for the

endfire look direction.

The remainder of the article is structured as follows. In

Sec. II, the problem of near-field directivity is formulated and

background regarding wave propagation and beamforming is

provided. Sec. III describes how linear transformations can

be applied to produce equivalent expressions for an array’s

gain. The behavior of a compact linear array is then expressed

(by approximation in the limit) as a set of spatial deriva-

tives of plane-waves. A sequence of linear transformations is

subsequently applied to produce a simplified expression for

gain. In Sec. IV, the same process of linear transformations

is applied to the spatial derivatives of a spherical wave. The

resulting gain expression has a polynomial form; it depends

on the number of sensors used, the distance from the source,

and the wavelength. Sec. V evaluates the performance of

the resulting beamformers. In the near-field regime, high

gain values are attained (which for an infinitesimal aperture

are theoretically unbounded as the ratio of source-receiver

distance to wavelength decreases). We then compare with the

performances of two other weight schemes: (a) superdirective

weights providing maximum gain for the far-field, and (b)

weights corresponding to the highest-order spatial derivative.

These alternatives are generally suboptimal. Next, we evaluate

the performance of a practical array of finite-length and present

conditions for which convergence to the performance of an

infinitesimal array can be expected. Finally, we examine the

robustness characteristics of such arrays. Sec. VI concludes

with a summary.

II. PROBLEM FORMULATION AND BACKGROUND

A. Problem formulation

A source produces a desired signal in an environment of

diffuse noise. The desired signal and the diffuse noise are

received by an array consisting of N omnidirectional sensors.

The array has a linear configuration (i.e., all the sensors are

arranged in a line) and the array aperture, defined as the

distance between its extremities, is negligible (specifically, it

is much shorter than the wavelengths of the desired signal

and the source-receiver distance). The array is oriented such

that the desired source coincides with the continuation of the

array axis, an arrangement termed endfire configuration. For

the purposes of subsequent derivations, the center of the array

is defined as the origin of the Cartesian axes. The z-axis is

defined to coincide with the locations of the array’s sensors

and the source of desired-signal.

The signals received at the array’s sensors are processed

by a beamformer, which applies a weighted sum. The goal

of the processing is to improve the SNR. This improvement

is quantified by the array gain, which is defined as the ratio

of the SNR at the output to the SNR at the input. We seek

to determine the amount of gain attainable by beamforming.

Results are known for the case where the desired source

produces a plane-wave (corresponding to the ideal far-field

regime). In this contribution, the source is assumed to produce

a spherical wave and is positioned at a finite distance from the

array.

B. Background

1) Propagation: An understanding of wave propagation is

necessary for our purposes. A plane-wave is characterized by

its DOA, denoted by the unit vector, u = [ux uy uz]
T . The

components of u are characterized by,

u(φ, θ) =

⎡
⎣ux(φ, θ)
uy(φ, θ)
uz(φ, θ)

⎤
⎦ =

⎡
⎣cos(φ) sin(θ)sin(φ) sin(θ)

cos(θ)

⎤
⎦ , (1)

where φ and θ represent azimuth and inclination, respectively.

The field produced by a specific plane-wave can be presented

as

fpw(r, t) = s0(t+ rTu/c) , (2)

where r = [x y z]T represents the Cartesian spatial co-

ordinates, t represents time, s0(t) is the field at the origin

(i.e., where r is 0), and c represents the velocity of wave

propagation. In the frequency domain, this amounts to

Fpw(r, ω) = S0(ω) exp(jωr
Tu/c) , (3)

where ω represents angular frequency.

A spherical wave is characterized by the position of its

source, rs. The field produced is fsph(r, t) = s(t−‖r−rs‖/c)
‖r−rs‖ ,

where s(t) is the waveform and ‖·‖ indicates the Euclidean

norm and thus ‖r − rs‖ is the distance from the source. We

assume that the source is not located at the origin (i.e., rs �= 0);

thus, the field at the origin is well-defined and equals s0(t) =
s(t−‖rs‖/c)

‖rs‖ . We find it helpful to reformulate the spherical

wave at all points in space with respect to the field at the origin
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(this is done be substituting s(t) = s0(t+‖rs‖/c) · ‖rs‖). The

resulting equivalent formula is

fsph(r, t) =
s0(t− (‖r− rs‖ − ‖rs‖)/c)

‖r− rs‖/‖rs‖ ; (4)

the corresponding representation in the frequency domain is

Fsph(r, ω) =
S0 exp(−jω(‖r− rs‖ − ‖rs‖)/c)

‖r− rs‖/‖rs‖ . (5)

2) Steering vectors: Let the signal s(t) represent a wave-

form propagating in space. It is received at the nth sensor as

s(t) ∗ hn(t), where ∗ indicates convolution and hn(t) is an

impulse-response function which models the effects of wave

propagation. In the current paper, the effects which are of

interest are delay and attenuation. In the frequency domain,

the received waveform can be described as s(ω)hn(ω). The

steering vector, defined as h(ω) = [h1(ω) . . . hN (ω)]T , con-

sists of the transfer functions of all an array’s elements and

characterizes the array’s spatial response to s(ω). For a plane-

wave arriving from DOA, u0, the steering vector is

hpw = exp(jωPTu0/c) , (6)

where P is a matrix of dimensions 3 × N which specifies

the positions of the N sensors in Cartesian coordinates. The

formula follows directly from (3), with the field being spatially

sampled at the coordinates contained in P. In a similar manner,

the steering vector for a spherical plane can be fashioned from

(5), yielding the elements

hsphn =
exp(−jω(‖pn − rs‖ − ‖rs‖)/c)

‖pn − rs‖/‖rs‖ , (7)

where pn consists of the Cartesian coordinates of the nth

sensor.

3) Beamforming: Let x1(ω), . . . , xN (ω) denote the signals

received at the respective sensors of the array. In addition

to the desired waveform sd(ω), the sensors receive additive

noise, thus xn(ω) = sd(ω)hn(ω)+en(ω), where en(ω) is the

noise component. In vector notation the received signals can

be represented as

x(ω) = h(ω)sd(ω) + e(ω) , (8)

where x(ω) = [x1(ω) . . . xN (ω)]T consists of the received

signals and e(ω) = [e1(ω) . . . eN (ω)]T consists of the noise

components. A beamformer processes the received signals

by means of a weighted sum, producing the output signal,

y(ω) =
∑N

n=1 w
∗
n(ω)xn(ω), where wn(ω) represents the

respective weight and {·}∗ indicates complex conjugation. In

vector notation, the output of the beamformer is

y(ω) = wH(ω)x(ω) , (9)

where w(ω) = [w1(ω) . . . wN (ω)]T is the weight vector
and {·}H indicates the conjugate-transpose operation. From

substitution of (8) into (9) it is evident that the desired

component at the output is wH(ω)h(ω)sd(ω) and that the

noise component is wH(ω)e(ω).
One figure of merit by which a beamformer can be judged

is its gain, which describes the improvement of SNR due to

the beamformer. The SNR at the input can be expressed using

the signals at a single reference sensor

iSNR =
E{|sd href |2}
E{|eref}|2 =

|href |2σ2
sd

σe2ref

, (10)

where σ2
sd

and σ2
eref

respectively denote the expected power

of the desired signal sd and of the noise eref (note that for

brevity, explicit dependence on ω is omitted here and in most

future occurrences). The SNR at the output of the beamformer

is given by

oSNR =
|wHhsd|2
|wHe|2 =

|wHh|2σ2
sd

wHReew
, (11)

where Ree = E{eeH} is the noise-covariance matrix. The

gain is defined formally as the ratio of output and input SNRs,

G =
oSNR

iSNR
=

|wHh/href |2
wHReew/σ2

eref

. (12)

4) Beampaterns and directivity factor: An array’s beam-
pattern, which describes its response to plane-wave arriving

from an arbitrary direction, is defined

BP(u) = wHhpw(u) . (13)

Similarly, the beam-power is defined |wHhpw(u)|2. The

directivity factor (DF) describes the ratio of beam-power

corresponding to a certain desired direction, ud, to the average

of beam-power over all directions

DF(ud) =
|wHhpw(ud)|2

1
4π

∫ π

0

∫ 2π

0
|wHhpw(u)|2 sin(θ) dφdθ

. (14)

This can be recast as

DF(ud) =
|wHhpw(ud)|2

wHΦw
, (15)

where the matrix Φ is

Φ =
1

4π

∫ π

0

∫ 2π

0

hpw(u)h
H
pw(u) sin(θ) dφdθ . (16)

The DF describes a beamformer’s spatial selectivity and its

capacity to suppress diffuse noise. It is conventionally defined

solely for plane-wave propagation; thus, classical results re-

garding DF cannot be directly applied to our scenario, which

incorporates spherical-wave propagation.
5) Maximization of SNR: The weight vector may be se-

lected to maximize output-SNR (and hence array gain). The

maximum SNR weights are defined as

wMSNR = argmax
w∈CN

{ |wHh|2
wHReew

}
; (17)

note that the constant term from (11), σ2
sd

, has been removed.

The solution to this optimization problem [27] is

wMSNR = μR−1
ee h , (18)

where μ is any nonzero scalar.2 Substitution of (18) into (12)

yields the maximal gain value,

GMSNR =
σe2ref

|href |2h
HR−1

ee h . (19)

2The particular choice of μ = 1

hHR−1
ee h

yields the MVDR weights, which

prevent signal distortion.
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6) Diffuse noise field: A diffuse noise field consists of

uncorrelated waves arriving uniformly from all directions with

identical power levels.3 The diffuse noise matrix is related to

(16) and can be expressed as

Rdif = σ2
difΦ , (20)

where σ2
dif denotes the power of the diffuse field at any sensor.

The reference noise-power, σ2
eref

then equals σ2
dif . Preforming

this substitution in (19) and replacing Ree of (19) with Rdif ,

one obtains

GMSNR =
1

|href |2h
HΦ−1h . (21)

The elements of Φ depend on the distance between the various

sensors and are given [32]–[34] by

Φm,n =

{
sin(k dm,n)

k dm,n
dm,n �= 0

1 dm,n = 0
, (22)

where k = ω
c is the wavenumber and dm,n indicates the

distance betweens sensors m and n. The elements along the

main diagonal of the matrix Φ are unity-valued (corresponding

to zero-distance between a sensor and itself). In our case of

a compact array, all distances are small and the off diagonal

elements have values which are slightly smaller than unity. (It

should be noted that (22) corresponds to the classical definition

of diffuse noise, for which the waves are assumed planar. The

case of an isotropic field originating in the near-field [35] is

of interest, but is not considered in the current contribution.)

The gain obtainable in a diffuse noise field (whether for

a far-field or near-field source) can be calculated by directly

evaluating (21). This can be done numerically for an individual

scenario (with specific positions for the source and sensors).

The case of N = 2 sensors was examined analytically in

[26]. However, for higher orders, the terms become unruly,

impeding their direct manipulation.

C. Robustness

In practice, a given scenario may deviate to some extent

from the assumed model. For instance, the actual locations

of array elements may differ from an assumed specification.

Furthermore, the elements may exhibit nonideal behaviors

such as sensor noise or deviation from their assumed gains

or phase responses. It is important to quantify how sensitive

a given design is towards such deviations.

When array elements produce mutually uncorrelated sensor

noise with identical variance σ2
sen, the sensor-noise at the

output of the array is σ2
sen · ‖w‖2; hence, ‖w‖2 serves as

an indicator of sensitivity to sensor-noise [27]. In a similar

fashion, the term ‖w‖2 is linked to the expected increase

of far-field ambient noise at the beamformer’s output when

3A reverberant sound field, which consists of acoustic energy reflected from
all boundaries of the room, is analogous, to a large degree, with the ideal
diffuse noise field. Thus, a beamformer’s capacity to suppress diffuse noise, is
indicative of its capacity to suppress reverberation [28]. (This comparison with
diffuse noise has also been used to model the spatial statistics of reverberation
[29], to apply beamforming processing to dereverbaration [30], and to analyze
the impact of a reverberant field on DOA estimation [31].)

random perturbations are applied to the sensors’ responses and

locations (see [1], [2], [36] for further details).

Conversely, the term 1
‖w‖2 often serves as a metric of

robustness towards sensor noise and model perturbations. For

beamformers designed to have a unity response for the desired

direction, this metric is known as white noise gain (WNG).

Robustness analysis is a particularly germane topic for

compact superdirective arrays. From (22), it is evident that

as the distance between sensors decreases, the elements of

Φ approach 1, yielding, in the limit, a singular matrix.

Although finite-valued distances do not produce a singularity,

the matrix suffers from poor conditioning which may lead to

poor robustness. Superdirective arrays are indeed known as

prone to sensitivity issues [7], [37]; these become particularly

acute as the spacing between sensors decreases with respect

to the wavelength and as the number of sensors employed

increases.

III. BEAMFORMING TRANSFORMATIONS

In order to assist in the calculation of the array’s gain (as

discussed in Sec. II-B6), we convert the signals into more

convenient forms through transformations. These transforma-

tions are presented as applying a set of preprocessing weights

to the received signals. Section. III-A describes the process

of signal transformations and demonstrates the equivalence of

processing the original signals and the transformed signals.

Section III-B presents a derivation of Uzkov’s classical result

[11] for endfire superdirectivity using a sequence of successive

transformations. This serves to demonstrate the use of signal

transformations and also forms a starting-point for the more

complicated case of spherical waves, which is discussed in

Sec. IV.

A. Equivalence of Transformed Signals

Consider a beamforming scheme in which the N signals

contained in x are preprocessed to produce a new set of

signals,

x̃ = WHx , (23)

where the columns of matrix W consist of preprocessing

weight-vectors. Let us define the transformation matrix T =
WH . The transformed set of signals x̃ can be decomposed as

x̃ = Tx

= Thsd +Te ,
(24)

which follows from (8). The components of (24) can be recast

as

x̃ = h̃sd + ẽ , (25)

where

h̃ = Th (26)

and

ẽ = Te . (27)

The noise matrix of ẽ is

Rẽẽ = E{ẽẽH} = TReeT
H . (28)
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Note that (25) corresponds to the mold of (8), with x, h, and

e replaced by transformed versions. The new set of signals

can be processed with

ỹ = w̃H x̃ , (29)

which corresponds to (9).

Does processing the transformed signals differ from pro-

cessing of the original signals in terms of the achievable

performance? If T consists of N linearly independent rows,

then the transformation is invertible and no information is

lost.4 Any output signal, y = wHx, which can be obtained

from the original input signals can also be generated from the

transformed signals using w̃ = (TH)−1w.

In particular, the maximum-SNR beamforming weights for

the transformed signals is w̃MSNR = μR−1
ẽẽ h̃ . The resulting

gain is

G̃MSNR =
σe2ref

|href |2 h̃
HR−1

ẽẽ h̃ , (30)

corresponding with (19). By substituting (26) and (28) into

(30), it can be verified that G̃MSNR = GMSNR; i.e., the gain

achievable with the transformed signals equals that of the

original signals.

For the special case of a diffuse noise field, we define Φ̃ =
1

σ
e2
ref

Rẽẽ. Equation (30) can be formulated as

G̃MSNR =
1

|href |2 h̃
HΦ̃−1h̃ . (31)

It is easy to show that Φ̃ = TΦTH . These relations prove

useful in the analysis of a compact linear array.

B. Application to a Compact Linear Array

For a compact linear array, we employ a sequence of

transformations which simplify the problem. First, we note

that the values of a function at a set of points which are closely

spaced may be used to approximate the function’s derivatives.

For example, if the values of f(x) are known at the points

x0, x0 + δx, and x0 − δx then the derivatives of orders one

and two can be approximated as f ′(x0) ≈ f(x0+δx)−f(x0−δx)
2δx

and f ′′(x0) ≈ f(x0+δx)−2f(x0)+f(x0−δx)
δ2x

. For infinitesimal

spacing (i.e., δx → 0), the true values of the derivatives are

attained in the limit. A systematic approach for computing

the numerical derivatives of arbitrary order is provided in

Appendix A (it should be noted that the spacing between

neighboring sensors need not be uniform). At present, we

assume an infinitesimal aperture with corresponding precise

spatial derivatives. In Sec. V-C, the effects of approximation

errors are examined for numerical differentiation with a finite
aperture.

Let Tder be a transformation matrix which yields the spatial

derivatives of the field measured by the array (in the direction

of the array’s axis). Without loss of generality, we assume that

4Note that the transformation matrices used for subsequent derivations
(introduced in Sec. III-B) are invertible. Specifically, the numerical differ-
entiation matrix can be expressed as the product of a diagonal matrix and the
inverse of a Vandermonde matrix (see Appendix A); hence it is nonsingular.
The subsequent transformation matrices have forms which are respectively
diagonal and lower-triangular, and thus nonsingular.

the array is oriented along the z-axis. The transformed signal-

vector, xder = Tderx, consists of partial-derivatives along the

z-axis at the origin, and its elements5 are given by xdern =
∂n

∂znF (r, ω)|r=0. Thus the transformed signal-vector is

xder = Tderx =

⎡
⎢⎢⎢⎣

F (r, ω)|r=0
∂
∂zF (r, ω)|r=0

...
∂N−1

∂zN−1F (r, ω)|r=0

⎤
⎥⎥⎥⎦ , (32)

containing partial z-derivatives of orders 0 to N − 1 (a

derivative of order zero refers to the field’s value). For a plane-

wave arriving from DOA u described in (3), the derivatives

are

∂n

∂zn
Fpw(r, ω)|r=0 =

(
jω uz

c

)n

S0(ω) (33)

= (jk)n cosn(θ)S0(ω) ,

where the final stage employs the substitutions k = ω/c and

uz = cos(θ) of (1). The effects of differentiation can be

factored into a spatial component, cosn(θ), and a frequency-

dependent component, (jk)n. The latter can be eliminated by

normalization using the matrix

Tnorm = diag{(jk)0, . . . , (jk)−(N−1)} , (34)

where diag{·} indicates a square matrix with the specified

values along the main-diagonal and zeros elsewhere. The

resulting signals,

xnorm = Tnormxder , (35)

contain only the spatial component (consisting of powers of

cos(θ)), and can be written as xnorm = hnormS0, where

hnorm =

⎡
⎢⎣

cos0(θ)
...

cosN−1(θ)

⎤
⎥⎦ . (36)

The vector, hnorm, constitutes a steering vector for the signal

S0 propagating as a plane-wave with a DOA which forms the

angle θ with the array’s axis. In Fig. 1, the beampatterns which

correspond to the elements of hnorm are plotted.

The diffuse matrix Φnorm can be calculated by applying

(16) with hnorm. The elements of the matrix are given by

Φnorm m,n =
1

4π

∫ π

0

∫ 2π

0

cosm(θ) cosn(θ) sin(θ) dφdθ ,

(37)

where m and n are the orders of the respective derivatives (and

the complex-conjugation operator is omitted, since all terms

are real-valued). Applying the substitution u = cos(θ) yields

Φnorm m,n =
1

2

∫ 1

−1

umun du =

{
1

1+m+n m+ n is even

0 m+ n is odd.
(38)

5Note that the indexing convention we are using starts from zero. Thus an
N -element vector has indexes ranging from 0 to N − 1. Similarly, for an
N × N square matrix, the element at the upper-left is indexed 0, 0 and the
element at the lower right is indexed N−1, N−1. This convention is natural
for describing derivatives and polynomials.
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Fig. 1. The beampatterns corresponding to the elements of hnorm are given by the formula hnormn = cosn(θ). The absolute value of these patterns are
plotted for orders 0 through 4. (Blue indicates positive phase and red indicates negative phase.)
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Fig. 2. The beampatterns corresponding to the elements of hleg are given by the formula hnormn = Pn(cos(θ)), where Pn(·) is a Legendre polynomial
of order n. The absolute value of these patterns are plotted for orders 0 through 4. (Blue indicates positive phase and red indicates negative phase.)

It is desirable that the diffuse matrix be diagonal in order to

simplify the evaluation of its inverse, which appears in the term

for the maximum gain (31). To that end, we apply an additional

transformation: xleg = Tlegxnorm (the significance of the

subscript “leg” will be evident presently). The elements of

the transformed steering vector hleg = Tleghnorm are formed

by a linear combination of the components of (36), described

by

hlegm =

N−1∑
n=0

Tlegm,n cos
n(θ) . (39)

We wish to set the values of Tleg such that the transformed

diffuse matrix Φleg is diagonal. The elements of Φleg can

be expressed by integration over all directions, as in (37),

producing

Φleg m,n =
1

4π

∫ π

0

∫ 2π

0

hlegm(θ)h∗
legn

(θ) sin(θ) dφdθ (40)

=
1

2

∫ 1

−1

(
N−1∑
p=0

Tlegm,pu
p

N−1∑
q=0

T ∗
legn,q

uq

)
du .

The second line of (40) follows from expressing hlegm(θ) and

hlegn(θ) with (39) and applying the substitution u = cos(θ).
The final expression amounts to an inner product of two

polynomials. For the off-diagonal elements of Φleg to be zero-

valued, the two polynomials must be orthogonal. This task can

be accomplished for the inner-product depicted in (40) with

the Legendre polynomials,

P0(u) = 1 (41)

P1(u) = u

P2(u) = −1

2
+

3

2
u2

...

PN−1(u) = . . .

Consequently, we set the transformation matrix Φleg such that

each row consist of the coefficients of a Legendre polynomial:

Pm(u) =
∑N−1

n=0 Tlegm,nu
n. The structure of Φleg is lower-

triangular (since each for successive row, the order is increased

by one).

The Legendre polynomials presented in (41) are in standard

form, which is scaled such that

Pm(1) = 1 , (42)

for all m. The polynomials maintain the relation,

1

2

∫ 1

−1

Pm(u)Pn(u) du =

{
1

1+2n n = m

0 n �= m ;
(43)

i.e., they are orthogonal but not orthonormal.

Let us determine the values of Φ̃leg and hleg. From (43) it

follows that

Φ̃leg = diag

{
1,

1

3
, . . . ,

1

2N − 1

}
, (44)
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which is indeed a diagonal matrix. The steering vector for a

plane wave is

hleg = Tleghnorm =

⎡
⎢⎣

P0(cos(θ))
...

PN−1(cos(θ))

⎤
⎥⎦ . (45)

In Fig. 2, the beampatterns which correspond to the elements

of hleg are plotted. These beampatterns, which are given

by Pn(cos(θ)), are proportional to instances of the spherical

harmonics.6 For the endfire direction, θ = 0 and hence

u = cos(0) = 1. Therefore,

hleg(θ = 0) = 1N×1 , (46)

where 1 is a vector of ones of the specified dimensions.

To calculate the gain attainable for a desired source propa-

gating as a plane-wave along the endfire direction, one substi-

tutes (44) and (46) into (31). For a plane-wave, |href | = 1 for

any reference-sensor location as is evident from (6). The result

is Gpw =
∑N−1

p=0 (1 + 2p) = N2. The resulting beampatterns

for arrays of orders 0 to 4 are plotted in Fig. 3.

IV. GAIN FOR A SPHERICAL WAVE

The case of a spherical wave arriving from the endfire

direction is approached in the same manner as that of the

plane-wave in Sec. III-B; the process proceeds using the same

sequence of transformations. The three components which

need to be determined for computing the gain are |href |,
Φ̃, and h̃ of (31). For a spherical wave, the designation of

the reference sensor’s location does effect |href |, since the

waveform’s amplitude is not spatially uniform (being inversely

proportional to the distance from the source). The array is

located at the origin and has an idealized infinitesimal aperture;

hence |href | = 1 from (7). The diffuse noise matrix and its

transformed versions have already been specified above. The

transformations of the spherical steering vector have yet to be

determined. To keep notation simple, some of the notations

from Sec. III are redefined for the spherical wave case.

Let rs = [0 0 z0]; i.e., the acoustic source is located at

position z0 along the z-axis. We examine the value of the

spherical field Fsph along the z-axis by setting r = [0 0 z] in

(5), producing

F (ω, z) = z0
exp(jωz/c)

z0 − z
S0(ω) (47)

in the neighborhood7 of z = 0. The steering-vector hder =
Tderhsph contains the derivatives at the origin for variable z

of z0
exp(jωz/c)

z0−z for orders 0 to N − 1. Its elements are

hdern =
∂n

∂zn
z0

exp(jωz/c)

z0 − z

∣∣∣∣
z=0

=

n∑
m=0

cm,n
(jω/c)n−m

zm0
,

(48a)

6The spherical harmonic representation is a staple of the literature on
spherical array processing [38]–[40] . The near-field case for a spherical array
is explored in [41]. Notably, the spherical harmonic representation is used in
[42] for a near-field scenario with a linear array.

7The term ‖r− rs‖ which appears in both the numerator and denominator
of (5) equals |z− z0| (after substituting the values for r and rs). Since z0 is
positive, |z − z0| = z0 − z in the neighborhood of z = 0. This relationship
is used to produce (47).

where

cm,n =
n!

(n−m)!
. (48b)

In Appendix B, the derivation of (48) is presented. For a

spherical wave, the normalized versions of these derivatives

(hnorm = Tnormhder), which are produced by scaling with

(jω/c)−n, are

hnormn = (jω/c)−n · hdern =

n∑
m=0

cm,n

(
c

jωz0

)m

, (49)

which has a polynomial form.

The steering vector hleg = Tleghnorm consists of a linear

combination of these polynomials, hence also its elements are

of polynomial form. The nth element of hleg is a polynomial

of order n; this follows from the fact that hnormn of (49) is a

polynomial of order n and Tleg is a lower-triangular matrix.

We denote these polynomials8 with the notation

hlegn = Bn(1/(jkz0)) . (50)

The resulting gain for an array of N elements is obtained

by substituting the relevant values into (31), yielding

GsphN =

N−1∑
n=0

(1 + 2n) · |Bn(1/(jkz0))|2 . (51)

We now present the results for using N = 2, 3, and 4 elements;

in the following α = 1/(kz0)= λ/(2πz0).

Gsph2 = 4 + 3α2

Gsph3 = 9 +18α2 + 45α4

Gsph4 = 16+60α2 + 360α4 + 1575α6 (52)

V. EVALUATION

A. Analytic Gain Curves

To assess the optimal gain for a spherical wave, Gsph, we

proceed to plot its values for different distances. The gain Gsph

can be expressed as a function of z0
λ (i.e., the ratio of the

distance from the source to the wavelength). In Fig. 4, Gsph

is plotted for N = 2 ,3, and 4 elements. The horizontal axis

portrays z0
λ in logarithmic scale, and the vertical axis portrays

the gain in decibels.

Two regimes of operation are apparent: the far-field regime

with z0 � λ) and the near-field regime with z0 � λ. The

segment located in the right-hand side of the figure, in which

the gain curves run approximately parallel to the horizontal

axis, are characteristic of the far-field. The respective gain

values correspond with the classical result of N2. The segment

located in the left-hand side, in which the gain curves progress

with approximately constant slopes, correspond to the near-

field regime. Mathematically, these regimes correspond to two

different asymptotes. The polynomial form of the gain curves

8An inspection of the values calculated for the coefficients of the resulting
polynomials leads to an interesting hypothesis. The calculated coefficients
correspond with those of the Bessel polynomials [43], whose coefficients are

given by the formula Bm(1/(jkz0)) =
∑m

n=0
(m+n)!

2n(m−n)!n!
(1/(jkz0))n.

The authors have verified this relationship for orders 0 . . . 1, 000 but have
not, as of yet, found an analytical proof for the general case.
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Fig. 3. The beampatterns corresponding to weights which maximize SNR in diffuse noise for a plane-wave at endfire consist of a linear combination of the
patterns from the elements of hnorm of Fig. 1 (or alternatively hleg of Fig. 2). The absolute value of the resulting patterns are plotted for orders 0 through
4. (Blue indicates positive phase and red indicates negative phase.)

Fig. 4. Optimal gain for spherical wave.

[see (52)] determines their asymptotic behavior. For z0 � λ,

the terms higher than zero-order vanish leaving a constant

gain. For z0 � λ, the highest order term dominates and

determines the rate of the slope.

B. Comparison with alternative processing methods

For purposes of comparison, we also plot the gains attained

using alternative methods. One such method employs the

optimal beamforming weights for a plane-wave (corresponding

to the far-field). Another method uses weights proportional to

the highest-order spatial derivative achievable (corresponding

to the sharpest beampattern attainable by pure differentiation;

this arrangement was studied by Olson [19]). We denote the

resulting gains Gfar and Gder, respectively. In Fig. 5, the

optimal gain for a spherical wave Gsph is compared with

Gfar and Gder for arrays with N = 2, N = 3, and N = 4
elements. The gains are plotted as a function of z0

λ . Note that

the vertical axis of each subfigure is scaled in accordance with

the respective range of the plotted gains.

It is apparent that the curves for Gfar and Gder are inferior

to Gsph. This is due to the fact that Gsph was produced by

weights optimized for the spherical-wave scenario, whereas

the other gains result from weights selected by other means.

The dynamics of these curves are similar to those of Gsph:

asymptotes are exhibited for the far-field and the near-field.

The gains for these suboptimal weights can also be expressed

as a polynomial, and their near-field and far-field asymptotes

are determined by the values of the highest-order and lowest-

order coefficients, respectively.

We proceed to inspect the behavior of the asymptotes. The

far-field asymptote of Gfar is identical to that of Gsph. This is

because the behavior of a spherical-wave approaches that of a

plane-wave in the far-field (i.e., as z0
λ → ∞). The asymptotic

far-field gain equals N2 which is optimal [11]. For the near-

field, both Gsph and Gfar have asymptotes with identical

slopes. However, there is a vertical offset by which Gsph

outperforms Gfar. It can be shown that the maximum-SNR

beamforming weights for a spherical-wave in the near-field

limit satisfy |wlegn/wlegN−1| → 0 as z0
λ → 0 for n < N − 1;

i.e., the highest-order weight dominates. When designing

weights for a plane-wave (corresponding to the far-field), there

is a non-negligible contribution from the beamforming weights

of all orders. The offset equals Gsph/Gfar =
N2

2N−1 . For N =

2, 3, and 4 sensors, the respective offsets are 1.25 dB, 2.55

dB, and 3.59 dB.

One can show that the far-field asymptote of Gder is

1/Φnorm N−1,N−1 = 2N − 1 [see (38)]. This is suboptimal

for all arrays since 2N − 1 < N2 for N > 1. The asymptotic

offset for the far-field is Gsph/Gder = N2

2N−1 . The near-field

asymptote of of Gder is identical to that of Gsph for the case

of N = 2 (see Fig. 5a); however, for N > 2 the near-

field asymptote is suboptimal. This is due to the fact that

when using optimal weights in the near-field, the resulting

beampattern is dominated by the highest order Legendre poly-

nomial, PN−1(cos(θ)); in contrast, the beampattern produced

by derivative based weights is cosN−1(θ). These polynomials

are equal for N = 2 but differ for N > 2. (Interestingly, the

near-field differential processing which Teutsch and Elko [25]

discuss relates to the case of N = 2 and is thus asymptotically

optimal. In general, the values for Gder in the near-field are

suboptimal.)

The behavior of the gain curves in the transition region

between far-field and near-field is of interest. The curve

for Gsph is optimal, and the curves for Gfar and Gder are

noticeably suboptimal. It is notable that for the case of N = 4,

the latter curves exhibit gain values which are inferior to those

of the far-field. This effect is discernible in Fig. 5c; for Gfar,

the effect is minor and for Gder it is quite noticeable. For these
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Fig. 5. A comparison of the gain using weights designed for a spherical-wave
(Gsph), a plane-wave (Gfar), and using a high-order derivative (Gder). The
results are plotted for arrays with different numbers of elements: (a) N = 2,
(b) N = 3, and (c) N = 4.

curves, the change in gain as z0
λ decreases in not monotonic.

C. Finite Length Aperture

The expressions for super-directive gain [(51) and (52)]

were derived for the ideal case of an array possessing an

infinitesimal aperture. This ideal model implies that (a) spatial

derivatives can be accurately attained, and (b) the distance

from the signal source may be considered equal for each

sensor. In practical scenarios, however, the array aperture is

finite. Consequently, each of the above assumptions requires

re-examination.

With a finite aperture, the spatial derivatives are calculated

numerically (see Appendix A). If the true values of the desired

derivatives do not undergo significant fluctuations within the

space occupied by the aperture of the array, one may expect

that the numerical derivatives are reasonably accurate. For our

purposes, reasonable accuracy is expected when the following

two criteria are met: (i) the aperture is significantly less than

a wavelength (a � λ), and (ii) the array is sufficiently distant

from the source (at which the field of a spherical wave exhibits

a singularity); this can be formulated empirically as d � a
(i.e., the distance of the array from the source is sufficiently

greater than the aperture length).

For a finite-aperture array, the distance from the source

differs for each sensor. Thus, it is necessary to designate which

sensor shall serve as the reference when calculating the array

gain. It seems fair to select the sensor which is closest to the

source [24]. Specifically, the reference is used to indicate the

SNR attainable without the aid of beamforming. Consequently,

the sensor closest to the source is the best choice since it

provides the highest SNR (considering that the signal power

of a spherical wave is stronger closer to the source whereas

the power of diffuse noise is independent of location).9

However, it is natural to view the numerical derivative as

relating to the center of the aperture (located at the origin)

and not its edge. We seek to quantify how the SNR differs at

these two distinct locations. Let d signify the distance from

the source to the sensor which is closest to the source. The

distance from the source to the origin is thus d + a/2. From

(7), the amplitude response of a sensor located at the origin is

|ho| = 1; for the sensor at the array’s edge which is closest to

the source, the amplitude response is |he| = d+a/2
d . The SNR

at the array’s center (the origin) is less than the SNR at its

near edge; the ratio between these two quantities is

γ
finite

=
iSNRo

iSNRe
=

d2

(d+ a/2)2
, (53)

as can be verified with (10). The gain for a finite array may

be approximated by applying a correction factor of γ
finite

to

the gain expressions derived for an infinitesimal array.

We now demonstrate the effects of finite aperture size by

way of example. Consider a uniform linear array (i.e., with

equally spaced sensors) consisting of 4 sensors, centered at

the origin. Figures 6a and 6b compare the performance of

an idealized array of infinitesimal aperture to that of a finite

aperture. (The length of the finite aperture in Figs. 6a and 6b

are 0.05 wavelengths and of one wavelength, respectively.)

The curves in each of these figures should be understood

as follows. The red curve (comprised of nonuniform dashes)

represents the gain values derived for an infinitesimal aperture

centered at the origin. The solid blue curve represents the gain

values attained by using the MVDR weights (which optimize

gain) for a finite-aperture array. The dashed green curve rep-

resents the gains attained by calculating numerical derivatives

(as described in Appendix A) followed by the transformations

detailed in Sec. III and then applying the optimal weights

9Note that in the classical case of a plane-wave signal, the question of
reference selection is immaterial, since the SNR is identical at all points in
space.
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Fig. 6. Gain curves for comparing the performance of infinitesimal-aperture arrays and finite-aperture arrays.

for a spherical wave (using the steering-vector of Sec. IV).

The dotted black curve represents the gain derived for an

infinitesimal aperture multiplied by the correction coefficient,

γ
finite

, of (53). The horizontal axis denotes distance of the

source from the edge of the finite-aperture array in units of

wavelengths; note that it is logarithmically scaled. Also note

that the range of the vertical axis (relating gain in decibel

units) differs in the two figures (Fig. 6a and Fig. 6b).

Let us first examine Fig. 6a (in which a = 0.05λ). The

gain for the infinitesimal aperture, and the two finite aperture

schemes (MVDR and differential) are in close agreement for

the far-field (with 12 dB at the right edge of the figure).

However, as the source-array distance decreases, the gain

of the infinitesimal aperture scheme gradually diverges from

those of the finite-aperture schemes. At the left edge of

the figure, the infinitesimal array attains a gain of 80 dB

whereas the finite-aperture schemes attain a gain of 75 dB.

The curve resulting from application of the correction factor

γ
finite

[of (53)] to the gain of an infinitesimal-aperture array is

in close agreement with those computed for a finite-aperture

at the right-hand-side of the figure. However, on the left

hand side (roughly defined as a/λ < 10−1) this correction

overcompensates, yielding increasingly pessimistic gain val-

ues, which fall short of the gain values of a finite-aperture.

This regime corresponds with failure of the condition d � a;

in this regime the array approaches the neighborhood of the

field’s singularity, thus impairing the accuracy of numerical

differentiation. It should be noted that the gain curves do not

exhibit the unbounded increase in gain evident in Fig. 4 for

vanishing distance z0 [which follow from (51) and (52)]. The

explanation for this behavior is that for a finite aperture, the

distance from the array’s edge (i.e., d) is at least a/2 from

the array’s center, and thus cannot decrease indefinitely.10. We

observe that the gain attained by weights using the numerical-

derivatives approximation is very close to that of the optimal

gain attainable by MVDR weights. It is interesting to note

10This also explains the different shapes of the gain curves in Figures 6a
and 6b, which have different aperture lengths

that this behavior is exhibited even in the neighborhood of the

singularity.

We now turn to Fig. 6b (in which a = λ). The condition

a � λ is not met; consequently the full set of spatial deriva-

tives cannot be accurately obtained. This being the case, the

gain of a finite-aperture array using optimal MVDR weights

falls short of the gain of an infinitesimal array. Similarly, the

gain attained by weights using the numerical approximation

of derivatives also falls short of the gain attained by MVDR

weights. This follows from the large aperture size impairing

the accuracy of numerical differentiation. Finally, we note

that the correction coefficient γ
finite

, which compensates for a

shift in the reference location, does not correct for inaccurate

differentiation.

D. Robustness in the near- and far-field regimes

We now examine the robustness characteristics of superdi-

rective beamforming for a spherical wave in both the near

and far-field regimes. Figure 7 plots both the gain towards

diffuse noise and the WNG for uniform linear arrays with

N = 2, 3 and 4 sensors. The distance between adjacent

sensors is 1
60λ (thus for the case of N = 4 sensors the

aperture is 0.05 λ as in Fig. 6a). The gain towards diffuse

noise is maximized for each source-array distance by using

minimum variance distortionless response (MVDR) weights,

which are designed to maintain a unity-response to the desired

signal. The horizontal axis corresponds to the distance from

the source to the edge of the array (given in wavelength) and

the vertical axis corresponds to gain (given in decibels). Solid

curves represent the gain towards diffuse noise and dashed

curves represent the WNG. Curves colored blue, magenta, and

black correspond to arrays with N = 2, 3, and 4 sensors,

respectively.

The WNG values for the far-field (at the right extremity of

the figure) are: -20 dB, -45 dB and -73 dB (for N = 2, 3, and

4, respectively); however in the near-field (at the left extremity

of the figure) the respective WNG values are: -3 dB, -8 dB,

and -13 dB. Evidently, the WNG characteristics are enhanced
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Fig. 7. The gain for diffuse noise and WNG are plotted for uniform linear
arrays with N = 2, 3, and 4 sensors with MVDR weights optimizing gain
for a spherical wave with respect to diffuse noise.

in the near-field (this observation was made in [26] for the

specific case of N = 2 sensors).

The dynamic affecting WNG can be explained as follows.

Superdirective beamformers may be seen as employing numer-

ical differentiation. As the number of sensors increases, the

order of the derivatives employed also increases; this in turn

involves more aggressive processing and hence lower WNG

values. In the far-field, extreme degradation to WNG occurs

for large values of N . However, the derivatives of a spherical-

wave in the near-field regime yield higher values than that of

a plane-wave of similar amplitude. The increased derivative

values have two ramifications: (a) greater SNR with respect

to diffuse noise, and (b) lower weight values can be used to

attain a unity response to the spherical wave, thus increasing

WNG. It should be noted that for each of the arrays depicted in

Fig. 7, the WNG curve (dashed) follows a similar trajectory to

the curve for gain towards diffuse noise (solid); both quantities

are influenced by the same mechanism.

VI. CONCLUSION

The classical theory of superdirectivity relates to plane-wave

signals (corresponding to far-field propagation). A famous

result, which goes back to the 1940’s, states that for an

endfire array of N closely spaced elements arranged in a linear

configuration, the optimal gain approaches N2. It has since

been shown that for closely spaced elements in the plane-

wave/far-field regime, the linear array configuration directed

towards endfire is optimal.

In the present paper, we have presented a derivation of

the optimal gain attainable by a compact linear endfire ar-

ray receiving a spherical wave. The derivation makes use

transformations to present the beamforming problem in more

convenient forms, and consists of two stages: (i) The N
signals received by an array of infinitesimal aperture can

be converted to a representation consisting of the field at a

particular point and its first N − 1 spatial derivatives. For

this representation, the noise-covariance matrix and steering

vectors can be calculated. (ii) A sequence of transforms are

applied to the noise-covariance matrix and steering vector. The

resulting transformed noise-covariance matrix has a diagonal

form, which leads to a simplified expression for the optimal

gain. This expression is a polynomial which depends on the

number of sensors, the frequency, and the source-receiver

distance. The optimal gain for a spherical wave surpasses N2

and can rise without bound as frequency and source-signal

distance decrease. The gain performance can be plotted as a

function of z0
λ (i.e., the ratio between source-receiver distance

and wavelength).

We conducted a comparison of the optimal weights to two

alternative superdirectivity weighting schemes: (a) weights

which produce optimal gain for a far-field, and (b) weights

corresponding to the highest-order spatial derivative. The

alternative methods do not, in general, attain optimal gain.

(However, for the case of a two-sensor array, the highest-order

derivative achieves asymptotic optimality in the near-field.)

In a practical setting, arrays have a finite aperture. Thus,

spatial derivatives are not computed exactly, but can be ap-

proximated numerically. As a rule of thumb, we may expect

the set of numerical derivatives to possess a high level of

accuracy when both (a) the aperture is sufficiently shorter

than the wavelength, and (b) the array is not overly close to a

singularity (with the degree of closeness being determined by

aperture size). Another issue which arises in the finite-aperture

setting, is selection of a reference element for calculating

gain. The nearest element to the source is a fair choice, since

it represents the best SNR attainable by a single sensor. A

correction term, which compensates for the difference between

the gain at the center of the array and the gain at its edge

closest edge, may be applied.

As with all superdirective beamformers, the issue of sensi-

tivity to sensor noise and model mismatches are of significant

interest. We showed that the WNG metric for robustness

increases in the near-field regime and provided a theoretical

explanation for this phenomenon.

The issue of incorporating robustness constraints in beam-

former design is of practical interest. Another topic which

remains to be explored is the behavior of near-field superdirec-

tive arrays for arbitrary (i.e., non-endfire) DOAs. These topics

are beyond the scope of the current contribution and may be

the subject of future research.

APPENDIX A

NUMERICAL DIFFERENTIATION

In this Appendix, we describe a practical method for nu-

merical differentiation. Our goal is to evaluate the deriva-

tives of the function f(x) at the origin, for orders 0 to

N − 1. Let x0, . . . , xN−1 be N sample points, for which the

function values, f(x0), . . . , f(xN−1), are known. Since the

intervals between adjacent sample points are finite, the analytic

derivative values cannot be calculated; nonetheless, numerical

approximations may be attained. The method presented herein

is based on Hamming’s exposition [44].
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We approximate the derivative, dk

dxk f(x)|x=0, with the linear

combination
N−1∑
n=0

anf(xn) . (54)

The coefficients a0, . . . , aN−1 are selected such that (54) pro-

duces precise results for a set of N predetermined basis func-

tions g0(x), . . . , gN−1(x) (classically, the first N monomials

are used; however, other possibilities, such as trigonometric

functions, can be selected). These criteria amount to a system

of N equations with N unknowns. The coefficients which

fulfill the criteria also guarantee precise results for any linear

combination of the basis functions.

The resulting linear system can be represented in matrix

notation as follows. Let a = [a0 . . . aN−1]
T be the vector of

coefficients and let G be a matrix whose elements contain

the values of the basis functions at the sample points; the

element at the at row m and column n is gm,n = gm(xn) [note

that indexing starts from 0]. The vector b = [b0 . . . bN−1]
T

consists of the desired derivative values, bn = dk

dxk gn(x)|x=0.

The system to be solved is

Ga = b . (55)

Let the basis functions be the first N monomials, gn(x) =
xn. The elements of the solution vector b are then

bn =
dk

dxk
xn = δ[n− k]k! . (56)

The elements of the basis-function matrix G are gm,n=(xn)
m;

i.e., it is a Vandermonde matrix. All the components of (55) are

fully defined and the coefficients for numerical differentiation

can be calculated. However, there are some additional practical

details which may be of interest.

The inverse of the Vandermonde matrix can be constructed

explicitly by means of Lagrange polynomials which are de-

fined

Lm(x) =

∏
0≤k<N,k �=m(x− xk)∏

0≤k<N,k �=m(xm − xk)
, (57)

such that Lm(xk) = δ[m−k]. These are polynomials of degree

N − 1 which can be written as Lm(x) =
∑N−1

n=0 lm,nx
n.

Define the matrix L such that the element at the mth row

and nth column is lm,n. This matrix satisfies LG = I and is

consequently the inverse of G. From (55), the coefficients for

numerical differentiation are a = Lb.

Thus far, a single vector of coefficients has been produced

(for the numerical differentiation of order k). To produce

a matrix whose kth column contains the coefficients for a

derivative of order k, we replace vector b with a matrix B
with elements bn,k determined by the right-hand side of (56).

The resulting matrix of coefficients for differentiation is

A = LB = L · diag{0!, . . . , (N − 1)!} . (58)

The transformation matrix Tder has the weights for the kth

derivative in the kth row. Thus,

Tder = AT . (59)

Let us address the effects of adjusting the spacing between

sample-points by multiplying by a scaling factor, x′
n = εxn.

One can show that the corresponding differentiation coeffi-

cients are given by A′ = A · diag{ε0, . . . , ε−(N−1)}. This

property is beneficial since it decouples the issue of scale

from the main calculation, allowing one to select a convenient

spacing of sample points.

As an example, let us calculate the differentiation coeffi-

cients for three uniformly spaced sample-points. Due to the

scaling property, we may assume uniform spacing (x0 =
−1, x1 = 0, x2 = 1) and adjust to the desired spacing, δx, at

a later stage. The resulting coefficients are

A3 =

⎡
⎣0 1

2 1
1 0 −2
0 − 1

2 1

⎤
⎦ · diag{1, δ−1

x , δ−2
x } ; (60)

the coefficients present in the leftmost column correspond to

selecting the value at the origin [i.e. f(0)]. The values in the

subsequent two columns are familiar from the definition of the

derivative as a limit.

In a second example, four uniformly spaced sample points

are selected (x0 = − 3
2 , x1 = − 1

2 , x2 = 1
2 , x3 = 3

2 ), the

coefficients after scaling are

A4 =

1

48

⎡
⎢⎢⎣
−3 2 24 − 48
27 −54 −24 144
27 54 −24 −144
−3 − 2 24 48

⎤
⎥⎥⎦ · diag

{
1,

1

δx
,
1

δ2x
,
1

δ3x

}
.

(61)

In this case, interpretation of the coefficients is more involved.

Since no sample point is available at x = 0, applying the

coefficients for the zeroth derivative amounts to interpolation

(corresponding to the values in the left-most column). In

the next two columns, all four sample points are used for

the numerical calculation of the first and second derivative.

(In contrast, the analytical definition of the first and second

derivatives in the limit involve two and three sample points, re-

spectively). The final column contains the familiar coefficients

of a third-order derivative.

In the above discussion, monomial basis functions were

used. A different perspective can be attained by examining

the frequency domain. Let g(x) = ejωx, where ω is a

frequency variable. Applying the linear combination of (54)

to this function yields the approximation’s frequency response

Ha(ω) =
∑N−1

n=0 ane
jωxn . The coefficients a0, . . . , aN−1

should be set so that Ha(ω) resembles some desired response

Hd(ω). [For our purposes, the desired response is that of

the kth-order spatial derivative: (jω)k]. It is generally not

possible to achieve Ha(ω) = Hd(ω) for all values of ω. We opt

to attain resemblance in the following sense. The frequency

responses shall be identical at ω = 0; furthermore, the slope

and curvatures of the responses should be set to correspond at

this point. Formally stated, we require

∂n

∂ωn
Ha(ω)

∣∣∣∣
ω=0

=
∂n

∂ωn
Hd(ω)

∣∣∣∣
ω=0

, (62)

for n of orders 0 to N−1. It can be shown that the systems of

equations in (62) reduce to that attained by using monomial

basis functions.
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APPENDIX B

DERIVATIVES OF A SPHERICAL WAVE

We seek to determine ∂m

∂zm z0
exp(jωz/c)

z0−z , the mth-order

derivative of a spherical waveform along the axis of propa-

gation. To aid in the calculation, let us define

gn(z) = z0
eβz

(z0 − z)n+1
, (63)

where β = j ω
c . Note that g0(z) corresponds with the spherical

wave from of (47). The derivative of (63) is

d

dz
gn(z) = βgn(z) + (n+ 1)gn+1(z) . (64)

The mth derivative can be obtained by repeated application

of (64) to g0(z). The resulting expressions conform with (48).

The validity (48) for any n can be proved by induction. It is

interesting to note that the coefficient cm,n = n!
(n−m)! of (48b)

corresponds to the number of m-length permutations selected

from a set of n elements.

When scaling the nth derivative with (jω/c)−n (to yield

a unity frequency response for a plane-wave at endfire),

the resulting expression has polynomial form (49). These

polynomials can also be formed recursively with C0(x) = 1
and Cn+1(x) = 1 + (n+ 1)xC(x).
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